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PREFACE 


The study of the mechanical and physical conditions in the deep interior 
of the stars is undertaken primarily iii the hope that an understanding 
of the internal mechanism will throw light on the external phenomena 
accessible to observation More than fifty years have gone by since the 
general mode of attack was first developed, and the scope of the inquiry 
has grown so that it now involves much of the recently won knowledge of 
atoms and radiation, and makes evident the ties which unite pure physics 
with astrophysics It would be hard to say whether the star or the electron 
IS the hero of our epic 

The reader will judge for himseM whether solid progress has been made 
He may, like Shakespeare, take a view less optimistic than my own— 

The heaven’s glorious sun 
That will not be deep-searched with saucy looks , 

but I hope he will not be so unkind as to continue the quotation — 

Small have continual plodders ever won 
Save base authority from others’ books 

Re-reading this work I find passages where I have been betrayed into too 
confident assertion It is only too true that the most patent clues may 
mislead, and observational tests of the rough kind here possible sometimes 
flatter to deceive But the subject is a fair field for the struggle to gam 
knowledge by scientific reasoning, and, win or lose, we find the joy of 
contest 

The last two chapters trespass beyond the ground indicated by the 
title of the book This extension can perhaps be justified, but I am aware 
that, whatever excuse I might make, the real reason was that I could not 
forgo a desire to collect and review some of the remarkable researches of 
those who have investigated the outer layers of a star 

The book was written between May 1924 and November 1925 Time 
was occupied by a number of minor investigations made to fill the gaps 
that disclosed themselves as the material was brought together Anyone 
writing on a theme which many workers are actively investigating is liable 
to find his pen unable to overtake the rate of growth of the subject During 
the above-mentioned period the theoretical papers on stellar constitution 
in the Monthly NoUces alone amounted to more than 400 pages It has 
been still more difficult to cope with modifications and progress in the 
theory of the atom, on which astronomical developments must rest As 
we go to press a “^“^new quantum theory” is arising which may have 
important reactions on the stellar problem when it is more fully developed 
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An efiort has been made to mclnde everything judged important up to 
November 1925, but naturally the whole boot could not be rewritten in 
the last month and late developments had to be grafted on to an earlier 
foundation Further additions have been made in proof up to March 1926 , 
footnotes m square brackets show information received too late to be used 
in the text 

The question of notation has caused me much perplexity since branches 
of physios ordinarily remote from one another are here brought together. 
Apart from the inadequacy of the alphabet, the abohtion of overlapping 
symbols and adoption of a consistent notation throughout the book has 
been deemed impracticable There are hmits to our toleration of change 
of famihar symbols A rose by any other name would smell as sweet, but 
the equation pw = ^ohld lack the famihar savour of the quantum 

relation The use of m for absolute magmtude and the mass of an electron, 
of R for Boltzmann’s constant and the radius of a star, of a for a radiation 
constant and the semiaxis of an orbit, of e for the charge of an electron 
a nti the Napierian base, may cause momentary confusion but, it is hoped, 
no serious difficulty Similarly we refer to the astronomical equation of 
areas in its most recogmsable form in sections where = fd is not hkely 
to be misconstrued as a relation between Planck’s constant and molecular 
weight I would suggest to the reader in difficulty that there is a chance 
that the symbol which puzzles him is included in the list of natural constants 
in Appendix I 

I have derived help from many colleagues Mr R H Fowler has 
generally been my referee m difficulties over points of theoretical physics, 
and I have similarly had recourse to Dr C D Elhs for experimental 
questions I thank especiaUy Prof E A Milne who has read the proof 
sheets and ehminated a number of errors and obscurities My acknow- 
ledgments are also due to the staff of the TJmversity Press for their care 
and attention in the printing 

A S E. 


July, 1926 
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CHAPTER I 


SURVEY OE THE PROBLEM 

1 At first sight It would seem that the deep mtenor of the sun and 
stars IS less accessible to scientific mvestigation than any other region of 
the universe Our telescopes may probe farther and farther mto the 
depths of space , but how can we ever obtam certam knowledge of that 
which is hidden behmd substantial barriers? What apphance can pierce 
through the outer layers of a star and test the conditions withm? 

The problem does not appear so hopeless when misleading metaphor 
IS discarded It is not our task actively to “probe”, we learn what we 
do learn by awaiting and interpretmg the messages dispatched to us by 
the objects of nature And the interior of a star is not wholly cut off from 
such communication A gravitational field emanates from it, which sub- 
stantial harriers cannot appreciably modify, further, radiant energy from 
the hot mtenor after many deflections and transformations manages to 
struggle to the surface and hegm its journey across space Erom these 
two clues alone a cham of deduction can start, which is perhaps the more 
trustworthy because it is only possible to employ m it the most umversal 
rules of nature— the conservation of enetgy and momentum, the laws of 
chance and averages, the second law of thermodynamics, the fundamental 
properties of the atom, and so on There is no more essential uncertainty 
in the knowledge so reached than there is m most scientific mferences. 

We should be unwise to trust scientific inference very far when it 
becomes divorced from opportumty for observational test We do not, 
however, study the interior of a star merely out of cunosity as to the 
extraordmaxy conditions prevaihng there It appears that an understand- 
ing of the mechanism of the mtenor throws hght on the external manifesta- 
tions of the star, and the whole theory is ultimately brought mto contact 
with observation At least that is the goal which we keep m view 

2 The gravitational field emanating from the interior and the radiant 
energy streaming out from the interior together control the conditions m 
the shallow layer or atmosphere examined with the telescope and spectro- 
scope We heheve that they are by far the most important controHmg 
factors Spectrum analysis detects m the stellar atmospheres chemical 
substances which differ from one star to another, in some hehum is 
promment, m others oxygen, hydrogen, calcinm, iron, titanium oxide, 
and so on Rut it is not to be supposed that this is an mdioation of the 
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relative abundance of the chemical elements — ^that a star showmg strongly 
the iron spectrum is richer in that element than other stars, it is rather 
an indication of physical conditions of temperature and density favourable 
for exciting the respective spectra Without entirely denying the possibihty 
of differences of chemical composition, which may be necessary to account 
for some of the more unusual types of spectrum, we assume that m the 
main the observed differences of surface phenomena are not connected 
with chemical constitution 

We have thus to consider an atmosphere of material of fixed composi- 
tion, with free upper surface and density increasing downwards Its 
physical state — distribution of density, temperature and pressure, hence 
also its radiative and optical properties — will then depend entirely on the 
extraneous controlling influences to which it is subjected, and these 
extraneous influences are, as already stated, the force of gravity holding 
it down to the star and the stream of radiant heat poured into it from 
below In order to remain in a steady state the atmosphere must adjust 
itself to let the radiant heat pass through Thus the surface conditions 
depend on two parameters, viz the value of g at the surface and the 
effective temperature^’ The effective temperature is a conventional 
measure specifying the rate of outflow of radiant heat per unit areaj it 
IS not to be regarded as the temperature at any particularly sigmflcant 
level in the star 

By varying the controlhng factors g and the state of the stellar 
atmosphere can be varied m two directions Accordingly we must expect 
that the possible varieties of stellar spectrum wiU form a twofold sequence, 
that IS to say, will be capable of arrangement m two-dimensional order. 
This IS in fact the case For a long time only a one-dimensional order was 
recognised, viz the well-known Draper sequence of types But the 
spectroscopic method of determimng absolute magmtudes, due to Adams 
and Kohlschutter in 1914, introduces a classification of spectra transverse 
to the Draper classification Roughly speaking the Draper criterion follows 
the parameter T ^ and the absolute magnitude criterion the parameter g , 
but the correspondence is probably not so close as was at one time sup- 
posed The observational criteria divide the two-dimensional distribution 
of states into one system of meshes, and the parameters and g mto 
another system There is no reason to anticipate any close coincidence of 
the two methods of partition 

The same twofold sequence of possible states appears when we con- 
sider the star as a whole Evidently one sequence is obtamed by considering 
stars of different mass A transverse sequence is formed by stars of the 
same mass but different radius (or mean density) Thus a third way of 
dividing into meshes the two-dimensional distribution of states is obtained 
by taking the mass and radius of the star, M and iJ, as parameters 
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3 Consider now the connection between onr three pairs of parameters 
~g and T^, Draper Type and Absolute Magmtude criterion, M and E — 
any pair defimng a umque state of the star The connection of the spectral 
criteria with g and is a problem of great importance in which much 
recent progress has been made, but it is not a problem of the stellar 
interior and hes outside the mam hues of our mvestigation As regards 
the connection of g and with M and E, the connection of g needs no 
comment, the main question is, How is T^, or equivalently the rate of 
outflow of radiation, determined by the mass and radius of the star'^ 
That IS the central problem of this book Various branches of inqmry 
will diverge from it, but it supphes the continuous thread in the dis- 
cussion, so long as we are studying the stellar interior 

This is essentially a problem of the stellar interior and not of superficial 
conditions The sun does not radiate 6 lO^^^ ergs per square centimetre per 
second because its photosphere is at 6000° C , its photosphere is main- 
tained at 6000° because 6 10^® ergs are streaming through it It is under 
the temperature gradient in the interior that the radiant stream gathers 
way, the surface layers cannot dam the flow since their capacity for 
storing energy is insignificant, they can only ad]ust themselves to let it 
through Quahtatively the radiant stream is greatly transformed m 
passing through the last few thousand kilometres of the star, and the 
actual waves that spread through space are born in the photospheric 
layers, but quantitatively it is one continuous stream passing from the 
interior into outer space 

The intensity of this outward flow of energy through the interior 
depends on two factors, the one helping and the other hindering Heat 
flows from a higher to a lower temperature, and the cause of the flow 
Within the star must be a gradually increasing temperature from the surface 
to the centre The hindering factor is the obstruction opposed by matter 
to the transmission of this stream of heat We shall find that in a star 
the heat is transmitted almost entirely by radiation, and the obstruction 
to the flow of radiation is the opacity or absorption coefficient of the stellar 
material Our problem is, therefore, firstly to find the distribution of 
temperature inside a star so as to determine the temperature gradient 
urging the flow, secondly, to determine the opacity of matter under the 
physical conditions prevaihng in the interior 

4 Here at the outset we must deal with a criticism urged by Nernst, 
Jeans and others It has been argued that this procedure for calculating 
the outward flow of radiation is necessarily doomed to failure, because 
the star’s output of heat energy is determined by entirely different con- 
siderations The supply of heat replemshmg that which the star radiates 
into space must come from the conversion of other forms of energy , and 
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since the star remains apparently steady for exceedingly long periods of 
time, the radiation of the star must be 311 st equal to the amount of energy 
conYerted in the interior It is now believed that this conversion process 
IS the hberation of subatomic energy The critic contends that, since the 
outflowing heat represents the energy hberated by subatomic processes, 
the amount can only be calculated if we know the laws of hberation of 
subatomic energy, and any procedure which evades this difficult problem 
begs the question 

Now it IS quite true that a theory of the rate of liberation of sub- 
atomic energy is a conceivable approach to the problem of stellar radiation 
In the present state of our knowledge such theories are little more than 
guess-work and results are rudimentary But it is unsound to argue that 
no other procedure is permissible The amount of water supplied to a 
town is the amount pumped at the waterworks, but it does not follow 
that a calculation based on the head of water and diameter of the mams 
IS fallacious because it evades the problems of the pumpmg station 

It may seem puzzhng to imderstand how two radically different ways 
of calculating the theoretical radiation from a star can be made to agree. 
Appealing again to the analogy, the two modes of calculating the water 
supphed to a town may not agree , but in that case there will be a flood 
at the pumpmg station Similarly in a star a disagreement would involve 
the blowing up or collapse of the star Accepting it as a fact that the 
stars generally are in a nearly steady state, we must infer that for actual 
stars (but not necessarily for a model star of arbitrarily assigned constitu- 
tion) the two modes of calculating the radiation would give the same result , 
and m Chapter xi we shall try to follow up the question how the adjust* 
ment has occurred by which the supply of subatomic energy just meets 
the demand Meanwhile we note that, flood or no flood, the flow of water 
must conform to the pressure gradient and diameter of the pipe , and so 
also the radiation from a star must m any case conform to the temperature 
gradient and opacity m the interior 

We may thus proceed with our method of determimng the expenditure 
of radiation by the star without reference to the supply of subatonac 
energy How the star manages to accommodate its supply to balance its 
expenditure, and so avoid collapse or expansion, is an independent problem • 

Lane's Theory, 

5 The pioneer mvestigation of the distribution of temperature within 
a star is contained in a paper pubhshed in 1870 by J Homer Lane en- 
titled, '' On the Theoretical Temperature of the Sun, under the Hypothesis 
of a Gaseous Mass mamtammg its Volume by its Internal Heat, and 
depending on the Laws of Gases as known to Terrestrial Experiment*.’^ 
* Amencan Journ, of Sin and Arts, Series 2, 4, p. 57. 
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This was followed and amplified by investigations on similar Imes by 
A Ritter*, Lord Kelvmf, and others, cnlmmatmg m the systematic and 
exhaustive research of R Emden Although we find it necessary to break 
away from these earher mvestigations on a fundamental point, viz the 
mode of transfer of heat withm the star, they contam much that is 
sufficiently general to be adapted to present theories The calculations and 
tables in Emden’s remarkable book Oask'tigdn (Teubner, 1907) have been 
extensively used by the author 

Lane reached the stnkmg result that if a star contracts the mternal 
temperature rises so long as the material is sufficiently diffuse to behave 
as a perfect gas Until recently it was bebeved that the gravitational 
energy converted into heat by contraction was the only important source 
of maintenance of a star’s heat In that case the star through radiating 
heat must contract, and the heat generated by the falhng m of material 
must be sufficient not only to replace the radiation lost but to raise the 
internal temperature to a higher level Lane’s result thus took the para- 
doxical form that a star by losing heat automatically grows hotter 

Lane’s investigation is not, however, bound up with any particular 
views as to the source of a star’s heat It sets forth the change of tempera- 
ture necessary to preserve eqmhbrium The star has the option to obey 
Lane’s law or to collapse; it is obvious that actual stars have not chosen 
the latter alternative, but the reason hes outside Lane’s theory Acoeptmg 
the modern behef that the heat is supphed by hberation of subatomic 
energy, we still suppose that stars are formed by gradual condensation of 
primordial matter , so that the course of evolution is from low to high 
density and therefore by Lane’s law from low to high temperature At 
least m the earher stages the internal temperature of a star is gradually 
rising If m the later stages of high density the material no longer behaves 
as a perfect gas the temperature may ultimately fall again 

6 In Lane’s time there was no evidence that any star existed for which 
the theory of a perfect gas would be apphcable The mean density of the 
sun IS 1 41 gm per cu cm , and long before reaching such a density 
terrestrial gases cease to conform to the perfect gas law There was at 
that time no reason to doubt that the sun’s density was typical of stars 
in general But we now know that there exist stars (“giant stars”) with 
mean densities comparable to that of air or even to the density in an 
ordinary vacuum tube These at least can be treated as composed of 
perfect gas, so that there will be no lack of opportumty for apphcation 
to actual stars of results obtained for perfect gas 

The existence of stars of low density is now a commonplace of astronomy, 
and It IS unnecessary to survey the abundant proofs denved indirectly 
* W%6demamM'a Anncden, 1878-1889 
t Ph^l Mag , Senes 6, 23, p 287 (1887) 
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from studies of absolute magnitude and spectral type and more directly 
from the calculated densities of eclipsing variables The confirmation that 
IS most easily grasped is afforded by the recent interferometer measure- 
ments of the angular diameters of stars at Mount Wilson These show that 
certain stars such as Betelgeuse, Antares and o Ceti, are of enormous hulk, 
capable of containing the whole orbit of the earth inside them We are 
therefore compelled to extend our ideas of the nature of stars beyond 
anythmg that would be suspected from knowledge of the sun 

The great bulk of these giant stars is due to low density rather than 
great mass. Betelgeuse for example has a radius of the order 250 million 
km and a wolume 50 milhon times greater than the sun But the mass, or 
amount of matter contamed in it, is probably between 10 and 100 times 
greater, so that the density is about a million times less It is rather 
interesting to notice that Einstein’s theory of gravitation has something 
to say on this point According to it a star of 250 million km radius 
could not possibly have so high a density as the sun Firstly, the force of 
gravitation would be so great that hght would be unable to escape from 
it, the rays falling back to the star like a stone to the earth Secondly, 
the red-shift of the spectral hues would be so great that the spectrum 
would be shifted out of existence Thirdly, the mass would produce so 
much curvature of the space-time metric that space would close up round 
the star, leaving us outside (i e nowhere) The second point gives a more 
dehcate indication and shows that the density is less than 0 001 , for even 
at that density there would he a red-shift of the spectrum too great to he 
concealed by any probable Doppler effect 

Lest this argument should he regarded by our more conservative 
readers as riltra-modern, we hasten to add that it is to be found in the 
wntings of Laplace — 

A luminous star, of the same density as the earth, and whose diameter 
should be two hundred and fifty times larger than that of the sun, would not, 
in consequence of its attraction, allow any of its rays to arrive at us , it is 
therefore possible that the largest luminous bodies in the universe may, through 
this cause, be invisible* 

7 For many years Lane’s discovery had little effect on the accepted 
theories of stellar evolution Sir Norman Lockyer accepted it and accord- 
^^g^y classified the stars m an ascending and descending temperature 
sequence ; but he was almost alone in his views Astrophysicists in general 
regarded the hottest stars as the earhest and the coolest stars as the latest 
m order of developmentf Probably they did not realise that any of the 

* Laplace, Systime du Monde, Book 6, Cp vi I am indebted to Dr H Jeffreys 
for this reference 

t The expressions “early” and “late” type of spectrum are still commonly 
emp oyed. for high-temperature types (J5 and A) and low-temperature types (K and 
Af) respectively. v 
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ordinary types of spectrum could be produced m bodies diffuse enough 
to behave as a perfect gas, and supposed that Lane’s theory, if it had any 
astronomical significance, must refer to some pre-stellar stage of develop- 
ment 

About 1913 a revolution of ideas occurred and the ''Giant and Dwarf 
Theory” of E Hertzsprung and H N Russell soon gained general 
acceptance Settmg aside certain misgivings which have arisen since 1924, 
we shall summanse the mam points of the theory In principle it was a 
revival of the ideas of Lane and Lockyer, the novel pomt was the adapta- 
tion of these ideas to the observational data, so that each star could be 
assigned its particular place in the scheme The stars start to be visible 
as cool red stars of type M with low density and enormous bulk They 
contract and in obedience to Lane’s condition rise m temperature*, passmg 
up the spectral series K, G, F to A and B — ^i e the reverse of the pre- 
viously accepted order At some stage of the contraction tha density 
becomes too great for the perfect gas laws to apply, the rise of temperature 
IS checked, and ultimately the star cools down agam as a sohd or hquid 
would do , in this last stage it returns down the spectral series to type M 
and ends in extinction On this theory the stars which had been classed 
together indiscnmmately as type 6r, for example, must be divided into 
two groups, the one makmg the ascent, the other on the descent, the one 
a nearly perfect gas, the other a very imperfect gas behaving similarly to 
a hquid The surface conditions being similar, as evidenced by the spectral 
type, the outstanding distinction is that the ascending series or giants 
have much greater volume than the descending series or dwarfs The greater 
volume and surface of the giant stars gives them greater luminosity, and 
when the absolute magmtudes are studied the division into two groups is 
easily seen The separation is shown in the types AT, A, 0 and it is 
not to be expected m type A, which marks the turning-point for most 
stars Naturally it is most striking in type M, where the stars in the most 
diffuse and most concentrated state are brought into contrast, the one 
group clusters about absolute magnitude + 1“^ 5, the other about -h 10“^ 5, 
and there is a clear gap of about 6°^ in which no M star has yet been 
detected 

According to the statistics there is httle or no change of absolute 
brightness with type along the giant series , this would be expected since 
the rising temperature and decreasing surface area will keep the total 
hght about the same In descending the dwarf senes the decreasing 
temperature and decreasing surface combine to give a rapid falling off of 
brightness 

* The theory applies to internal temperature, and it was generally taken for 
granted that the observed photospheric temperature would keep step, but this is 
by no means inevitable 
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Much additional confirmation is obtained The required bifurcation of 
density has been verified by the researches of Russell and Shapley on 
echpsing variable stars The sun and a number of other dwarf stars of 
type G have densities near that of water, but at least three echpsing 
variables of type G are found to have densities less than that of air There 
IS evidence that this is not due to continuous range of density but is a 
definite bifurcation, intermediate densities belong to the higher types 
F, A, B which are traversed between the two stages of O As already 
mentioned, the starthng bulk ascribed by this theory to the giant stars 
has been verified by interferometer measurements 

The giants and dwarfs can now be distingmshed by special differences 
in their spectra of a kind not considered in the Draper classification into 
types This is a particular apphcation of the spectroscopic method of 
determining absolute magmtude 

We shall find later that it is difficult to accept the giant and dwarf 
theory in its entirety The ascendmg senes presents no difficulty ; but the 
descending series does not seem to be exphcable in the manner that Lockyer, 
Russell and Hertzsprung supposed, because we now have evidence that 
the sun and other stars assigned to this branch behave as though con- 
stituted of perfect gas, notwithstanding that their densities are greater 
than water In fact, the conditions in the stellar interior are such that the 
gas laws should contmue to hold at much higher densities than under 
terrestrial conditions The theory of stellar evolution is now in a very 
confused state, and the difliculties will be considered in due course 

8 The broad principles used by Lane in calculating the internal dis- 
tribution of temperature have been followed in all later researches We 
consider the case of a star composed of perfect gas Then any one of the 
three variables, pressure (P), density (p), temperature (P), can be calcu- 
lated from the other two by the law 

P = SRpP//x . . . .(8 1), 

where 9? is the universal gas constant 8-26 lO*^ and [jl the molecular 
weight in terms of the hydrogen atom Thus effectively there are only two 
independent variables determining the state of the material The differential 
equations satisfied by them are obtained by expressing two conditions 
(1) the iTi6c7ici/yiic(il €>(ju%l%hv%v/i7i of the star, which requires that the pressure 
at any mternal point is ]ust sufficient to support the weight of the layers 
above, and (2) the thermal eqmMr^um of the star, which requires that the 
temperature distribution is capable of mamtainmg itself automatically 
notwithstanding the contmual transfer of heat from one part of the star 
to another It is necessary to formulate and integrate the two equations 
expressing these conditions, and they suffice to determine the two in- 
dependent variables specifying the condition of the material at any point. 
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Hence the distribution of pressure, density and temperature is found. 
The general scheme of distribution is (in the first approximation) homo- 
logous from star to star , that is to say, all gaseous stars copy the same 
model each on its own appropriate scale of mass, length, temperature, etc 
The heavy work of the solution can be done once for all, and it is then 
only a question of adapting it to the scale of the particular star considered 
We do not here enter into details , the problem is fully treated in Chapter iv 
In order to obtain definite numerical values of the temperature mside 
a star according to Lane’s theory it was necessary to have the following 
data — 

M the mass, 

J? the radius, 

[M the mean molecular weight of the material, 
y the ratio of specific heats of the material 

The first two define the star under consideration, but we might suppose 
that the values of the last two in any star could only be guessed by con- 
sidering the probable chemical composition of the interior — as to which 
we know practically nothing We shall explain how this difficulty has been 
surmounted 

Actually the value of y gave no serious trouble It cannot exceed 
the value for a monatomic gas, and it cannot be less than without 
rendering the star unstable — ^which we know it is not The difference in 
temperature distribution corresponding to the hmits | and | is of some 
account, but there is no important change m its general character, and 
either limit gives an approximation good enough for many purposes The 
constant y, however, no longer concerns us We shall abandon that part 
of Lane’s theory responsible for its introduction, replacing Lane’s hypothesis 
of convective equilibrium by radiative equihbrmm In all the earlier 
researches it was supposed that heat was carried from the interior to the 
surface of the star by convection currents, so that the intenor was kept 
thoroughly stirred and followed the same law of thermal equilibrium as 
the lower part of the earth’s atmosphere But it appears now that the 
heat IS transferred by radiation and the temperature distribution is con- 
trolled by the flow of radiation, convection currents, if they exist, will 
strive to estabhsh a different distribution, but the temperature continually 
slips back to radiative equihbrium since the transfer by radiation is much 
more rapid Radiative eqmlibrium was first adopted by R A Sampson* 
in 1894, but it could not be developed fully wathout the more recent 
progress of thermodynamics K Schwarzschildf brought it into promi- 
nence in a famous paper on the condition of the sun’s atmosphere Our 
task IS to apply the same principle to the interior of the sun and stars 

* Memoirs R A 8 , 51, p. 123 f Gottingen Nachrichten, 1906, p 41 
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With the substitution of radiative for convective equilibrium the constant 
y disappears, its place is taken by the numerical constant ^ which from 
one point of view can be regarded as the ratio of specific heats of the aether, 
aether having now replaced matter as the agent of transport of heat 

9 It remams to fix the appropriate value of /i, and it is necessary to 
0 IS with fair accuracy because fi is raised to a high power m many 
important formulae of the theory We may assume that aU chemical 
bonds are dissolved at the high temperature in the stellar interior, so that 
the atoms are isolated Our first impulse is to adopt for a the average 
atomic weight of the elements which we think likely to be most abundant 
Smce iron is often supposed to be the commonest element and is moreover 
an element of medium weight, a value about 50 is suggested. The author’s 
investigations were made on tins assumption It was, however, 
suggested to him independently by NewaU, Jeans and Lmdemann that 
m stellar conditions the atoms themselves would break up to a consider- 
able degree, many of the satelhte electrons bemg detached 

The atom is often compared to a miniature solar system Nearly all 
e mass is concentrated m a nucleus carrymg positive charge, negative 
electrons of small mass, in number sufficient to balance the positive charge, 
descnbe orbits round the nucleus At high temperatures a process known 
as lomsation occurs by which these satelhte electrons are successively set 
free and travel about in the material as independentparticles The molecular 
weight (j, appeanng in our formulae (e g m (8 1)) is the average mass per 
independent particle We use the term molecule to denote the particles 
moving independently of one another whether they are combmations of 
atoms or portions of atoms If the ionisation is earned to the extreme 
hmit a remarkable simphfication occurs, the molecular weight becomes 
approximatdy equal to 2 whatever the chemical composition of the material, 
provided only that there is not an excessive proportion of hydrogen 

The number of satelhte electrons is equal to the atomic number Z of 
the element, so that if all of them are set free there will he Z + 1 mde- 
pendent particles or molecules Hence if A is the atomic weight 

= Jlj(Z H- 1) 

It IS a well-known rule that the atomic number is about half the atomic 
weight, so that ^ is near to 2 Some illustrations are given m Table 1 
Evidently the uncertamty of chemical composition is a much less 
senous matter when we reahse that it is column 4 of the table which 
concerns us instead of column 3 

In the actual conditions of a star the lomsation is not qmte complete 
and for the heavier elements some of the satelhte electrons remam un- 
detached This raises the molecular weight a httle It is now possible to 

* Monthly Notices, 77, p 16 
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make an approxim^'t© calculation of the degree of ionisation of the various 
elements under givon conditions of pressure and temperature so that the 
amended molecula^r* weights can found But the detached electrons 
are so large a propoi^tion of the wholo system that the correction is trifling , 
and if we adopt a xiaolecular weigh. t> about 2 2 we cannot be far from the 
truth As the ionisation will dimiriish with the dimimshing temperature 
towards the outside of the star, we may as a refinement adopt a molecular 
weight increasing v'ery slowly from fhe centre outwards 

TaTble 1. 


Average MoZecidar Weight 


Element 

Z 

A 

AhZ^X) 

Element 

Z 

A 


Hydrogen 

1 

1 

0 50 

Iron 

26 

56 

2 07 

Helium 

2 

4 

1 33 

Silver 

47 

108 

2 25 

Lithium 

3 

7 

1 75 

Barium 

56 

137 

2 40 

Oxygen 

8 

16 

1 78 

Cold 

79 

197 

2 46 

Calcium 

20 

40 

1 91 

XJrammn 

1 

92 

238 

2 56 


10 Having thxxs resolved the difficulty as to the two constants y and 
ft, we can obtain niamencal values of the temperature, density and pressure 
m a gaseous star of known mass and radius It will help us to realise the 
conditions that will have to be considered if we now give the results 
obtained for a particular star For tikis illustration we choose the brighter 
component of Capolla Capella is f lie only diffuse (giant) star for which 
the required observ'ational data rea.ch a high standard of accuracy, most 
of the first-class askronomical data xefer to dense (dwarf) stars It is also 
an advantage that Capella is a typical diffuse star, standing about mid- 
way in the spectra.1 series We take the opportumty of explaimng (for 
those unfamiliar with double-star etstronomy) how the data as to mass, 
luminosity, etc have been obtained from astronomical observations 

Ca^jpella^ 

11 Capella was discovered to be a spectroscopic binary in 1899 by 
Campbell and Newall independently The two components are not very 
unequal in brilhancy , so that lines diae to both can be seenm the spectrum, 
the two sets of hnos are observed ±,o shift to and fro across one another 
owing to the changing Doppler effect as the components approach and 
recede in their orbits The period is 104 022 days The full knowledge 
obtained for Capella depends on the fact that it has also been observed 
as a visual double star, and the elements of the visual orbit are believed 
to be well determined The separation of the two components is only about 
0" 05, which IS beyond the resolving power of the largest telescopes adapted 




12 


SURVEY OF THE PROBLEM 


for this Tnnfl of observation, but in 1920 Michelson’s interferometer 
method of observation used in connection with the 100-inch reflector at 
Mount Wilson achieved its first striking success by measurements of the 
separation and position angle of Capella These observations, begun by 
Anderson and continued by Merrill, have yielded a good visual orbit It 
should be understood that the spectral hnes of both components can be 
observed in only a small proportion of the spectroscopic binaries , and it 
IS extremely rare for visual and spectroscopic orbits to be determined for 
the same star Thus our knowledge of the system of Capella is unusually 
complete 

The hne-of-sight velocity of the brighter component varies between 
+ 4 and + 56 km per sec , a range of 52 , the fainter vanes between + 63 
and - 3 km per sec , a range of 66 Neglecting eccentncity the mean velocity 
+ 30 (necessanly the same for both components) is the motion of recession 
of the centre of mass of the system from the sun The masses must be in 
the mverse ratio of the respective velocity ranges so that the brighter 
component has 66/52 or 1 26 times the mass of the fainter 

The eccentncity is found to be very small ( 0086), so that we may treat 
the orbits as circular and the orbital speeds as constant If the line of 
sight were in the plane of the orbit the orbital speed would be equal to 
the half-range of velocity, 26 and 33 km per sec respectively , to allow 
for projection these values must be multiplied by cosec %, where i is the 
mclmation of the orbit plane to the plane of the sky The circumference 
of the orbit is at once found by multiplying the orbital speed by the period. 

In this way we find that if and are the radii (or semiaxes) of the two 
orbits 

% sm 1 = 36,800,000 km , ag sin » = 46,400,000 km 

We now turn to the visual observations These treated in the usual 
way determme the mclmation % = 41° 1 Hence 

di — SGjOOOjOCK) km 
ag = 70,600,000 km 


+ 0.2 126,600,000 km = 0 847 astronomical units 

By Kepler’s third law the mass of the system is 

M^ + = 

(fe * mass, being in astronomical units 


+ 285)2 = 7 6, 

an^ividmg tto between the two eomponente m the ratio 126 1 already 


ilfi = 4 18, 


= 3 32 
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12 In the orbit determined from the visual measures the semiaxis of 
the relative orbit (osj + a^) is found to be 0" 0636 We have seen that m 
hnear measure this is equal to 0 847 astronomical umts Hence 1 as- 
tronomical umt corresponds to 0" 0632 Accordingly the paraUax of 
CapeUa is 

to = 0" 0632 

A rough parallax had previously been found trigonometrically in close 
agreement with the above value, but the parallax furmshed by the orbital 
data IS presumably of much superior accuracy 

The observed visual magmtude of Capella is 0“^ 21 To reduce to 
absolute magmtude, i e magmtude at the standard distance of 10 parsecs 
or parallax 0" 1, we must add 

5 logio (to/0" 1), 

which gives 0 21 - 1 00 = - 0“ 79 This represents the sum of the hght 
of the two components It is estimated that they differ in visual magmtude 
by 0“^ 5 The absolute visual magmtudes are then found to be — 0® 26 
and -f 0“ 24, smce these would compound to give — 0“'-79 

The spectral type of the bright component is classed as G 0, the sa. me 
as that of the sun The sun’s effective temperature is 5740°, but it appears 
from theory and observation that the same spectral charactenstics will 
appear at lower temperature m a diffuse star hke CapeUa than in the sun 
We shall therefore adopt 5200° for the effective temperature This, of 
course, is only the margmal temperature of the great furnace, and affords 
no idea of the terrific heat within 

It IS convement to mtroduce the bolometnc magmtude, which is a 
measure of the heat-mtensity of a star m the same way that the visual 
magmtude is a measure of its luminous intensity or the photographic 
magmtude is a measure of its photographic intensity, the measures in 
each case being on a logarithmic scale Black-body radiation has maximum 
lummoils efficiency when it corresponds to a temperature of about 6500°, 
and the zero of the scale of bolometnc magmtude is chosen so as to agree 
with visual magmtude for stars of this effective temperature At any 
other temperature a greater amount of radiant energy is reqmred to 
produce the same intensity of hght, so that the bolometnc magnitude is 
bnghter (numencaUy smaUer) than the visual magmtude At 5200° the 
reduction to bolometnc magmtude is 0“ 10, so that the absolute bolo- 
metnc magmtude of the bnght component of Capella is 

— 0 26 — 0 10 = — 0“ 36 

Smce the bolometnc magmtude indicates the total radiation emitted 
from the star and the effective temperature indicates the radiation per 
sq cm , we are able to calculate the area of the surface and hence the 
radius of Capella The calculation is most convemently made by naing 
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the Sim (absolute bolometnc magnitude +4 9, effective temperature 
5740°, radius 6 96 10“ cm.) as intermediary The difference of absolute 
magmtude m is converted into ratio of total radiation L by the formula* 


m - TWO == - I logio {LILo) 


Also we have 


L _ 

Lq “ Bo^o^’ 


the rate of radiation being proportional to the fourth power of the effective 
temperature Hence 


m - mo = - 5 logio (i2/i?o) - 10 logic {T.jTo) ■ (12 1) 


13 Applying the theory developed m the succeeding chapters to the 
observational data we obtain the following collected resultsf 


Capella {bright component) 

Parallax = 0" 0632 

Apparent visual magnitude = + 0“ 74 

Spectral type = CfO 

Effective temperature = 5200° 

Mass = 4 18 X O = 8 30 lO®^ gm 

Absolute bolometnc magnitude = — 0“36 = 5“ 26 brighter than the 
sun 

Total radiation = 127 x O = 4 80 . 10®® ergs per sec 
Radius = 13 74 X O = 9-56 10“ cm 
Mean density = 00227 gm per cu cm 

At the centre — 

Temperature = 7 20 10® degrees. 

Density = '0647 gm percu cm. 

Pressure = 2 23 10^® dynes per sq cm = 22 million atmospheres 

Of this pressure the fraction -694 is ordinary gas pressure and 306 is 
radiation pressure 

The mean temperature of the whole mass is 4| milli on degrees 
A sphere of radius 0 646 of the radius of the star contains 93 4 per cent, 
of the mass At the surface of this sphere — 

Temperature = 1 89 10® degrees 
Density = 00121 gm per cu cm 
Pressure = 1 07 10“ dynes per sq cm 

* By definition a change of five magnitudes signifies a hundredfold increase or 
decrease of hght, one magnitude corresponds to a hght ratio of (100)^ or 2 612 
t These results are calculated for a central molecular weight 2 1, and to allow 
for the ionisation decreasing outwards the molecular weight has heen’taken to vary 
as T~^ (§ 94) 



SURVEY OF THE PROBLEM 


15 


A sphere of radms 0 831 of the radius of the star contains 99 5 per cent 
of the mass At a point on this sphere — 

Temperature == 0 81 10® degrees 
Density = 000107 gm percu cm 
Pressure = 3 62 10^ dynes per sq cm 

All but 1 per cent of the mass is at a temperature above a milhon 
degrees but the remainder is of very low density and occupies nearly half 
the volume of the star 

The maximum temperature gradient in the interior is 1° 1 per kilo- 
metre — ^very much less than the temperature gradient in our own atmo- 
sphere This maximum occurs about ^ of the way from the centre to the 
surface, it is a very flat maximum and the gradient throughout the greater 
part of the star is not much below the maximum value 

Gravity at the surface is 1/45 2 times that at the surface of the sun 
or about f of gravity on the earth The absolute value is 606 cm sec In 
the interior it rises to a maximum of 4 times this value and then falls to 
zero at the centre 

The average rate of liberation of heat in the mtenor reqmred to supply 
that lost by radiation from the surface is 58 ergs per sec per gm By its 
radiation Capella is losing mass at the rate of about 500 milhon tons per 
second 

Radiahon Pressure 

14 It IS necessary to take account of a phenomenon ignored in the 
early investigations, which may have a considerable effect on the eqmh- 
bnum of a star, viz the pressure of radiation It is well known that electro- 
magnetic waves, including light waves, possess mass and momentum and 
exert a force on anything which obstructs their progress Ordinarily the 
pressure of radiation is extremely minute and can only be demonstrated 
by very delicate terrestrial experiments , but the radiation inside a star 
IS so intense that the pressure is by no means neghgible as regards the 
conditions of eqxnhbrium of the material At a point in the interior the 
radiation pressure shares with the gas pressure the task of supporting 
the weight of the superincumbent layers of material The radiation pressure 
IS proportional to the fourth power of the temperature , it amounts to 

2,550 atmospheres at 1,000,000°, 

25,500,000 atmospheres at 10,000,000° 

The outward flowing radiation may thus be compared to a wind 
blowing through the star and helping to distend it against gravity The 
fornaulae to be developed later enable us to calculate what proportion of 
the weight of the material is borne by this wind, the remainder being 
supported by the gas pressure To a first approximation the proportion is 
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the same at all parts of the star It does not depend on the density nor 
on the opacity of the star* It depends only on the mass and molecular 
weight Moreover, the physical constants employed in the calculation, 
have all been measured m the laboratory, and no astronomical data arc 
required We can imagine a physicist on a cloud-bound planet who has 
never heard tell of the stars calculating the ratio of radiation pressure to 
gas pressure for a series of globes of gas of various sizes, starting, say, with, 
a globe of mass 10 gm , then 100 gm , 1000 gm , and so on, so that hia 
^th globe contains 10^ gm Table 2 shows the more interesting part of hiS 
results 

Table 2 


No of Globe 

Radiation Pressure 

Gas Pressure 

30 

00000016 

99999984 

31 

000016 

999984 

32 

0016 

9984 

33 

106 

894 

34 

570 

430 

35 

850 

150 

36 

951 

049 

37 

984 

016 

38 

9951 

0049 

39 

9984 

0016 

40 

99951 

00049 


The rest of the table would consist mainly of long strmgs of 9’s and O’b - 
Just for the particular range of mass about the 33rd to 35th globes the** 
table becomes interesting, and then lapses back into 9’s and O’s again* 
Regarded as a tussle between matter and aether (gas pressure and radia- 
tion pressure) the contest is overwhelmingly one-sided except between 
Nos 33-35, where we may expect somethmg interesting to happen 

What '‘happens” is the stars. 

We draw aside the veil of cloud beneath which our physicist has beoii 
working and let him look up at the sky There he will find a thousand 
milhon globes of gas nearly all of mass between his 33rd and 35th globes— 
that IS to say, between | and 50 times the sun’s mass The lightest known 
star IS about 3 10^^ gm and the heaviest about 2 10^^ gm The majority 
are between 10^^ and 10^^ gm where the serious challenge of radiation 
pressure to compete with gas pressure is beginning 

15 It is remarkable that the umts into which the matter of the univer^c^ 
has aggregated primarily are so nearly ahke in mass The stars differ 

* The independence of the opacity seems paradoxical at first, since for given 
flow of radiation transparent matter offers less obstruction and experiences Icrb 
force than opaque matter But this is compensated because the flow of radiation, 
increases with the transparency of the material 




SURVEY OE THE PROBLEM 


17 


widely m brightness, density and physical condition, but they mostly 
contain about the same amount of material It is as though nature had 
a standard model before her in forming the stars, and (except for occasional 
lapses of vigilance) would not tolerate much deviation The extreme 
range (about ^ to 100 times the sun’s mass) does not give a fair idea 
of the general uniformity of mass, our methods of observation tend to 
select the more exceptional individuals — ^highly luminous stars which 
are especially massive, and double stars in which the original umt is 
subdivided — ^from many milhons of stars of normal size A mass range 
of 5 1 would, I beheve, include more than 90 per cent of the stars 

We can see m a general way the cause of this uniformity, though the 
details of the explanation are not clear G-ravitation is the force drawing 
matter together, and as it gathers in more and more material tends to 
bmld globes of enormous size We must assume that, opposed to this, 
radiation pressure is the main disruptive force* It is only when the mass 
has reached 10^® gm that this check on the aggregating power of gravita- 
tion emerges from insigmficance , but with further increase of mass it 
rapidly rises The increase in the proportion of radiation pressure in 
Table 2 is a measure of the increasing peril to the unity of the star The 
stabihty of a fluid mass subject to radiation pressure has not been in- 
vestigated, but since a few stars are known m which the radiation pressure 
is found to amount to 80 or 90 per cent of the whole, it is presumed that 
it does not of itself cause mstabihty But it may well render the star more 
hable to be broken up by a small rotation or disturbance of symmetry, 
so that the more massive the star the smaller the chance of survival As 
plausible figures we might suggest that radiation pressure below 15 per 
cent will not have an important effect , and gravitation will bmld up to 
the corresponding mass without much hindrance, unless the star divides 
under very rapid rotation according to the well-known theory, but a 
50 per cent radiation pressure would be a serious danger, and the corre- 
sponding mass could only be reached in circumstances of exceptional 
tranqmlhty 

We have not m our minds any definite idea as to the stage in the 
formation of the star at which the mass accumulation is limited by action 
or threat from radiation pressure At present we can only point to the 
significant fact that stellar masses congregate just at the point where 
radiation pressure is beginmng to endanger the safety of the star, and 
larger masses occur in rapidly diminishing numbers as though their con- 

* There is no mathematical proof of this, and the speculation rests on the 
numerical agreement We know that a star without radiation pressure is stable 
(unless the rotation is very rapid), but the stability of a star with radiation pressure 
has never been investigated But since we observe that stellar masses cease abruptly 
when radiation pressure becomes important, we venture to forecast the answer 
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tmuauce were only permitted under rare conditions It is this coincidence 
which leads us to think that radiation pressure is the agent which has 

cloven chaos into stars j ai, „ 

It may be remarked that if the molecular weight is decreased the same 

conditions occur at higher mass, so that low molecular weight favours 
greater masses Reference to the last column of Table 1 shows that, 
whereas m general the average molecular weight does not depend much 
on the chemical constitution, abundance of hydrogen would lower it 
appreciably It is ]ust possible that the occasional stars of exceptionally 
great mass are those formed from material which happened to be rich in 

^^1[t fs necessary to add that in Table 2 (taken from a publication by the 
writer in 1923) the adopted molecular weight is 4, whereas the most likely 
value in normal stars is now considered to be 2 2 To change to weight 
2 2 we must multiply the masses by (4/2 2)^ = 3 3 This would make the 
numerical coincidence rather less impressive But every star has passed 
through a cool diffuse (pre-steUar) stage in which the ionisation was less 
and the molecular weight higher, and it would seem proper to make the 
calculation for this stage as the most dangerous period* The value 4 
may thus be justified There is also another possibihty It is now seriously 
debated whether the mass of a star may not dimmish considerably dunng 
its hfe-time, thereby providing the energy which it radiates If so, the 
present calculation should predict the imtial masses, and allowance must 
be made for the wastage in any comparison with actual stars This point 
IS considered m § 214 It is there shown that the range of masses of stars 
m the earhest diffuse stage corresponds very closely to the cntical range of 
radiation pressure 


16 As the pressure is partly that of aether waves and partly of material 
molecules, so also the store of heat in the star is partly aethenal and 
partly material The ratio of aethenal to matenal heat is not widely 
different from the ratio of aethenal to material pressure , in fact, when the 
adiabatic constant of the matenal is y = | , the two ratios are the same 
Thus in masses exceeding 10®® gm we encounter a new condition of things 
transcendmg anything in our terrestnal expenence of hot bodies, instead 
of the heat being almost wholly contained in the motions and internal 
vibrations of molecules a large proportion is in the form of aether waves. 
These waves are hastemng m all directions inside the star They are en- 
caged by the matenal as in a sieve, which prevents them leaking into outer 
space except at a slow rate An aether wave making for freedom is caught 
and absorbed by an atom, flung out again m a new direction, and passed 


* On the other hand, the disturbing effect of rotation would not become important 
until a later stag© 
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from atom to atom, it will thread the maze for htmdreds of years until 
by accident it finds itself at the confines of the star, free now to travel 
through space indefinitely or until it reaches some distant world and per- 
chance entering the eye of an astronomer makes known to him that a star 
IS shining 

In any hot body the individual elements of heat-energy are continually 
changing from material to aetherial form and vice versa In a red-hot 
mass of iron material heat must change to aethenal in order to be radiated 
But in the hot metal the aetherial heat existing at any moment is less 
than a bilhonth part of the whole, only in the stars does the aetherial 
portion rise to equal importance with the material portion Radiation 
by small masses is a hand-to-mouth procedure, but the star keeps a 
thousand years' supply always in readiness and emits its radiation by 
leaking aether waves from this store This will perhaps help us to reahse 
why it has been necessary to change from Lane's original theory of con- 
vective equihbrium to the theory of radiative equihbnum The older 
investigators supposed that convection currents must exist to brmg up 
fresh supphes of material heat to the surface, there to be turned mto 
radiation Now the problem is reversed , we have to explain how the star 
manages to dam back its store of aetherial heat so that the escape is no 
greater than we observe 


The Inside of a Star, 

17 The inside of a star is a hurly-burly of atoms, electrons and aether 
waves We have to call to aid the most recent discoveries of atomic 
physics to follow the intricacies of the dance We started to explore the 
inside of a star, we soon find ourselves exploring the inside of an atom 
Try to picture the tumult » Dishevelled atoms tear along at 60 miles a 
second with only a few tatters left of their elaborate cloaks of electrons 
torn from them in the scrimmage The lost electrons are speeding a 
hundred times faster to find new resting-places Look out » there is nearly 
a colhsion as an electron approaches an atomic nucleus, but putting on 
speed it sweeps round it in a sharp curve A thousand narrow shaves 
happen to the electron in 10“^° of a second, sometimes there is a side-shp 
at the curve, but the electron still goes on with increased or decreased 
energy Then comes a worse slip than usual, the electron is fairly caught 
and attached to the atom, and its career of freedom is at an end But 
only for an instant Barely has the atom arranged the new scalp on its 
girdle when a quantum of aether waves runs into it With a great explosion 
the electron is off again for further adventures Elsewhere two of the atoms 
are meeting full tilt and rebounding, with further disaster to their scanty 
remains of vesture 

As we watch the scene we ask ourselves. Can this be the stately drama 
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of stellar evolution^ It, is more like the jolly crockery-smashing turn of a 
mnsic-hall The knocksibout comedy of atomic physics is not very con- 
siderate towards onr aesthetic ideals , hut it is all a question of time-scale 
The motions of the electrons are as harmonious as those of the stars but 
in a different scale of space and time, and the music of the spheres is being 
played on a keyboard 50 octaves higher To recover this elegance we must 
slow down the action^ or alternatively accelerate our own wits, just as 
the slow-motion film resolves the lusty blows of the prize-fighter into 
movements of extreme grace — and insipidity 

And what is the result of aU this bustle ^2 Very httle Unless we have 
in mind an extremely long stretch of time the general state of the star 
remains steady Just> as many atoms are repaired as are smashed, just 
as many bundles of radiation are sent out as are absorbed, just as many 
electrons are captured as are exploded away The atoms and the electrons 
for all their hurry never get anywhere, they only change places The 
aether waves are the only part of the population which do actually 
accomphsh something ; although apparently darting about in all directions 
without purpose they do m spite of themselves make a slow general 
progress outwards This flow would if uncompensated lead to a gradual 
change in the whole shate of the star, very slow but yet, we beheve, too 
fast to accord with observational evidence It is therefore necessary to 
assume that subatomic energy of some kind is liberated within the star, 
so as to replenish the store of radiant energy This also involves a gradual 
transformation of the material of the star which, however, scarcely con- 
cerns the present discmssion. The pomt which we wish here to explain is 
why this clash of atoms, electrons and aether waves is of practical concern 
to the astronomer, seeing that each process seems to be engaged in undoing 
the work of other processes In particular, how does the absorption of 
aether waves produce any result, seeing that for each portion of radiation 
absorbed an equal qnantity of radiation is being emitted^ 

We may think of t,he star as two bodies superposed, a material body 
(atoms and electrons) and an aetherial body (radiation) The' material 
body 18 in dynamical equibbrium, but the aetherial body is not , gravitation 
takes care that there is no outward flow of matter, but there is an outward 
flow of radiation If tihere were no interaction between the two bodies, 
the whole store of radiation would diffuse away in a few minutes, it is 
because it is tied to bbe material body by the processes of absorption and 
emission that it is restrained to a slow rate of diffusion Absorption 
followed by emission, although it leaves the quantity of radiation un- 
altered, has this effecb : radiation with a slight outward bias is taken from 
the aetherial body, i'fc is quickly restored again with the outward bias 
removed The qmcker the succession of these transformations the more 
strictly the outward flow is curbed That is in accordance with the con- 
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elusion we had already reached that the factor which resists the outward 
flow of radiation is the absorption coefiicient or opacity of the material 
of the star 


» Opacity of Stellar Material 

18 To determine the opacity— the hindermg factor m the outward 
flow of radiation— we have to turn to physical theories of the process of 
absorption The question put to the physicist runs somewhat like this— 
Given a layer of material a centimetre thick and of known density and 
temperature, what proportion of the radiation falhng on one side will be 
transmitted '2 Before answering, the physicist might reasonably ask us. 
What kind of material? If he asks this, we are done, because we have 
httlo, if any, knowledge of the proportionate composition of the material 
in the star There is no reason to suppose that spectroscopic observation 
of the superficial layers is any gmde to the mternal composition Fortu- 
nately the physicist does not press this question but substitutes another, 

’ What kind of radiation? We can answer that Badiation at any pomt 

in the interior is virtually in an enclosure with walls at constant tempera- 
ture , in fact, the ideal conditions of an enclosure are approached far more 
closely in a star than m any possible terrestrial experiment The constitu- 
tion of radiation m an enclosure — ^the proportion of waves of different 
frequencies — depends only on the temperature, and is fixed by Planck’s 
Law 

At the temperatures of several miUion degrees prevaflmg mside CapeUa 
and in all typical stars the radiation consists of X rays A physicist would 
classify them as rather soft X rays, that is to say, of greater wave-length 
and less penetrating power than those usually employed m radiography. 
For example, at 10,000,000° the radiation is mainly between 3 A and 
9 A wave-length, and it is the absorption coefficient of matter for radiation 
of this kind that we have to study These X rays can be produced m the 
•• laboratory and their properties studied experimentally It naturally 

suggests itself that we should compare the absorption coefficients of 
ordinary terrestrial substances with those found for stellar material by 
the present method It will be remembered that our primary aim m this 
research is to find the temperature gradient and opacity m a star so as 
to derive the total outflow of radiation, conversely, if we know the 
temperature gradient and outflow of radiation, we can find the opacity 
For Capella the temperature distribution has been found by the theory 
already outhned, and the output of radiation has been measured by the 
bolometer or (probably with greater accuracy) inferred from the hght- 
power of the star The opacity at an average pomt m the mtenor turns 
1 . out to be about 100 c o s umts To obtam an idea of what this value 

c signifies, let us enter Capella and find a region where the density is the 
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same as that of our atmosphere Take a slab of gas there 6 inches thick 
Of the radiation falhng on one side of the slab, | will be absorbed in the 
slab and only ^ transmitted This seems a very high opacity if we compare 
it with the transmission of light through gas , but the experimental 
physicist knows weU the difficulty of gettmg the softer kinds of X rays to 
pass through a few centimetres of air 

In Table 3 we give a few examples of laboratory determinations of the 
absorption coefficients of X rays to compare with the value 100 found for 
Capella 


Table 3 

Mass Absorption Coefficients for X Bays* 


Wave-length 

Air 

A1 

Cu 

Ag 

0 5 

0 5 

20 

19 

12 

1 0 

3 2 

14 

140 

82 

1 5 

9 2 

46 

62 

260 

2 0 

19 

110 

120 

580 

3 0 

53 

360 

350 



5 0 

190 

1600 

— 



The stellar value is thus of the same general order of magmtude as the 
laboratory determinations 

19 A closer study of the table shows that the relation of stellar 
opacity to terrestrial opacity is not so straightforward as it at first appears. 
It will be seen that the terrestrial opacity increases very rapidly with the 
wave-length, subject to certain discontinmties (illustrated m the column 
for Cu) the opacity vanes approximately as the cube of the wave-length. 
Now the mean wave-length for Capella is considerably higher than any 
of those given in Table 3, and it is clear that if we took the values for, say, 
7 A the absorption coefficients would be higher than 100 

Moreover, the rapid change with wave-length suggests that the opacity 
of a star ought to change very rapidly with its internal temperature, since 
the mean wave-length of the radiation is inversely proportional to the 
temperature This does not agree with astronomical observation, the 
whole senes of giant stars from type M to type A though diffenng widely 
in mtemal temperature is found to show a fairly constant opacity 

There is thus some difference between stellar conditions and l^,boratory 
conditions which affects the absorption of X rays It is not difficult to 
understand what this difference is The primary dissimilarity is the 
exceedmgly high temperature of the stellar matenal, and it is a natural 
(though fallacious) assumption that temperature will not much affect 
a process hke absorption, which is performed by the atoms individually 

* From M Siegbahn, The Spectroscopy of X Bays, Appendix, Table III 
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each contributing its share independently of the presence of the others 
But are we dealing with, the same kind of atoms in the two cases ^ It is 
a question of definition of the word atom The atomic nucleus which we 
regard as characterising the element is unaltered, and for that reason we 
can say that the same elements are present m the stars as on the earth 
But if the atom is taken to mean the whole system with its satelhte 
electrons, then we must say that the atoms in the stars are not the same 
as those on the earth Most of that circulating system is broken away 
The ^'billiard-balU’ atoms, abont 10~^cm in radius, so famihar in our 
picture of terrestrial gases, do not exist in the stars, and in particular 
those properties of terrestrial gases which depend on the considerable size 
of the atoms (limit to compressibihty) have no immediate apphcation in 
the stars In considering absorption and opacity the mutilation of the 
electron system of the atom is of vital importance, because it is ]ust this 
system which contains the mechanism of absorption 

In elements of moderate atomic weight the X ray absorption is per- 
formed mainly by the ten innermost electrons which are classed m two 
groups, VIZ 2 .S!^-electrons and 8 i-electrons The outer electrons of the 
system are concerned in absorption of greater wave-lengths, including 
visual light , the loss of these will not seriously alter the atom’s power of 
absorbing X rays. But the mutilation extends to the inner ten electrons 
which would otherwise have been active m absorbmg the X rays in the 
star, and this, of course, reduces the absorbing power as compared with 
terrestrial sCtoms The absorption is itself the cause of the breaking away 
of electrons, so that if the circumstances are such that any absorbing 
mechanism is called strongly into play that particular mechanism wiU be 
especially broken down There is in fact a saturation effect 

We may look at the difference between terrestrial and stellar absorption 
from another point of view When aether waves fall on an atom they are 
not absorbed continuously The atom lies quiet waiting a favourable 
chance and then suddenly swallows a whole quantum at once The mouthful 
IS too big for the atom’s digestion , consequently the atom bursts One of 
the satellite electrons shoots off at great speed carrying away the surplus 
energy which the atom could not assimilate The atom is now done for 
so far as that particular absorption trap is concerned, and it has to let 
the quanta fly past without interfering Evidently this bursting could 
not go on continually unless there were some counter-process of repair 
The atom must capture one of the free electrons flying by, inducing it to 
stay and heal the breach The absorption trap is then set again and the 
atom IS ready for another quantum The emission of radiation occurs 
during this process of repair, the free electron having surplus energy which 
must be radiated Tor each burst there must be a repair, so for each 
absorption there must be an emission 
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In the laboratory we can produce X rays of the quahty occurring in the 
stars, but we cannot produce them with the same intensity Thus we can 
only perform the experiment of feeding the atoms with quanta at a very 
slow rate Long before the atom has the chance of a second mouthful it 
has had time to set its trap m order and is ready again But in the 
stars the X rays fly by so fast that the atoms are gorged and cannot take 
advantage of their abundant chances The moment the trap is ready it is 
sprung agam Only a small proportion of the absorption traps are in 
workmg order at any one moment and the absorption coefficient is pro- 
portionately reduced This saturation effect is responsible for the stellar 
coefficient falhng below the values derived by extrapolation of Table 3 
In the main, terrestrial experiments are adapted to measure the atom’s 
activity in catching X rays, and astronomical experiments to measure its 
power of recovery afterwards The consumption of food by the hungry 
hunter depends on his skill in catching it, the consumption by the 
prosperous citizen depends on the strength of his digestion 

For stellar investigation we therefore find it best to fix attention not 
on the process of disruption but on the process of repair (electron capture) 
In other words, we turn from absorption coefficients to emission coefficients 
In the equihbrium condition of a star absorption and emission must 
balance, so that it is indifferent which of them we study It is only a 
question of following the hne of greatest practical simphcity. 

Details will be given later of attempts to calculate the emission or 
absorption at given temperature and density from a purely ph;f sical theory 
of the process of electron capture As happened for molecular weight, the 
chemical composition of the material appears not to have a large influence 
on the result If we could solve this problem fully we could extend the 
problem set to the cloud-bound physicist in § 14 and ask hnn to predict 
the heat and hght emitted by his globes of given mass and density with 
no assistance from astronomical observation The theory which seems most 
in keeping with our general physical knowledge leads to predictions pretty 
near the truth, but, I think, not so near as they ought to be This part of 
our aim is stiU in the interesting state when we cannot help feehng that 
we are not far off the right track and the true solution is waiting ]ust 
round the corner 

20. J umping as well as we can the difficulties raised by the discordance 
above alluded to, we combine our helping and hindering factors and 
determine the theoretical rate of outflow of radiation from a star The 
result IS the mass-luminosity relation explained and compared with 
observation in Chapter vn We shall not here anticipate the results which 
follow when at length the theory reaches direct contact with observation 
The purpose of this prehminary survey is that in entering on the mathe- 
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matical investigations we may Ibe equipped witli a general knowledge 
of the conditions to be studied, and of the mterplay of the various 
factors 

Other problems will arise in the course of our work The Cepheid 
variables, considered to be pulsating stars, give opportunities for develop- 
ment and test of the theory Of special interest is the theory of the 
White Dwarfs — ^incredible but apparently true. The problem of the source 
of a star’s energy will be considered, by a process of exhaustion we are 
driven to conclude that the only possible source of a star’s energy is 
subatomic, yet it must be confessed that the hypothesis shows httle 
disposition to accommodate itself to the detailed requirements of 
observation, and a critic miglit count up a large number of '""fataF’ 
objections 

Those portions of thermodynamics and the quantum theory which are 
essential for our astronomical investigations are developed ah %mtw m 
Chapters ii and ni It is not expected that these Chapters can take the 
place of a regular treatise , nor lias it been our aim to give a particularly 
elementary exposition suitable for a first approach to the subject It can 
probably be assumed that everyone mterested m astrophysical problems 
has picked up sporadically the leading ideas of atomic structure and 
quanta, and is familiar with some of the numerous experimental apphca- 
tions The systematic outline here ofiEered may help him to arrange these 
ideas and fill up the gaps m their sequence Although the discussion is 
given in the form of mathematical deduction, it must be understood that 
when, as in these two Chapters, the results at every stage are subject to 
close test by experiment, the purpose of the argument is to exhibit the 
inner connection of the various phenomena and not to persuade the sceptic 
that the phenomena must occur Consequently, although a reasonable 
degree of rigour is required, the laborious exploration and closing of every 
possible loophole is of secondary importance and would be out of place 
in a brief survey 

Chapters IV— Xl contain the mam theme of mvestigation ^the study of 
the internal condition of a star The culmmating pomt is Chapter vn, 
where the comparison with observation is made Roughly speakmg, the 
mechanics of the problem is placed before this, and the physics is placed 
afterwards That is because the study of absorption, lomsation, electrical 
energy, etc , in the light of atomic physics would if undirected lead us 
far away from astronomical problems, and it is necessary first to ascertam 
what are the points of special astronomical importance, the doubts to be 
settled, and the difficulties to be discussed We need to have a clear idea 
of how our results will react on observable properties of the stars. I do 
not think that any order of development would have avoided the numerous 
cross-references forward as well as backward. 
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In the last two Chapters we permit ourselves an excursion into outer 
space and observe how the complexity of the problem grows when the 
conditions of thermodynamical eqmhbrium in an enclosure are gradually 
relaxed The “outside of a star’’ is a problem expanding indefinitely into 
the whole subject of stellar spectroscopy and stellar observation generally 
For the most part we pursue only those branches of the subject which 
illustrate and amplify the methods and theories used for the stellar 
mtenor. 



CHAPTEE n 


THERMODYNAMICS OF RADIATION 
Radiatvyn, Pressure, 

21 Radiant energy or radiation consists of electromagnetic waves in 
the aether Mlwellf electromagnetic theory showed that these waves 
possess momentum If E is the energy of the waves, c the velocity of hght, 
Le momentum is Elc in the direction in which the waves are travelling 
rccTrCg to the modern view energy and mass are inseparab e 
ergs corresponding to 1 gm This leads immediately to the 
For the energy E ergs indicates a mass Ejc^ gm , and sin y 

is c the momentum is (JS/c^) x c = Ejc rncmen- 

A material screen which absorbs the waves absorbs also them momen 

turn Thus the momentum of the screen changes, which is another way of 
IS acted on by a force Suppose that waves contaimng 
E ergs per cu cm impinge normaUy on a perfectly absorbing surfa 
A column of radiation of height c passes into and is absorbed ^y eac 
fq cm of the surface per sec , this column contams 
momentum is thus Ecjc or E mnts The force on the screen is thus E dynes 

^"'f^ rperfect absorbers we must deduct the proportion of the 
which 1 not passed on to the material screen, vm that o the rtan -itted^ 
Mattered or reflected waves For example, a perfect reflector would 
experience a pressure 2E , half of this is due to its stoppage of the maiden 
wTS and hMf IS the recoil due to the projection of the tram of reflected 
waves Agam, if the screen is semi-transparent 

reduced eLrgy-density E' the force per sq cm is ^ This may be 

analvsed mto a pressure E of the incident waves and a recoil 
of the transmitted waves, as though the screen had wholly absorbed th 
iLLt beam and had itseH originated the transmitted beam on the other 

we regard the incident, reflected, scattered, transmitted or emitted 
beams as e?ch exerting its own pressure on the side of the s.een a^ ^ch 
»nv„ » ongma<»B, we need not L “the 



28 


THERMODYNAMICS OF RADIATION 


reflected waves It makes no difference whether the waves are travelling 
towards or away from the screen, because on reversing the direction of 
conveyance of momentum we also reverse the sign of the momentum that 
IS bemg conveyed, so that a wave-train conveying positive momentum 
away from the screen gives the same pressure as a wave-train conveying 
negative momentum mto the screen A pressure system cannot be repre- 
sented by a vector, it may be associated with an axis but not with a 
direction 

The rule that 

pressure = energy-density 

apphes only to radiation travelhng normal to the surface , obhque incidence 
must be considered separately 


22 Consider as in the last section a column of radiation travelling in 
a fixed direction, and place in its track a screen of area S inchned so that 
the angle of mcidence is 6 The cross-section of the column obstructed by 
the screen is 8 cos 9, and accordingly the force, which would be ES for 
normal mcidence, is ES cos 9 for obhque incidence This force is in the 
direction of the momentum of the beam, resolving it mto components 
normal and tangential to the screen the force is 


ES cos^ 9 normal, ES cos 9 sm 9 tangential 

An important case is when the radiation is isotropic, i e consists of 
waves of equal intensity m all directions Since the average value of cos* 9 
over a sphere is J and of cos 0 sm 6 is zero the force becomes m this case 
^ES normal to the surface Thus we have the important law— 

The pressure of isotropy radmUon ts ^ of %ts energy-density 

This pressure is exerted normally on any surface exposed to the radia 
tion and is entirely analogous to the hydrostatic pressure of a fluid In 
a gas the momentum is conveyed by the molecules, and a gas at rest m 
which the velocities of the molecules are symmetrical as regards direction 
so that the momentum is hemg conveyed at the same rate m aU directions 
IS analogous to isotropic radiation In non-isotropic radiation or in a 
Jsturbed gas with unsymmetncal distribution of molecular velocities 
there is no longer a simple hydrostatic pressure, a stress-system with six 
different components is involved 

When the radiation is not isotropic the normal pressure on a surface 
T+ ^mg the weighted mean of cos*0 instead of the factor \ 

t IS to be noted that an mcrease of flow m a particular direction 9 at the 
expense of flow m the opposite direction does not alter the pressure In 
the mtenor of a star we have often to consider radiation which is nearlv 
isotropic but with a shght preponderant outward flow, this kind of 
asymmetry does not m itself affect the pressure, though it is likely to 
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involve consequentially smaller asymmetrical effects which modify the 
pressure hy second order terms 

The internal pressure, whether of radiation or of a fluid, may be defined 
without reference to the insertion of any extraneous material such as a 
screen The isotropic pressure \E signifies that across any unit surface, say, 
in the plane yz, momentum is being transferred so that the region on the 
positive side of the surface is gaimng umts of positive rr-momentum 
from the negative side , equivalently the negative side is gaming units 
of negative jr-momentum from the positive side The internal pressure thus 
defines the boundary flow of momentum which it is necessary to take into 
account in applying the condition of conservation of momentum to any 
region 

23 The relations between the energy, momentum and pressure of 
aether waves can be brought into Ime with those of matter if we regard 
their energy as half kinetic and half potential The mass velocity c, 
momentum Ejc, and kinetic energy \E are then related m the same way 
as the corresponding quantities 

m, F, mV, |mF^ 

for matter Also for isotropic radiation the internal pressure is f of the 
kinetic energy-density ^E, agreeing with the well-known result that the 
pressure of a gas is f of the density of kinetic (translatory) energy 
of its molecules 

Accordingly the analogy between radiation and a gas will be 
rendered closer if we choose a gas in which the kinetic energy of the 
molecules is half their whole energy Such a gas must (according to the 
elementary theory) have three internal or rotational degrees of freedom 
sharing equally in the equipartition of energy with the three external 
degrees of freedom for each molecule The ratio of specific heats for such 
a gas 18 y = |, and it is often convenient to regard radiation as a gas with 
ratio of specific heats ^ 

By this analogy we may anticipate some results proved more rigorously 
later For y = | the pressure varies as in adiabatic expansion or com- 
pression, this law IS also true for radiation (Stefan’s Law) Again, in 
calculating the distribution of density and temperature inside a star we 
pass from the theory of convective eqmhbrium to radiative equihbrium 
by substituting the constant 4 instead of the ratio of specific heats of the 
material Since radiative equihbrium postulates that the heat is conveyed 
through the star by aether waves instead of by material transport it is 
appropriate that the ratio of specific heats for aether waves should appear 
instead of the ratio for the material 
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Entropy 

24 Quantitatively energy is conserved, qualitatively there is a con- 
tinuous unidirectional change in the character of the energy of the 
universe 

In the ultimate analysis this change appears to be in all cases a change 
from a more organised to a more chaotic condition For example, a train 
of plane waves may by irregular reflection or scattering be converted into 
radiation moving in all directions at random We cannot invert this 
process or discover an apphance which wiU automatically convert dis- 
organised radiation mto plane waves Spherical waves can be converted 
into plane waves by a parabolic mirror and back again to spherical waves 
by another mirror But spherical waves are in their way as highly or- 
ganised as plane waves , no chance disturbances of regularity have befallen 
them When once the random element has been introduced it cannot be 
ehmmated by any natural process If we construct a machine which 
receives chaotic radiation and sends it out again as trains of plane waves 
we must mfer that the organisation has been given to the waves at the 
expense of other energy put through the machine, and this energy is 
drained of orgamsation and e3ected from the machine in a more chaotic 
state than it was originally Such a machine continually requires fresh 
supplies of energy not because it uses up energy but because it uses up 
orgamsation of energy 

Thus m the vicissitudes of thmgs energy is hable to take a step down 
in rank which it cannot recover by any natural process The potentiality 
inherent in orgamsation — ^which is of immense importance for the practical 
utihsation of energy — ^is lost to the umverse, irrecoverably so far as we 
can see 

25 We mtroduce a numerical measure of the disorganisation caused 
by these irreversible steps Such a measure should evidently be propor- 
tional to the quantity of energy disorganised, the other factor measuring 
the degree of disorgamsation will consist of the difference of two terms 
dependent respectively on the imtial and final states of the energy and 
therefore functions of the physical variables used to specify those states 
The measure of disorgamsation is thus expressed by a quantity 8 such 
that 

dS = dQ (02 — 0i) . . (25 1), 

where dQ is the quantity of energy passing from state 1 to state 2 and 6 
is a function of the physical variables descnbing the states 

When several such transfers are contemplated it is convenient to express 
the result m terms of the additions to the energy in the respective states 
Thus, m the above example, energy m state 1 receives an addition 


THERMODYNAMICS OF RAJ3IATION 


31 


dQ^ = — dQ, and energy in state 2 receives an addition dQ^ == dQ 
Accordingly (25 1) may be written 

d8 = 0-^dQ^ 4- 02 ^^2 

Combining any number of transfers by summation or integration the 
total change of S will be 

hS = ^ddQ (25 2), 

where dQ is the infinitesimal addition to energy in the state for which the 
corresponding coefficient is 6 

In considering a system composed of several bodies A, C, we 
apportion S among the different bodies so that 

If the transfer above considered is from state 1 in body A to state 2 in 
body B we should write 

dSa = dS^ == 02 ^^2 

It follows that (25 2) applies to each body of the system separately, 8/S 
referring to that body only and dQ on the right being limited to energy 
transferred to or from or within that body 

In order that S may fulfil the purpose for which it was introduced, 
VIZ to measure the progressive degradation of the energy of the universe, 
it must in any natural process satisfy the condition 

S8/S > 0 (25 3), 

the summation being taken over all bodies concerned in the process under 
consideration The coefficients 0 must be determined by applying this 
condition 

The quantity S is called entropy It is unique among fundamental 
physical quantities in having a one-sided conservation, that is to say, it 
IS indestructible but not uncreatable Since only the change of 8 has 
been defined the entropy of each body involves an arbitrary additive 
constant 

Mechamcal work is taken as the standard from which increasing 
disorganisation of energy is measured, so that the coefficient 0 is zero for 
energy dQ added to or taken from mechanical work We need not exclude 
the possibility of forms of energy with negative entropy referred to this 
standard, although no such form has been recognised Subatomic energy 
has been converted into heat but the converse process is unknown, it is 
conceivable (but unlikely) that the conversion of heat into subatomic 
energy involves a greater dram of organisation than its conversion into 
work 

26 A process involving creation of entropy cannot be reversed, since 
the reversal would involve destruction of entropy, which is impossible 
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Thus if a process can be shown to be reversible we can be sure that the 
entropy is unaltered by it Reversible processes are necessarily somewhat 
ideahsed because it is scarcely possible in practice entirely to safeguard 
the energy from disorgamsation But m thermodynamical arguments the 
practicabihty of the processes considered is not usually relevant If we 
have a process which under certain practical conditions works irreversibly 
in one direction, and under very shghtly altered conditions works irre- 
versibly in the opposite direction, we may infer that there is a bTmt,mor 
intermediate condition for which the process m either direction involves 
no alteration of entropy 

An irreversible process of great importance is the spontaneous flow of 
heat (by conduction or by radiation) from a hot body to a cold body in 
proxnmty tending to equahse their temperatures Smce the transfer is 
spontaneous, i e its occurrence is not dependent on the provision of other 
sources of energy which might be drained of orgamsation, it may be 
treated as isolated Consider two bodies at temperatures 

If Ta IS shghtly less than a small quantity of heat will flow from to 
T^, a shght alteration of the condition so that is a httle greater than 
causes the process to occur m the reverse direction Thus = Tj is 
the hmiting condition for which a transfer of a small quantity of heat 
from Ai to A^ or A^ to A^ involves no alteration of entropy Hence settmg 
dS = 0 m (26 1) we have 

= $1 whenever (26 1) 

Accordingly when dQ represents heat-energy the coefficient 0 is a function 
of the temperature only 

Agam, let the temperatures be unequal and T^> A quantity of 
heat dQ will then flow spontaneously from the temperature to the 
temperature T^, and by (25 1) 

' dS = dQ {d (T,) - d (Ti)) 

Since dS cannot be negative, we have 


d (Ta) > e {Ti) whenever (26 2) 

Hence 6 decreases as the temperature increases 

It must be understood that the coefficient 6 (T) refers only to the 
transfer of an infimtesimal quantity of heat When a fimte quantity of 
heat IS transferred from one hmited reservoir to another the temperatures 
will alter durmg the progress of the flow and the consequent changes of 
6 must be taken mto account 


The temperature referred to m this argument is thermometnc* The 


* No reference is made m this book to the 
introduced in some text-books 


so-called thermodynamic temperature 
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principle of thermometry is that a test-body A 2 brought near enough to 
a body Ai rises or falls to the temperature of A^ , it therefore requires that 
the spontaneous flow of heat shall be from Ai to A 2 or the opposite ac- 
cording as > 2^2 01 * the opposite — as assumed m our argument The heat 
referred to (whether molecular motion or radiant energy) is ^'ordinary’’ 
heat-energy, that is to say the energy in the states 1 and 2 is assumed to 
have no special organisation beyond that defined by a single physical 
variable, viz the temperature It is possible for energy to possess organi- 
sation of a more speciahsed kind, in which case the coefficient 9 will 
not be a function of the thermometric temperature only, for example, 
monochromatic radiation must be considered more highly organised than 
black-body radiation But when such heat is allowed to flow into a test- 
body as in ordinary thermometry without speciahsed conditions, the 
excess organisation is inevitably wasted and there is no limiting condition 
of reversible flow with dS ^ 0 A transfer for which dS ^ 0 can only 
be arranged with special apphances (e g colour-filters), and the coefficient 
6 for such a state of organisation must be found from the behaviour with 
respect to these apphances and not with respect to ordinary thermometry 

27 Consider now a gram-molecule of perfect monatomic gas which 
obeys the law 

pv = diT (27 1), 

where 5R is the universal gas constant 

In an ideal monatomic gas the only heat-energy is kinetic energy of 
molecular motion Since the pressure is | of the kinetic energy per unit 
volume (§ 23) the heat-energy in the volume v is 

0 = li? = f SRiT . . (27 2) 

Now let the gas change from a volume and temperature v^, to 
V 2 , T 2 In general it will be necessary to supply or withdraw heat and 
mechanical work will be done by or against the pressure In a change 
dv, dT the heat supplied must be 

3{dT -f pdv (27 3), 

the first term raising the temperature in accordance with (27 2) and the 
second replacmg the energy expended by the pressure in doing mechamcal 
work 

Ihe gas IS supposed to have umform temperature at each stage, and 
the heat dQ is to be added directly at each part of the gas — not poured 
in at one corner and allowed to flow to its destination With this condition 
there is no hmitation on the signs of dT, dv, dQ in (27 3) and the changes 
are therefore reversible (If the above conditions were not postulated 
irreversible processes would evidently occur ) 
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By (25 2) the change of entropy of the gas is 

/Sa - - S/Sr = [ 0 (T) dQ . (27 4) 

= §?flj ff (T) dT + jd (T) pdv 

= 1 91 [ ^*0 {T) dT + SR \\d {T)^ ..(27 5). 

Now can depend only on the initial and final temperatures and 

volumes of the gas This follows from the theory of gases according to 
which two specimens of the same gas at the same temperature and density 
are alike in all their properties Or it can be deduced more generally from 
the reversibihty For if S 2 — 8^ were different according to the intermediate 
values of v and T, we could by taking the gas out by one route and back 
by another increase its entropy Owing to the reversibihty no entropy 
IS created, hence the increase of entropy requires a decrease of entropy 
of our reservoirs of heat The cycle could be repeated any number of times 
so that a small mass of gas would be able to furmsh an infinite decrease 
of S (1 e increase of orgamsation) to the rest of the universe 

The expression on the right of (27 5) must therefore depend only on 
the initial and jfinal stages The first term evidently satisfies this, and 
therefore the second integral must in spite of appearances be independent 
of the intermediate stages This requires that Td {T) shall be a constant. 
To prove this, the second integral can be written 

flogv, 

Te (T) d (log v) 

J log Vi 

Consider any elementary step d (log v) During this change of volume the 
gas can have any temperature we please, so that if it is possible to vary 
TO {T) by varying T, we can vary the contribution made to the integral 
by this step. Thus the integral cannot be mdependent of the intermediate 
conditions of the gas unless 

TO (T) = const 

By suitably connecting the umts of entropy and temperature the 
constant may be set equal to unity so that 

8 (T) = l/T . , . (27 6) 

Here T is identified with the temperature on the scale of a perfect-gas 
thermometer ; but, of course, the value of 9 (T) here found is applicable 
to ^^ordmary’’ heat transferred from or to any kind of material in ac- 
cordance with (26 1) 

Equation (27 4) can now be written 

dQIT .. 


(27-7) 
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28 Reverting to the monatomic gas, we obtain from (27 5) and (27 6) 

/Sj - /Sj = log (TilTj) + 5R log (v^v^) 

SO that the entropy of a gram-molecnle of the gas is 

>Sf = 5R log (vT^) + G, 

where (7 is a constant which may depend on the nature but not on the 
state of the gas If the gas expands or contracts adiabatically, i e without 
transference of heat from or to the surroundings, the entropy remains 
constant since energy received or given up as mechanical work has zero 
entropy Accordingly for adiabatic changes 

vT^ = const . (28 1), 

an equation which can also be obtained directly by setting dQ—Om (27 3) 
More generally for a gas in which the whole heat energy is e times the 
translatory energy of the molecules, the pressure is 2/3e times the energy- 
density, and the adiabatic law is 

'vT^^ == const . (28 2), 

which gives 

pccT^, (28 3) 

The last equation is usually written p oc py, so that the adiabatic constant 
y IS given by 

y = 1 + 2/3e (28 4) 

It can easily be shown that y is equal to the ratio of the specific heat at 
. constant pressure to the specific heat at constant volume 

Equilibrium of Radiation 

29 The spontaneous flow of heat from a hot body to a cooler body 
IS a net transfer Actually heat is flowing in both directions so that each 
receives heat from the other, but the hot body loses more than it gains 
and the cool body gams more than it loses The inequahty tends to right 
itself because a body as it loses heat will fall in temperature and the rate 
at which it sends out heat to the surroundings wiU dechne , eventually it 
will reach a condition in which the loss of heat is just equal to the gam 

This “theory of exchanges” apphes to flow of heat both by conduction 
and by radiation, but we are most concerned with radiation 

Consider an enclosure surrounded by walls maintamed at a constant 
temperature Radiation will be emitted from the walls into the enclosure, 
and radiation in the enclosure which falls on the walls wiU be wholly or 
partially absorbed by them The greater the quantity of radiation inside 
the enclosure the greater will be the amount falling on the walls and the 
greater the amount absorbed The quantity in the enclosure will thus 
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decrease or increase until the loss by absorption ]xist balances the steady 
emission from the walls In practice the time reqmred to reach this eqm- 
hbrium condition is extremely short* 

The eqmhbnum d%str%buUon of radiation, both as regards density and 
quality {wave-length), is fixed entirely by the temperature T of the walls 
For suppose that by constructing the walls of different materials we 
could have two enclosures A and B with walls at the same temperature 
T but with the eqmhbnum density of radiation within a certain range of 
wave-length 8A greater in A than in B Let us open momentarily a passage 
between A and B crossed by a screen transparent only to radiation m the 
range 8 A More radiation of this quality will fall on the A side of the screen 
than on the B side and more will pass through from A to B than from 
B to A Close the channel after a small but finite transfer has occurred 
The enclosure B now contams more radiation than initially and therefore 
more than can be in eqmhbnum with its walls at temperature T , the 
surplus will pass into the walls which must accordingly rise in temperature 
Similarly the walls of A will fall in temperature We next bring the walls 
of B and A to the same temperature by allowing the necessary quantity 
of heat to fliow from B to A This flow of heat from a higher temperature 
to a lower temperature is irreversible and creates a quantity of 

entropy dQ But the whole system has returned exactly to 

its original condition so that it is impossible that entropy should have 
been created 

The contradiction can perhaps be reahsed more vividly if we suppose 
the passage to be opened and closed periodically Then the temperature 
difference between A and B is continually renewed, and we can use B as 
the source and A as the suit of a heat-engine which develops mechanical 
work This continuous conversion of heat originally at a uniform tempera- 
ture T into mechamcal work is obviously contrary to the principles of 
thermodynamics 

Since the energy-density of radiation in the enclosure depends only 
on the temperature it follows that the pressure of the radiation depends 
only on the temperature 

A word of explanation may be desirable as to the employment in 
thermodynanncal arguments of ideal contrivances such as the screen 
transparent to an arbitrary range of wave-length It is not at aU essential 
to the argument that the processes referred to should be practicable, but 
it is essential that the ideal processes should not destroy entropy, if as 
usual the argument assumes that entropy is indestructible The ideal 

♦ In theoretical arguments we sometimes introduce walls which are perfect 
reflectors (for some or all frequencies) The approach to equilibrium then becomes 
infimtely slow 
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process must not eliminate the random element in the state of the energy 
If practicable processes are employed, we are on safe ground, with ideal 
processes we have to be on our guard against inadvertently introducing 
a ''sorting demon ’’ At first sight a screen transparent to one particular 
range of wave-length seems to be dangerously like a sorting demon, but 
since highly selective screens exist naturally, it is clear that such selection 
does not imply destruction of entropy, and although we may not be able 
to find a natural screen smtable for the particular range of wave-length 
SA, the lack is due to irrelevant limitations of nature and not to any 
contravention of the laws of thermodynamacs 

Radiation of the density and quahty which would be in equilibrium 
with matter at temperature T is said to have the temperature T A mixture 
of radiation of various wave-lengths in arbitrary proportions is not in 
general in equilibrium with matter at any temperature and has no unique 
temperature , but if it has the same total density as radiation at temperature 
Ty T IS called its "effective temperature ’’ If such radiation is placed in 
an enclosure with walls at temperature T it is rapidly transformed into 
radiation with a true temperature T, that is to say, the enclosure becomes 
filled with an equal amount of energy with a true temperature and the 
walls neither gam nor lose heat on balance Since this conversion is 
irreversible, entropy is increased by the conversion The excess organisa- 
tion of the radiation wath no true temperature could in fact be utilised 
by means of selectively transparent screens to raise matter above its own 
effective temperature T A notable illustration of this is afforded by the 
radiation traversing space due to the stars, its effective temperature is 
about 3° absolute, but it is capable of spontaneously raising selectively 
absorbent matter to far higher temperatures Radiation at a true tempera- 
ture of 3° could not transfer heat spontaneously to matter above 3° 

The coefficient 6 for radiation having a true temperature T is the same 
as for molecular heat, viz IjT This follows because energy will pass from 
the radiation in an enclosure into the walls or v^ce versa according as its 
temperature is higher or lower than that of the walls , hence the limiting 
condition of transfer without change of entropy is when the temperatures 
are equal, and the equahty of the coefficients 6 follows from (25 1) 

Having proved that radiation at temperature T has a definite density 
and composition, we have to discover the formulae for the density and 
composition This investigation is made m several stages First Stefan’s 
law (30 3) IS found determining the total density, next Wien’s displace- 
ment law (32 1) which reduces the problem of determining the composition 
at all temperatures to the determination of the composition at any one 
temperature, then Planck’s law (37 9) giving the form of the function left 
undetermined in Wien’s law, and finally in (40 7) the identification of the 
physical constant contamed in Planck’s law. 
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Stefan^s Law 

30 Consider radiation in an enclosure of adjustable volume, and 
cliange the volume from % to and the temperature of the walls (and 
therefore of the enclosed radiation) from to T^, the temperature at 
intermediate volumes is arbitrary If E is the energy-density of the 
radiation, the heat added in a change dv, dT is 

dQ = d (Ev) + pdv (30 1), 

or since E = 3p 

dQ = 4pdv + ^vdp 

= 4(p^d (log (30 2) 

Hence by (27 7) the change of entropy of the radiation is 

^2 - /Si = 4 ^ (log ]piv) 

By the same discussion as m § 27 it follows that the integral on the 
right must be independent of the mtermediate stages and hence that 
cannot be altered by varymg T But by § 29 is a function of T only 
Hence jT is a constant Thus we can write 


p = \aT^, E = uT* (30 3), 

where a is a umversal constant The expenmental value of a is 7 64 10~^® 
for c G s units and degrees Centigrade 

The result pxT^ is also obtamed if we set e = 2 (the appropriate 
value for radiation) in (28 3) But it has a more general meamng for 
r^ation than for a gas since it is not now confined to adiabatic changes 
(The above argument if apphed to a gas would break down at the state- 
ment “p IS a function of T only ”) 

The result that the energy-density of radmUon is proportional to the 
fourth power of the absolute temperature is known as Stefan’s Law 


31 Subject to certam reservations the equihbnum distribution of 
r^ation in an enclosure wdl not be upset by admittmg molecules mto 
the enclosure The waves permeate freely the spaces between the molecules 
and m the mtenor of the molecules, and the reduction of the volume 
occupied by radiation is msigmficant The matter m the enclosure must 
take up the same temperature as the walls and the radiation Thus radi^ 
^on of density aT* wdl fill any region occupied by matter mJntamed tt 
^ScSs^ 3^— except near the edges where the radiation is not properly 

The TOservation is necessary when the matter m the enclosure has an 
app^xable refractive index for radiation of the wave-lengths concerLd 
In this case the mtemal energy of the molecules and the energy of let W 
waves IS so linked that the present argument is scarcely adequate. Ttee 
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does not appear to be any actual failure of Stefan’s Law (or Planck’s Law) 
in this case , but careful definition is required since the energy of material 
polarisation is in some applications appropriately grouped with the radiant 
energy whereas in other applications it is kept separate Further reference 
to this point so far as it concerns stellar conditions is made in § 164 

The quantity of isotropic radiation passing in both directions through 
a plane area S is ^EcS per second (The factor | arises through taking the 
average of cos d over each hemisphere, the cross-section of an obhque 
beam through 8 being 8 cos 6 ) The amount passing in one direction is 
lEc8 Hence if in a body at temperature T a cross-section is cut and 
suddenly exposed, radiation of amount \Ec per sq cm per sec wall leave 
the body through this section This is evidently the maximum intensity 
of radiation obtainable from a body maintained at a general temperature 
T In practice it will be impossible to avoid a slight drop of temperature 
at the surface This may be minimised by taking a good conductor of heat 
and coating it with a highly absorbent substance, the conductor is re- 
quired to maintain the full temperature near the surface, and the absorber 
to secure that the radiation is ''enclosed ” Equilibrium radiation is often 
called blacJc-body radiation in reference to this mode of experimenting on 
it Another method of obtaining nearly the full black-body radiation is to 
make a small opemng in a large enclosure maintained at the requisite 
temperature 

The full radiation of matter at temperature T is accordingly 

\Ec = per sq cm per sec (311) 

The constant a = \ac is called 8tefan’s constant, but we shall generally 
prefer to use the constant a 


Wien's Law 

32 We next deduce from thermodynamical considerations that the 
constitution of equilibrium radiation at temperature T satisfies Wien’s 
displacement law 

I(u,T)==v^f{vlT) (32 1), 

where I {v, T) dv is the energy-density of the radiation of frequency 
between v and v ^ dv and / is some definite function of vjT Since the form 
of / IS not indicated by this investigation Wien’s law does not determine 
the constitution , but if the constitution is known for any one temperature, 
it enables us to calculate the constitution for other temperatures 

Lemma A chamber with perfectly reflecting walls initially contains 
equilibrium radiation If the chamber expands or contracts, the radiation 
will be automatically converted into equilibrium radiation for the temperature 
corresponding to vts new density 

The perfect reflection has two consequences* (1) it ensures that no 
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heat escapes from or is admitted to the chamber, so that the change is 
adiabatic (dQ = 0) , (2) it ehminates the ordinary processes (absorption 
and emission) by which radiation in an enclosure attains equilibrium 
constitution, so that we hawe not the usual guarantee that after the 
alteration of volume there will be eqmhbnum radiation in the chamber 

Xiet us for the moment accept the first consequence, but evade the 
second by inserting in the chamber a speck of absorbing matter of 
neghgible heat capacity , this re-introduces absorption and emission and 
the radiation will be brought mto equihbrium with the matter just as 
though it formed the walls* 

Now let the chamber undergo any number of expansions and contrac- 
tions and return to its original volume As it is subject to the adiabatic 
condition the pressure is a function of the volume only, in fact, setting 
dQ = 0 in (30 2) we have pfu = constant. Hence the radiation has re- 
turned to Its original pressure and therefore to its origmal energy-density, 
and as it is still equihbnum radiation it is exactly m its origmal state 

Thus the entropy of the radiation is unaltered Smce dQ = 0 no entropy 
has been removed from it to its surroundmgs Therefore no entropy has 
been created in it 


The function of the speck of matter was to convert the radiation to 
equihbnum constitution as fast as any divergence was produced But 
we have seen that this process is irreversible and that non-equihbrium 
radiation has less entropy than eqmhbnum radiation (§ 29), so that the 
conversion mvolves creation of entropy Since no entropy has been created 
It follows that the speck of matter has not functioned at all— it has never 
m the whole process found any non-eqmhbrmm radiation to convert 
ihis shows that the adjustment is made automaticaUy and reversibly bv 
the reflecting waUs without the help of any absorbing matter 


+b. d; ^ constitution is 

the Doppler effect at the moving mirrors enclosmg the radiation— moving 

when the chamber alters in size When the walls recede the wave is re 
fleeted with lower frequency than the mcident wave, so that there is a 

general conversion to lower frequencies accompanying the lowermg of 
energy-density and temperature r- i s owermg ot 

Let waves of energy-density E and frequency y fall normaJh^ « 
reSector peo<,tag mth velocity F Let H', / be [he energy-dei Id 

i/_c- F 

V c+v ' • (33 1) 
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The pressure on the walls is U W (§21) The work done on the walls 
per sq cm per sec is therefore {U + E') V This must be equal to the 
difference of energy of the incident and reflected waves, viz Eo — E'c per 
sq cm per sec Hence 

{E-W)c^{E + W) V . .(332) 


By (33 1) and (33 2) 

c - F 
V E c + F 


(33 3) 


If the incidence is obhque the same result is obtained except that 
F must now be the velocity of the reflector resolved in the obhque direction 
We express the quantity Ejv in units called quanta* By (33 3) 
Ejv = E'jv', that is to say, the number of quanta is unaltered by reflection at 
moving walls 

Consider a small change of volume of the chamber causing a change of 
temperature of the radiation from T to T dT During this change let 
a quantum of frequency v change to frequency v' by one or more reflections 
at the moving walls and write 

V == (1 4“ 5 ) (33 4) 


Then by (33 3) s depends on the circumstances of the reflections, but not 
on V Hence if we denote by g (s) ds the proportion of the reflected quanta 
for which this coefficient hes between s and s ds^ g {s) will be the same 
function whatever frequency v we are considering, smce there is no correla- 
tion between v and s 
By definition 


Let 


Jg(s)ds= 1 
j sg (s) ds = So 


(33 6). 


Then Sq is independent of v 

Let J (v, jP) dv be the number of quanta of frequency u to v + dv in 
the chamber when the temperature is T, then 

J {v', T + dT) dv' = fg (s) ds J (y, T) dv. 


where the integral on the right is taken over all values of 5 , and (for each 
value of s) v and dv are related to the fixed values v\ dv^ by (33 4) Hence 
substituting for v and dv 

J {v', T + dT)=\g (s) ds (1 + 5 ) J (v' (1 + s), T) 


* We use the modem nomenclature, but do not here introduce any of the 
principles of the quantum theory The “number of quanta” is not assumed to be 
an integral number 



42 


THERMODYNAMICS OF RADIATION 


Expanding by Taylor’s theorem, and neglecting squares of the mfimte- 
simals s and dT 


+ dT (v', T) = J (v', T) I g (s) ds 


+ (v', T) ~J I sg ( 5 ) 

Omitting the accents as no longer necessary, this reduces by (33 6) to 

dJ / , dJ\ 


or 


9 jvJ) _ vSq 9 {vJ) 
dT ~dT~dir 


(33 6) 


^ Now So/dT IS mdependent of v but we have no reason to suppose it 
independent of T and we must therefore take it to be an unknown function 
of T Then (33 6) can be written 

^ ^ »'9 (vJ) _ 3 [vJ) 

^ (log/ (T)) dv ~ d (log v) 

The solution of this partial differential equation is 

vJ=F{vjf{T)) (33 71), 

where F is another unknown function 

The energy is obtamed by multiplying the number of quanta by v 
(according to our defimtion above) Hence 

vJ {v, T) = vl (v, T) (33 72 )^ 

where is the volume of the enclosure and I {v, T) dv the energy-density 
o radiation between v and v -f dv Integratmg for aU values of v and 
setting E for the whole energy-density 

vJ dv = [V {yjf {T)) dv 

-Of(T) 

0=1 F {x)dx 

I A 


(33 73), 


where 


Since the change is adiabatic, we have by setting d© = 0 in (30 2) 


p^v = const , 


orsmceE = 3p #« = const . (33 7^^ 

Hmoe by (33 73) Mid (33 74) #18 proportion»l Bot by S«m’b 

^ Hence / (2-) „ a comtant mnlbnle of T 
and without loss of generahty we can set in (33 71) ^ ’ 

fiT) = T 
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Hence by (33 71) and (33 72) 

vI{v,T)=^F (v/T) 

By (33 74) v oc T-^, so that absorbing the constant of proportion m F 

I (v, T) = T^F {vJT) 

Finally, if /i {x) = F (x)lx^ 

I (v, T) = {v{T) 

which proves the required theorem 

To review this rather lengthy investigation we note four steps ( 1 ) Proof 
that the change of constitution of eqmhbrium radiation with temperature 
IS brought about by reflection at moving walls independently of absorption 
and emission processes , (2) Proof that the number of quanta is unchanged , 
(3) Formulation and integration of the partial differential equation ex- 
pressing the fact that there is no correlation between s and v , (4) Determma- 
tion of one of the two functions introduced, by the condition that the 
total density of the radiation must agree with Stefan’s law. 
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Interaction of Radiation and Matter 

34 The theory of the eqmhbnum of matter and radiation at constant 
temperature depends on a principle which is a generahsation of the theory 
of exchanges (§ 29) After eqmhbnnm is reached no visible change occurs , 
the density and constitution of the radiation, the proportion of atoms in 
various states of combination and ionisation, the number of free electrons, 
the proportion of molecular velocities between given hunts, all remain 
steady; but beneath this statistical changelessness there is contmual 
change happening to the mdividual atoms, electrons, and elements of 
radiation 


Consider the atoms of a particular element which are imcombmed and 
m then normal neutral state The number n of these atoms m the system 
will remam constant (apart from chance fluctuations) when ecjuihbnum 
IS reached But the mdividuals composing this number contmually change 
New atoms appear in this state owing to the dissolution of chemical 
molecules containing them, neutrahsation of lomsed atoms by the capture 
of free electrons, relapse of excited atoms to the normal state Atoms in 
the given state disappear owing to the converse processes— combination 
to form chemical molecules, lomsation by the expulsion of an electron, 
excitation by absorption of radiation or coUision with electrons or atoms! 
The steadiness of n is due to an average balancmg of gams and losses 

But the principle above mentioned is not content with formulatmg this 
general balance of gam and loss — a mere translation of the word “equi- 
hbrium ” It asserts that the gam by any process balances the loss by the 
converse process The gams due to capture of a free electron balance the 
losses due to expulsion of an electron, mdependently of the other sources 
of gam and loss This prmciple of separate balancmg extends to the smallest 
details Gams due to capture of an electron to fill a vacancy at a particular 
level m an atom balance losses due to expulsion of an electron from that 
levd, gams due to capture of an electron of particular speed balance losses 
due to expulsion of an electron with that speed 

We may put it m this way— Any statistical enumeration, however 
detailed, of the processes of change occurring m a system m equihbnum 
at constant temperature would remam true if the durection of tune were 
reversed* For our apphcations we state it m the form 


* The ultimate laws of nature (so far as known) leave the direction of time 
mdeterminate and provide no test to distinguish the past from the future The 
direction m which time is progressmg can only be found by statistical tests defending 


¥ 
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Law I {Generahsed Principle of Exchanges ) Every process of trans- 
formation occurring m a system in thermodynamical equilibrium is capable 
of direct reversal, and transformations in the two directions occur with 
equal frequency* 

No formal proof can be offered, but a httle consideration will show how 
difficult it IS to evade the law — to have the general balance occurring 
without the particular balance The kind of phenomenon that would 
upset the balance is a cyclic senes of processes For example, an atom 
might become excited, then become ionised by expelling an electron in 
the excited state, and finally capture an electron at the normal level (i e 
without returning via the excited state) This will keep the number n 
constant although the individual processes are unbalanced But that is 
not the whole effect The exciting of the atom involves absorption of a 
quantum of radiation of particular frequency, its ionisation involves 
absorption of another quantum , and the recapture of the electron (taken 
for simphcity to have the same velocity as the expelled electron so as not 
to upset the distribution of electronic velocities) involves emission of a 
quantum of yet another frequency Thus the effect of the cycle is to alter 
the constitution of the radiation of the field To preserve the equilibrium of 
the radiation we must hnk with it another cycle occurring to the radiation 
and undoing the change The trouble is — ^if we provide a separate mechan- 
ism for changing back the radiation, how are we to prevent it from working 
in the absence of the particular atoms we have considered The mechanism 
will have the same distribution pf radiation to operate on whether these 
particular atoms are present or not, because we have proved (§ 29) that 
the equihbrium distribution of radiation is independent of the chemical 
nature of the material present Apparently the only way of securing that 
the mechanism will act when it is required and not when it is not required 
IS to make the special atoms play an essential part in it, this they must 
do by absorbing the radiation previously emitted and liberating the 
radiation previously absorbed, with corresponding changes of their own 
energy Except m very special cases this means that the hnked cycle is 
the exact reverse of the first, so that each of the three processes of the 
cycle is now separately balanced by its opposite 

Looking at the question more generally we note that three types of 
energy come under consideration — 

(1) Badiant energy 

(2) Kinetic (translatory) energy of electrons and molecules 

(3) Internal energy of molecules and atoms 

on emimerations of large assembhes Entropy is the most convenient statistic, and 
the rule is that t must be measured so that dSjdt is positive Our law asserts that 
when this test fails {dBjdt =0) all other statistical tests fail to determine a direction 
of time 

* This IS often referred to as the “principle of detailed balancing 
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The first is distributed in a way which depends only on the temperature. 
The second is partitioned in a way depending only on the temperature, 
though the amount depends on the matter present The third is distributed 
m a way pecuhar to the chenncal elements present The uniform laws of 
distribution of the first two kmds and the arbitrary variability of the 
third makes it almost impossible to devise complex cycles for maintaining 
a balance* The simple means of balancing proposed in Law I has at least 
great plausibihty 

Many familiar experiments are performed in conditions far removed 
from thermodynamical eqmhbrium — ^in particular experiments on X rays 
and cathode rays Unbalanced cycles are then prominent 

35 A second general principle is given by the quantum theory— 

Law II [Quantum Law ) Whenever radiant energy is transformed into 
other forms of energy or v%ce versa the transformation occurs in finite 
amounts called quanta, the amount of energy constituting a quantum is 
hv, where v is the frequency of the radiation and A is a universal 
constant 

It IS not necessary to regard the emission of a quantum as instantaneous 
or unanalysable The essential point of Law II is that the absorption or 
emission of a quantum marks one process of transformation^’ in the 
sense of Law I If two quanta are emitted at the same time this is merely 
a chance coincidence, whereas the emission of the second half of a quantum 
IS the inevitable sequel to the emission of the first half 


Einstein's Equation 

36 Consider two states of an atom with internal energy Xi, Xa re- 
spectively (x 2 > xi) The atom can pass from state 2 to state 1 by emitting 
radiation of energy ^2 - Xi . a.nd the reverse process is a passage from state 1 
to state 2 with absorption of a hke amount of radiation By Law II the 
frequency of the radiation emitted or absorbed is given by 


X2-Xi= . (36 1 ), 

and by Law I the number of passages m the two directions in matter in 
thermodynamical eqmhbrmm wiU balance mdependently of any other 
processes of transition mvolving the two states 


Accordmg to Bohr’s theory of the atom, the possible values of y, and 
form a discontmuous series, but we make no use of this in our argument 
except to afford a verbal simphfication, viz that we may speak of the 


* The Mguxnent apparently does not exclude a cycle involving onlv (11 and (21 
but we beheve we have sufficient knowledge of the law governing trUsf option 

sur^S“cruS^^*“ ~ § 52) to show that no 
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number of atoms with energy y instead of the number m a range x 
X "b 

Let n^, n^he the number of atoms in states 1 and 2 and let I (v^^) be 
the energy-density of radiation of frequency At present we do not 
assume equilibrium 

Passage from state 1 to 2 with absorption of radiation will be im|)ossihle 
unless radiation of the required frequency is present The number of 
transitions will vamsh if I (vj^) vamshes and presumably will increase 
proportionately to I , it will also be proportional to the number of 
atoms capable of this transition We therefore set the number of transi- 
tions m time dt equal to 

(vja) dt (36 21), 


where is an atomic constant 

Passage from state 2 to state 1 with emission of radiation can occur 
spontaneously without the presence of extraneous radiation The pro- 
portion of atoms spontaneously making this jump per unit time must be 
an atomic constant We therefore set the number equal to 

b^in^dt (36 22) 

It IS conceivable that these passages may be hindered or stimulated by 
the presence of radiation of frequency If so, the diminution or addition 
will presumably be proportional to the intensity of the radiation We 
therefore set the number of additional passages equal to 

“ 21 (V 12 ) dt (36 23), 


where a^i may be positive or negative 

The constants ciia, a^x, 621 relate to processes m which the atoms act 
individually and do not depend on any statistical properties of the as- 
semblage In particular, they do not depend on the temperature — ^in fact 
as yet the assemblage is not supposed to have a temperature 

Apply these results to an assemblage in thermodjmamical equihbnum 
at temperature T, the transitions (36 22 ) and (36 23) must balance (36 21 ) 
by Law I The result is Emstein’s equation 

cq 2 %I {■>' 12 , T) = 621^2 + a^n^I {v^^, T) (36 3), 


where I is no longer arbitrary but represents the distribution law of 
radiation in eqmlibrium at temperature T 
This gives 

^ = ^ 1 ( 1 + (36 4), 

^2 ^12 ' ^ 21 -* (^12 5 /Z 


a formula giving the relative proportions of atoms in the two states m 
material at temperature T 
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37 We now introdnce a third state with energy xs (Xa > X2 > Xi)* 
Then since 

Til ^2 _ % 

^2 % ^3’ 

^ / 1 ^21 \ ^ ^32 ^ X 4- ^31 \ 

<^12 \ ^ 21 -^ (^12 j ^)/ ^23 V %2-^(^23 j^)/ %8 V ^ 31 -^ (^ 13 ? ^)/ 

.(37 1 ), 

and by (36 1 ) vig = + 1^23 . . (37 2 ) 

This holds for all temperatures T, and T only occurs in (37 1) in the 
way exphcitly indicated by the notation We may perhaps fairly assume 
that, for a fixed value of v, I {v, T) increases without limit as T mci eases 
to infinity*, so that by taking a sufficiently high temperature the second 
term in each bracket is made as small as we please Hence taking T 
infinite 


^21 %2 ^ 

^12 ^23 ^13 

Substituting this in (37 1) we have 

(^ + a^I{Z,T^ " 

Introducing Wien’s Law (32 1) this becomes 


.(37 3 ) 


\ 

(’'^ 13 ? ^)/ 


(^ ^ / w^’)) (^ ^ / kV)) ^ / K/S’)) 

where 0^2 ~ ^21/^21^12^ ••• .( 37 * 5 ), 

and C12 IS independent of T 
This may be written 

1111 1 % 1 

fiVl^jT) C23‘^/(z^23m C 12 /(VW^ + W^) Oi2C23"^ T{v^^rWf {v^iT) 

(37 6) 

Write this equation three times over, taking T equal to three temperatures 
ri, T3 successively Ehmmate l/ci2 and between the three 

equations We then obtain C23 expressed as a function of six arguments 
^12/2^1 5 ^12/ ^2 j ^12/ ^3 5 ^23/2^1 ? ^23/^2 j ^23/2^3 These reduce to four independent 
arguments 

^12/^1? ^12/^2? ^12/^3? ^12/^23 

Obviously C23 cannot depend on the first three of these , not can it depend 
on the fourth since can be taken arbitrarily without affecting O23 
Since C23 does not depend on any of its arguments it must be a definite 


* I (vj T) cannot decrease with T , for if it did, heat could be transferred from 
the cooler to the hotter of two enclosures by opening a window transparent only to v. 
But it does not seem possible to show by thermodynamics alone that it increases 
without limit (see § 40) 
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natural constant involved 

in the unknown function / (v/T) 

We have 

accordingly 

Cja = Cjs = Cj 3 = G 

.(37 7) 

Hence (37 4) becomes 





(37 8 ), 


where a = V 12 IT, ^8 = ^ 23 /^ 

It IS well known that the only solution of this equation is the ex- 
ponential function 


where is a constant Hence 
Wien’s Law thus reduces to 

The radiation law is thus fully determined except for the two constants 
C and k which must later be identified The form (37 9) is Planck’s Law 


— '^ 114 . — 'l = ^ picvnlT = eCxi-xO/ny, 

R = Jijk 


(38 1) 


38 We can now fin d the relative proportions of atoms in states 1 and 2 
at temperature T By (36 4) 

G \ Uoi im 

-( 1 -i- ~ 

7 I 2 (1x2 

where 
And generally 

ei»-7(r)isT (38 2) 

CL^s 

Let Le the proportions of atoms in states 1 , 2 f at 

%nfin%te temperature Then by (38 2 ) 

asriars = qrlQs 25 ), 


so that, reverting to finite temperature, 

% 7^2 % = (38 3) 

The factors qi,q 2 , are called the weights of the respective states The 
theory of these weighting factors will be considered later They are deter- 
mined when the constitution at any given temperature is known, and 
(38 3 ) then shows how the constitution changes with temperature The 
result (38 3) is called Boltzmann’s formula 

In Einstein’s original paper* Boltzmann’s formula (38 3) was quoted 
as a result established in statistical mechanics and the derivation of 


* Fhys ZeAjts 18, p 122 (1917) Einstein was following the converse procedure 
so as to deduce the quantum law (36 1) from his equation 


E 


4 
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Planck’s Law correspondingly shortened We have here preferred to 
avoid this excursion into an extraneous subject, and in the present 
derivation Boltzmann’s formula is obtained from pure quantum theory 

By (37 5) 

Q = ^21 _ ^ ^2 

so that — (38 4), 

%2 ^2 

giving the relation between the coefficients of absorption and of spontaneous 
emission 

Also, considering the atoms in state 2, the emission per atom at 
temperature T is to the emission per atom at temperature zero in the 
ratio 

621 4- CL 21 ^ (^12 5 ^21 

by (36 3) This is equal to 

OV + 1 (38 6) 

The ratio is greater than umty, so that emission is stimulated by the 
presence of radiation in the field This stimulated emission is called by 
Einstein negative absorption 

As an example of this formula consider a radio-active process consisting 
of a simple readjustment of the nucleus of an atom with emission of a 
y ray of frequency Vi 2 The effect of raising the temperature is to increase 
the radio-activity in the ratio given by (38 6) The frequency of y rays is so 
high that even a temperature of degrees (in the interior of a star) makes 
no appreciable difference to the radio-activity 

When the atoms are crowded together in dense material, the absorbing 
and emitting power of the individual atom may be to some extent modified 
by the proximity of its neighbours, so that aia? CL 21 ^21 then not 
purely atomic constants The extent of the interference will depend on 
p and T, and there is a breakdown of the foregoing argument which as- 
sumes that % 2 , etc are independent of T This does not in any way affect 
the proof of Planck’s Law, because we have proved that the distribution 
law IS the same for diffuse and dense matter, we determine once for all 
the form of the umversal function / by considering a diffuse distribution 
which lends itself to simple treatment But Boltzmann’s formula is 
deduced only for diffuse matter in which the atoms are so far apart as to 
act independently , it becomes inaccurate in dense matter 

39 The present investigation is not confined to transitions in which 
the atom remains intact It apphes also to transitions in which an electron 
IS expelled from or captured by an atom with absorption or emission of 
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radiation If, as usual, we measure the energy of the system from a zero 
level with the electron ]ust free of the atom and without kinetic energy, 
Xi will denote the energy of the electron in its orbit within the atom in 
the first state (a negative quantity) and X 2 will denote the positive kinetic 
energy of the free electron If the free electron is in a region of zero 
potential and has velocity (u, v, w) 


X2 = + w^) (39 1) 

By Law I we may particularise the description of the states as minutely 
as we please We shall take a system in state 2 to consist of an atom which 
has lost an electron, together with a free electron with velocity in the 
range u, v, w to u du^ v + dv, w dw in an element of volume dxdydz 
at zero potential located in a specified manner with respect to the atom 
Then the energy of a system in state 2 is given by (39 1) 


By (38 3) 


% giC-Xi/OT 

If n' IS the number of ionised atoms in the system, and dN is the average 
number* of free electrons in a range dxdydzdudvdw 

= n'dN, 


so that 


\n qj_ / 




-m ( m 2 4- 0)2 -j_ ^2) 


(39 2) 


The factor in the bracket remains constant for different values of 
w, so that we obtain Maxwell’s law of velocities 

dN oc dudvdw dxdydz (39 3), 


except that we have not yet shown that the weight factor q 2 for the range 
of states considered is proportional to dudvdw dxdydz It might well have 
been a function of u, v, w 

Meanwhile the comparison of (39 2) with (39 3) shows that the con- 
stant iJ hitherto unidentified is the same constant (Boltzmann’s constant) 
which occurs in the theory of gases Assuming (39 3) the average value 
of IS 

roo Too 

J —00 I —00 

= RTjm 

Hence the average kinetic energy \m (u^ -t- w^) is equal to 

iHT (39 4) 

Thus B IS identified as | of the average kinetic energy of a molecule at 1° 
absolute 

* The number dN is an infinitesimal fraction When an infinitesimal range of a 
continuous distribution of states is considered, so that there is no longer a large 
number of systems in state 2, it becomes necessary to consider time averages (or 
alternatively, probabilities) in order to smooth out the accidental fluctuations 


4-2 
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The same law can he deduced for the distribution of velocities of adorns 
and molecules The argument is the same if there is any process ° 
sociation and combination of atoms analogous to the ionisation and capture 
of electrons, provided that radiation is mvolved It is not necessary that 
this process should play an important part in distributing velocities, the 
argument from Law I is that the distribution of velocities however con- 
troUed must be such that this process will not under any circumstances 
disturb it Alternatively we can proceed as follows In any assem age 
there will be some free electrons Let % , Ws be the numbers of electrons 
with kinetic energies Xr> Xs> numbers of atoms wit 

these kinetic energies Let probabihty that 1 marked atom in 

a cu cm with energy Xr meets 1 marked electron in a cu cm with energy 
Xs and that the two energies are interchanged Then balancmg direct and 
reverse processes in equilibrium 

SO that as far as the factor involving temperature is concerned 

n/ 1 n/ = njns 

Again nothing is discovered as to the weight factor 

The deduction of Maxwell’s Law from Einstein’s equation indicatoB 
that radiative processes alone would drive an assemblage to take up the 
Maxwelhan distribution of velocities apart from the collisions mvostigat(‘d 
in the usual proofs It should be stated, however, that the great length 
and difficulty (and perhaps imperfect rigour) of the usual proofs ariHes 
in connection with the weight factor dudvdw, which is not considered here. 

40 If we prefer not to make the assumption leading to (37 3) the 
factor 

_ ^31 ^32 ^23 

must be mserted on the right of (37 4) The proof that C 23 is a definite 
natural constant G proceeds as before except that four equations corre- 
sponding to four different temperatures must be used to eliminate the 
other unknowns 

It then follows by taking T infinite that 

%23=l + C'//( 0 ), 

so that instead of (37 8) we have 

{1 + Clf (a)} {1 + Gif m = {1 + G/f (0)} {1 + Clf {a + j8)} 


And the solution is 


{1 + Cjf^(a)} = ae'^“, 
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where a and k are constants Wien’s Law then gives 

I (v, T) — (40 1) 

hut Boltzmann’s Law (38 3) is unchanged 

It IS curiously difficult to justify the choice of 1 for the constant a so 
as to ohtam Planck’s Law, thereby making / (v, oo ) infimte instead of 
having a finite hmit In § 37 we begged the question by assuming as 
obvious that I {v, oo) = oo The proof cannot be completed without intro- 
ducing some additional assumption as to the laws of interaction between 
matter (or electric charges) and radiation 

For this assumption we may take the Correspondence Principle, which 
asserts that the classical laws of dynamics and electrodynamics represent 
the hmit towards which the quantum laws (the actual laws) tend asympto- 
tically when the number of quanta involved is very great — that, in fact, 
the older theories are statistically true provided there is sufficient material 
for statistical treatment to be appropriate Now according to the classical 
law of eqmpartition of energy / (v, T) should be proportional to T, just as 
the average energy of a molecule is proportional to T At sufficiently high 
temperature this classical energy wdl represent a very large number of 
quanta hv, and therefore by the correspondence principle it should agree 
with the true law (40 1) There is no such agreement if a 4= 1 , but if a = 1 
we have as T ->■ oo 

T I m\ GRv^ ™ 

I{v,T)=-j^T (402) 

so that it IS proportional to T as in the classical theory 

Alternatively we may obtain Planck’s Law by considering the mechanism 
of a particular process of transfer, e g the scattering of radiation by free 
electrons, since if I (v, T) is determmed from any one process all other 
processes must give the same result But all recogmsed quantum theories 
of particular processes have been developed m accordance with the 
Correspondence Principle, and it is this feature of the processes which 
settles the value a = 1 

The constant C m Planck’s Law can be determmed by the Corre- 
spondence Principle Consider the radiation in a cubical enclosure of side 
I At a given initial instant the electromagnetic vector throughout the 
enclosure can be expressed by a triple Fourier senes of which the typical 
term is 

■^ni, m, ns gQg 2,-!Tn^yjl 2Tm3zJl (40 3), 

where %, n^, take all integral values This gives rise to waves of the 
form 

sin 277 % I ± ^ 2 1 ± ^ -I- vt^ , 
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where, since c is the velocity of propagation, 

= c® (%* + + n^^)ll^ (40 4) 

Smee the waves contain two independent components polarised in per- 
pendicular planes, we have (allowing for the double signs) 16 independent 
waves for each set of positive mtegral values of 

The number of combinations of integers satisfying 


-H -I- 

approximates when n is large to the volume of an octant of a sphere of 
radius w, viz 

\nn^ 

Hence by (40 4) the number of independent waves of frequency loss than 
V becomes 

16 X Itt {yljcf, 

and the number between frequencies v and v + dvis thus 




v^dv 


According to the classical law of eqmpartition of energy each of these 
independent vibrations of the aether will receive on the average the energy 
RT* Hence the energy in the enclosure of frequency v to v -f dv is 


By the Correspondence Principle this must agree with the limit of Planck’s 
formula which by (40 2) gives 

PORTvHvj-h 


Hence G = STrhje^ (40 6) 

Having evaluated G we can now give more explicitly the relation 
between the coefficients of absorption and emission resrdtmg from Einstein’s 
equation By (38 4) 


^ = (7 


3 

« ”12 




(40 61) 


?2 

By (36 21) 012 %/ (v^j) is the number of quanta absorbed per unit time, and 
therefore 0 ^ 2 ^ I (v^j) K 2 is the energy absorbed per unit time — a time 
durmg which a quantity of monochromatic radiant energy cl (v^j) dv has 
passed through a square centimetre Hence if the % atoms (in state 1) 
form an absorbing screen of area 1 sq cm the fraction absorbed is 


^12 ^^12/ 

The atomic absorption coefficient, or absorption coefficient per atom per 
sq cm for the monochromatic radiation, is thus 


CC — 0^22 ^^ 12 /^^^ 


(40 62) 


* I e iRT kinetic + ^RT potential 
each of its three degrees of freedom (39 4) 


A free particle receives ^RT kinetic for 
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Hence by (40 61) 


<h 

9.1 8^12^ 


(40 63), 


where I/621 interpreted simply as the average duration of state 2 before 
a spontaneous relapse occurs, and Sv is the width of the spectral line 
emitted by such relapses*. 

The number of atoms in a gram is IjAn, where A is the atomic weight 
and II the mass of a hydrogen atom Hence the mass absorption coefficient 
h, or absorption coefficient per gm per sq cm is 


]c = — = ^ ^21 

Ab Allhv 


(40 64) 


The coefficients in (40 63) and (40 64) refer to the absorption of mono- 
chromatic radiation of frequency 1^12 material composed wholly of 
atoms in state 1 Also if the atom has more than one electron which by 
excitation can absorb frequency the coefficients become multiphed by 
the corresponding factor 

Planck’s Law (37 9) can now be given fully as 


By Stefan’s Law 




SttAv^ 


1 

~ eh. fMT 


(40 7) 


aT^ - 



T)dv== 


(BT'A 
\ h J 


x^dx 

0 1 


The integral is equal to 77^/15, so that 


(x == hvjRT) 


8775 

15 


(40 8) 


Some of the chief properties of Planck’s Law may be stated here for 
reference The mean frequency of the radiation is given by 

_ _ x^dx xHx 

Jq - 1 ^ - 1 

== 24 (1-5 + 2-5 + 3-5 + ) - 6 (1-^ -f 2-4 + 3-4 + ) 

= 3 8322, 

so that hv = 3 S3RT (40 91) 

The number of quanta per cubic centimetre is 


877 


'RTs^ xHx 
^hc ) Jo 


* More precisely a is the average absorption coefficient over any width 8v 
sufficient to cover the absorption line, so that aSi/ gives the whole absorption of the 
line If we were to take Sr to cover only part of the absorption line the coefficient 
621 would refer to a fraction only of the emissions and would not then be equal to 
the reciprocal of the duration of the excited state 
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The integral is equal to 2 40411 Hence we find* 

number of quanta per cu cm = 20 62T8 (40 92) 

Average energy of a quantum is 

aT^ - 20 622^3 = 2 10BT (40 93 ) 

The maximum value of I {v, T) is at a frequency given by 

hv = 2 821 i? 2 ’ (40 94) 

On the other hand, if Planck’s Law is expressed m terms of A instead of 
V, so that r (A, T) dX is the energy-density between A and A -f dX, the 
maximum value of I' (A, T) is at a frequency given by 

hv — i 965ltT (40 95) 

For comparison it may be added that yellow light is ]ust perceptible 
when 500 quanta per second enter the eye 


41 The argument by which we reached Einstein’s equation is plausible ; 
but it IS not contended that the truth of the equation can be demonstrated 
by a prim reasoning The particular assumption which might be chaUenged 
is that I (v^) IS mvolved linearly in (36 21) and (36 23) , it is conceivable that 
the number of transitions might not be simply proportional to the intensity 
of the radiation But evidently if squared or higher powers of I (v^^) had 
appeared m the equation we should not have reached Planck’s Law which 
IS experimentaUy confirmed It appears therefore that the assumptions 
are true m nature, and the whole discussion gives an lUuminatmg idea of 
how a diversity of processes leads quite simply to a uniform law of dis- 
tnbution of radiation 

It IS remarkable that Emstein’s equation is in a certain sense a violation 
of Law I Consider the transitions represented by (v^,), the number 
eing jointly proportional to the number of smtable atoms and to the 
amount of radiation of relevant frequency The natural interpretation is 
that when a quantum pf radiation meets an excited atom, there is a certain 
defimte probaLihty that a transition will occur leaving us with a normal 
(or a less excited) atom and two quanta of radiation receding from it viz 
the original quantum and an emitted quantum Clearly the reverse process 
consists in two quanta approaching the normal atom simultaneously, the 
state bemg an excited atom with one quantum of radiation leaving 

should £ ^ iT colhding with the atom simultaneously 

Jould be proportional to {/ (v,,)}^ if the quanta represent independent 
ments of radiation But in Einstein’s equation we do not balance the 

ft ™ Form Jly at 

procer ^ processes instead of a direct and reverse 


* Numerical values of aU the physical constants are given m Appendix I 
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By way of contrast, consider what happens when an atom emits an 
electron instead of a quantum of radiation If an electron encounters a 
normal atom there is a certain probabihty that the atom will be ionised 
so that two electrons (the original electron and an additional one) leave 
the atom The converse process occurs when two electrons meet an ionised 
atom simultaneously and one of them (which would have escaped if it 
had been alone) is captured through the confusion caused by the entrance 
of the other In that case we apply Law I, and deduce that the lomsations 
by electronic impact must be balanced by the captures due to the combined 
encounter of two electrons simultaneously 

This striking difference of treatment of electrons and radiation is 
justified experimentally It strongly suggests that free radiation has no 
atomicity of constitution If it consisted of independent atoms it would 
scarcely be possible to avoid effects due to simultaneous action of two 
atoms of radiation, the frequency of such effects being proportional to 
the square of the intensity It is not sufficient to suppose that these 
combined effects are too small to be observed, in Einstein’s equation the 
place which should have been theirs is definitely assigned by default to 
other agencies 

The modern quantum theory appears to inchne to this view that free 
radiation is continuous, and that the quantum is only called into being 
in the process of interaction of radiation and matter 

As the general conception of the quantum theory has undergone some 
modification in recent years, it will be well to indicate how it is now re- 
garded We start with an electromagnetic field to which Maxwell’s equa- 
tions rigorously apply This is the tensor F of the relativity theory or 
(A, y, Z, a, p, y) of the classical theory , and Maxwell’s equations assert 
(1) that it IS the curl of an electromagnetic potential, (2) that its divergence 
IS the electric charge and current vector By Maxwell’s theory disturbances 
of this vector are electromagnetic waves propagated with the fundamental 
velocity c, and showing the phenomena of interference, diffraction, etc 
in accordance with the undulatory theory There is no discontinuity or 
quantum structure involved in this field We have next to consider how 
the field and its waves become amenable to experimental detection — 
nothing having been yet said on this point The detection is consequent 
on energy-changes provoked in material systems The electric and magnetic 
forces are not in themselves observable, the observable effects arise from 
the mechanical or ponderomotive force of the field which is represented 
by another vector {F^^F^^ in the relativity theory) The simplest state- 
ment on the classical theory of the observable effects arising from the 
electromagnetic field is that it involves a flux of energy measured by the 
Poynting vector, or vector-product of the electric and magnetic forces, 
together with a flux of momentum represented by the well-known Max- 
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wellian stresses, thus the energy and momentum led into any material 
system is computed and the observable response of the system is indicated. 
Here the quantum theory makes a change According to it the Poyntmg 
vector does not measure the flux of energy but the probability of a flux- 
Considering a surface where the energy is passing into or out of a material 
system the flux can only occur in complete quanta , and where the classical 
theory gives a flux of a fraction of a quantum, the quantum theory gives 
a probabihty p of the flux of a whole quantum 

The reasons for this view are very strong Firstly, it leaves the wave 
theory of propagation of hght in vacuum entirely undisturbed , interference 
bands will appear where the undulatory theory predicts At the same time 
the energy umts are preserved from weakening by spreading, because it 
IS not the energy which is spread by the waves but a state of the aether 
which measures the probabihty of a jump of energy Secondly, it modifies 
the classical theory at a point where the classical theory was already 
obscure One of the still outstanding problems of the relativity theory is 
why a particular tensor formed from should represent energy, 
momentum and stress, because (so to speak) the tensor does not Zooh l%hB 
energy, momentum and stress and no investigation has been able bo make 
the connection appear unartificial According to the quantum view the 
tensor measures a probabihty and is not the actual energy-tensor of the 
field Thirdly, it accounts for the absence of quantisation of free radiation 
imphed in the postulates of Einstein’s equation, and it agrees with the 
Correspondence Principle that the classical formulae represent the limit 
when large numbers of quanta are involved, since for large numhers the 
probabihties become equivalent to averages 

None the less, the progress thus made is quite rudimentary, and if this 
key opens one door it is only to reveal other firmly locked doors ahead. 

Quantisation of the Hydrogen Atom 

42 Consider a nucleus of charge Ze attended by a single electron of 
mass m and charge - e which describes a Keplerian ellipse around it The 
mass of the nucleus is regarded as infinitely great compared with m 

The acceleration of the electron is Ze^jmr^ so that the motion is under 
a central acceleration [Jilr^j where 

(42 1) 

The position of the electron may he described by the canomcal variables 
ot Delaunay’s planetary theory, viz 

qi = lo-i^, q2 = w-Q, = 12 ) 

Pi = in{fia)^, P 2 = m(ixa)^ {I — e^)i^ Pa = m {1 — cos ^ 

(42 2), 



QUANTUM THEORY 69 

where Z„ is the mean longitude of the electron regarded as a planet, e the 
eccentricity, a the semiaxis major, w the longitude of perihelion, ^ the 
inchnation, O the longitude of the node These variables are so chosen 
that 55i, jpa, are the momenta associated with the coordinates q., q. n, 
by the Hamiltoman equations 


_ dH dp, dH 

ds dp,’ ds dq, 

the Hamiltoman function H bemg expressed as a function of these six 
variables and the time s 

The principle of quantisation is that for variables satisfying (42 3) 

[ !Prdq, = n,n (42 4), 


where n, is an integer (or zero), h Planck’s constant, and the integral is 
taken over a complete period of the coordinate q. 

With the variables (42 2) pi, p^, p^ are constants, and q-^, q^, q^ are 

angular vanables which accordingly have period 27 t Hence the conditions 
(42 4) become 


27rm (/la)^ = nh 

2Tfm (1 — = n'h 

{jxa)^ (1 — ^jQg ^ 


(42 5), 


where n, n', n" are integers In order that e and t may be real we must 
have 


n'^ n' n" 

We shall call n the principal quantum number of the orbit, and n', %” 
subsidiary quantum numbers’^ 

The negative energy of the system is (as in an astronomical orbit) 


Or by (42 1) and (42 6) 
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~ X = K = 2,TT’hnZ^e*lh^ (42 62) 

Accordingly the energy is determined by the principal quantum number 
and IS independent of n', n" 

The possible eccentricities and inchnations of the quantised orbits are 
given by 

= cos» = ^ (42 7) 


azimuthal quantum number, n - u' the raM quantum 
hZ.or«u^“? "" ^ quantum number Prom the magnetic properties of the 
atom it is kno-wn that a fourth quantum number must be involved which 
xias no representation in the usual atomic model 
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Since n" can take any value from 0 to and n' can take any value irorn 
1 to n there should be + 3) different orbits of pruKupal (|uanium 
number??, We have in this book taken the number to be (n f 1) following 
the chief authorities (But &ee footnote, p 70) 

43 In the undisturbed system here considered the coordinates and 

never describe their periods Does the corresponding quantiHaiion 
nevertheless occur ^ 

The question as it stands is meaningless, since no observable (dTet^is 
would proceed from the quantisation if it did occur The Bohr model ib 
not so hteral a picture of the atom as to possess an Hitrinsu; truth tndev 
pendent of the observable effects it embodies The importan(‘e of 
quantisation is that it determines the change of energy, and tlureloi’o the 
frequency of the emitted radiation, when passage from one state 1*0 anot/h(U 
occurs, but in the present simple system the energy does not d(q>end on 
either n' or n'\ so that it is indifferent whether those quantdsations o(‘cnir 
or not 

If we consider the shghtly disturbed Keplerian motion which leBuits 
from taking account of change of mass with velocity (‘^relativity correct- 
tion’’) or from the presence of other electrons m the system, the apse*™ 
hne revolves, now describes its period 27t and the second (piantisation 
should be effective At the same time the calculated energy of the syskun 
receives a correction involving n' and the quantisation can thus betray 
itself to observation by a discrete series of values of the energy corre^- 
sponding to the integers n' Again an extraneous electric or magncdiic 
field causes the node to revolve, now describes its period and xntrodiutCB 
the third quantisation At the same time the external field provides a 
plane of reference (previously lacking) for %, and there is a small correction 
to the energy involving cos % and therefore n" The discrete values of the 
energy corresponding to the integers n" betray the quantisation Tim 
existence of quantisation is only doubtful when it could give no observable 
effects 

In a slightly modified form the question becomes significant I n ac'tual 
atoms the quantisation is not perfectly sharp, that is to say, the (>iu»rgy 
may have values extending over a small range about the moan value, and 
the spectral hnes emitted in transitions to other states have a small hut 
finite width There is no doubt that the sharpness of the quantisation is 
connected with the number of periods described by the corresponding 
coordmate, accordingly as and qs move slower and slower the sub- 
sidiary quantisations wiU fade into indefimteness In this sense wo can 
say defimtely that when q^ and q^ are stationary only the principal 
quantisation remains We can picture the quantisation as a kind of reson- 
ance effect which operates the more strongly the greater the number of 
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cycles described without interruption, or the revolutions of the coordinate 
correspond to the lines of a grating (m time dimension) which has higher 
resolving power in proportion to the number of waves that it superposes 

Orbits of Large Quantum Number 

44 Material at high temperature contams in addition to the electrons 
omd to the atoms a number of free electrons broken loose from the atoms 
and moving as independent molecules Statistics of the bound electrons 
are naturally given in the form— number with orbits of such and such 
quantum specification Statistics of free electrons are given in the form 
number within given hmits of position and velocity Now there is an 
nnportant continuity between the statistics of bound and free electrons 
which is hidden when they are classified on different principles Our 
purpose an this section is to transform the statistics of the most loosely 

ound electrons so as to make them comparable with those of the free 
electrons 

We have seen that the numbers of systems in two states with 
energies xi, X 2 are in the ratio 

where the weights q^, depend on the states but not on the temperature 
Hence in any assemblage we may set the number of systems in a state 
with energy x„ equal to 

where 5 is a constant depending on the extent of the assemblage 

We shall assume that the weight of every quantised orbit is the same The 
general coherence of this assumption with the ideas of statistical mechanics 
^ appear later The weight of each quantised orbit is taken to bo unity 
thus fixing the unit of q which was previously left undefined 

section the system consisting of a nucleus 
attended by a smgle electron There are n {n + 1) different orbits with 
principal^quantum number n, hence the number of systems with energy 

(44 2) 

where by (42 62) - x„ = Kln\ K = Zn^e^Z^/h^ (44 3 ) ’ 

Electrons -mth very small negative energy eorrespond to large values 
otn We shall consider n so large that the series of values of the energy 
lades into a practically continuous range Then by (44 3) 

^ dn, 

so that the number of integral values of in a range dx^ approaches 

“^^dxnl^K (44 4 ) 
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Let e'2 = 1 - £2, 

so that by (42 7) e' = n'jn . . . (44 5) 

For every integral value of n' there are n' I orbits (corresponding to 
the values of n" from 0 to n'), or with sufficient accuracy n' orbits Thus 
for each integral value of n there are n'dn' orbits m the range dn' But by 
(44 5) 

n'dn' = nH'de (44 6) 

By (44 4) and (44 6) the number of orbits in a range dxde' is 

/M 3 

^dxn nVde', 

and the number of systems havmg electrons describing orbits in this range 
is by (44 1) 

/yi 5 

B~e~xn!Br,^a,'dxn (44 7) 


45 By the theory of ehiptic motion the constant of areas is 

rJf) 

r2^ = {;m(l-e=‘)}i=(^ae'2)i, 


SO that if w IS the transverse velocity 



Let V he the total velocity and u the radial component {drjdt) Then 

^2 = F® - = Fa - 

so that at a fixed distance r from the nucleus and for fixed energy Xn 

udu == — ^ ^'de (45 if 


Note that F is independent of e' since the energy does not involve n' 
Now the time spent at each passage in a spherical shell r to r + dir is 
dt = drju, and by Kepler’s Law the time of a half -revolution is 
Hence each electron spends in the shell a fraction of its time 

fx^drljra^u 


Multiplying the number of electrons (44 7) by the fraction of their 
time spent in the shell we obtain the average number in the shell at any 
moment Using (45 1), this number is 


Bn^ -7 


tHt 

TTfji^a^ 


du 


(45 2) 


We notice first that the number in a range du is proportional to du. 
Tli%$ shows that the distribution of velocities at r has spherical symmetry. 
The total velocity F is the same for all electrons of energy Xn We may 
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assume that there is circular symmetry about the radius* Then for 
complete spherical symmetry the number of velocities in any zone of 
directions 6 to 6 + dd (measured from the radial direction) is proportional 
to the area of the zone 27 t sm Odd, le to d (cos 6) and therefore to du, 
since u = V cos 6 

Now integrate with respect to u As n' goes from 0 to n, e' goes from 
0 to 1 , zr goes from 0 as far as it can, viz to F — the premature stoppage 
being due to the fact that orbits of too low eccentricity he wholly outside 
r Thus ± u goes from F to 0, and allowing for the double sign the integral 
of du IS 2 F Hence the integrated result is 


_v nrr j 2 VrMr ^ „ , 

■ e dxn — = ^TTpr^dr 
TTfxra- 


2K 


(45 3), 


where p is the densityf of the electrons at r with energy m a range dy 
By (42 61) and (42 62) 

n^/a^ = {2Klmp,)\ 

and using the values of p. and Z (42 1) and (42 62) the result (45 3) reduces 
to 


P 


477m ^ 


e-xniUT 


It (r) IS the potential energy of an electron at r due to the field of 
the nucleus 


so that 
Hence 


Xn=^ (r) Im 
^Xn = 'mVdV 

/yyi 3 

P = B-{ e-x«w/'47rF2dF 


(45 4) 


Since the distribution of velocities has been shown to have spherical 
symmetry we can divide the shell 47rF¥F of “velocity-space” uniformly 
into its rectangular elements dudvdw lust as a spherical shell 4frTrHr is 
spht into its elements dxdydz, so that the density of electrons with 
velocities between u, v, w and u + du, v + dv, w + dw is 

B dudvdw, 


and the number in a range of space and velocity dxdydz dudvdw 
B dxdydz dudvdw 


IS 

(45 6) 


* This could be proved by considering the distiibution of cos i, but it appears 
to be sufficiently obvious 

I The use of the term density is convemont, but it must be understood that the 
shell r to r + dr IS for each electron referred to a different nucleus These shells are 
here thought of as superposed Or, if preferred, instead of considering a large 
number of different atoms we can deal with the time-average for one atom 
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By comparison with (44 1) it follows that the weight to be attributtnl 
to this range is 

dxdydzdudvdw (45^b) 

We have thus connected the weight of states specified by a spacH^ and 
velocity distribution of electrons with the weight of staters hptanfit'd by 
quantum orbits 

Writing in (45 5) ^ we see that thc^se 

electrons with small negative energy obey Maxwell’s him jusi. as frta*' 
electrons with positive energy do 


lomsahon 


46 Suppose that in the foregoing assemblage tlicio aic^ free* t^indrons 
which in regions of zero potential are distnbuted with densify By 
Maxwell’s Law the number in a range dxdydzdudvdw is=* 

( TYl \ ^ 

^m-RT) ‘^'0®’'“*“" dxdydzdudvdw. 


and generally at places where the potential is not zero the iiumh(>r ik 


m \ 
2^1 


aae-xl'i'J'' dxdydzdudvdw 


(Hi- 1), 


where x is the kinetic and potential energy 

We have now two formulae (46 6) and (46 1) for calculatuig tla- dis 
tribution of electrons of zero energy, according as zero onorgy is e,()nHKi(>rcd 
to be the hmit of small negative or small positive energy It is reaHonahle 
to assume that the two formulae must agree Hence we have a nu-ans ot 
determimng the constant B in terms of cr„ When the comtaiitH m the 
two formulae agree, we have complete continuity at zero enemy The 
classical formula (46 1) does not at first fail when applied to bound 
electrons subjected to quantum restrictions, only when n becomes Hinall 
IS the deviation manifested This is an example of the Coriospondenee 
Principle which asserts that as n increases the quantum laws ai){>roaeh 
the classical laws as a limit ^ 


n formulating this continmty we have to proceed carefully iKH-ause 
om discussion of bound electrons has been confined to the case m wiuc-h 
there IS ordy one electron attached to the nucleus We have theroforo to 

n^euL d of systems consisting of a 

ucleus and a single bound electron in a given volume-element and the 

number of systems consisting of an lomsed nucleus and a free electron m 
a correspondmg volume-element Let N be the number of nuclei with 
not more than 1 bound electron and Nx the number (out of those) with 

C JSrrS for aJl values of 
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no bound electron Then the number with no bound electron but with a 
free electron in the range dxdydzdudvdw is by (46 1) 

( TYb \ ^ “ 

^^dydzdudvdw. 


and this must be continuous with the number given by (45 5) as having 
only a single bound electron m this range Accordingly 


B 


¥ 


= Nx 


( m 'Y _ 


(46 2) 


The number of systems with just one bound electron N {I — x) is 
obtamed by summing (44 2) for all possible orbits of that electron Thus 

N {I — x) = B + + r (r + 1) + } 

(46 3) 

From (46 2) and (46 3) 

(1 -*)/* = Vo {2e-Wi«’ + ee-xVK^’ + } (46 4), 

which determines the lomsation x when the temperature T and free 
electron density o-q are given. 


47 Although we have considered only one peculiarly simple system 
the formula (46 2) derived from it is vahd always There may be no such 
system in the assemblage considered — ^no atom lomsed down to the last 
electron or none sufficiently tree from disturbance by free electrons or 
neighbouring atoms But there is> always a chance of such a system, and 
the chance however mfimtesimal is sufficient to justify the formula 
There can be only one equation deterimmng B in terms of o-o however 
many different kinds of systems may be involved, so that all systems must 
give the same result as the simple system which we have been able to work 
out fully This requires in particular that m any kind of atom the weight 
of a space-velocity range for bound electrons approaches the hmit (45 6) 
when the negative energy approaches zero 

To make the argument specific, define a system of class A to be one 
in which there is a nucleus and a bound electron with coordinates x, y, z 
to a; -I- dr, y -f dy, z + dz relative to the nucleus and velocity in a range 
dudvdw corresponding to small negative energy, provided that there is 
no other nucleus or electron within a distance 8 of the nucleus Let a 
system of class B be one in which there is a nucleus and a free electron 
with coordinates similarly specified and with velocity in an equal range 
but corresponding to small positive energy, provided that there is no other 
nucleus or electron within a distance 8 The postulate is that the numbers 
of systems of classes A and B must be contmuous The factor representing 
the proportion of systems spoiled by the intrusion of other matter withm 


E 


5 
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HVXHTVM TIIKOin 


the clwt twice S will he the mine h»r hefti eiie^^^e^ Siiirt* ti itifi\ he f4lii n .m 
large iih we pleam^ the eafeiitntkni tor timliHfitrhiHl o ialnL 

For inon^ c*oinph^\ Hjhteni^ (Mlsl) in oioihtieil <tiii| wi i«ii 4 ttiifi' i |t|' || 
III the rnofi^ gtaieral form 

(I x)fx [til*' ' .// * '*■' ' • >) 

Hon- .t ri'ft‘rM !<> tho rt'ittuvnl «it « {mrticiiljir i li'cf (lir « iii*nn i.f 
lenuiviil from thti utintuil anii 'tUft mltii . h.ing 
(*tf. iStncU.v HjM'akmg 7, , Vs . . »fr all tmit.v lit lli«’ « oiiijiim a. Iim 
no two orbith will have jiH’fi 'I'lv tin* taiiii* * iiorii!!, ; but in |ir.t*fitf m* hHi'ii 
groiiji together tho orbit ^ vulli flii' iiim* j»iiini(Ml i(n.iiituiM ooiobrj, 
ignormg tlioHlight tlHToronc-i'hJif Abto wo ought -tnofl^ totiril «*|fai4fi|\ 
th»‘ Hyatt'iuH in which oIih Irons other fhiui the one ivlto's- ii'iinn al i hi ing 
('onHiihTwi arc oxcitotl, boiMUM* their n'o ifnfion will niitKc *0111** ililb i» t»M> 
to tiio enorgit'K , jfij ... ; hut in itrarfne f hi' in H»-iiri’o|\ woiihion idriing. 
Till' excitation of tin* of h«*r electrons occurs whet her tin p.Mlu iil.ii 1 !m tn,n 
in prcHcnt or not. that is to say. both .V (1 .r) .luil .V t im lu-b 1 m ifed 

HysteiiiH; the a.|)proMniiiiion does not oimf the cstilcd .utcni*. thoiiKh 
it treats them not quite rigorously by amalgnniafuiH tlieii eneigj 1 bangi*' 
with tlios(' of the normal s\*.teniii 

When a luimber t ot eli*etrons m s_>mnielnial orhd > reijtiae ll» aine 
energy y tor their removal it would he nieoiiveuienf to lieaf the renun al 
AH T lUHtinet ioniMatioim. Kor evample, let A' la* fh«* nundn'r of loins 
Htnpjmd of their A/ and higher eleetrons. Dividing them* into Ail a) 
atoma retaining a murkrd L electron ami A> ioni'^sl im to «hm ehitnin, 
a? iH given by (47*1) : but wi* aw* more eoncerned to ibvide them ini*» 
iV' (I y) retaining ail the h elei'troiw and A'y ionised as to an leiitmnitt/ 
Ij I'lootron. 

(toiiHidering the N (1 y) un ioniwHl atoms the jirojwirtion ot thi'u 
with a highly excits*d L electron in given apiu-e veha'ity range beeonies 
multiplied by t , wtieo any one of tin* t I'lecfrons ot the giotip whuh 
happetm to be m thin range will eomii. 'I’o weiire the former lonlniiiity 
with the HyHtema eoiiHiating of ioniMsl aftnim ami tw'e ehsiroort, ae must 
iilw) have t tumw am many of theae Hyats'ioh, Kvalenll> if we write tt„,r 
inHteiwl of oTftin the former equafioim the balance will bewetired. (Viitiirtll.v 
we anHigu to each of the //elwtroiiH a partial prinsure of the free ehsdrons 
equal to 1 /t of the whole eleetron preaauit*, «o fhat its highly excit«sl 
Htatea grtwle eontinuouHly into itH Hhare of the free ehsdron disfrilnnion ) 
Accordingly making thia rndwtitnf ion in (47*1) 

uim ^ ........ .( 47 .i»h 

In the complex HyefemH the ealeulation of y, .... 7,, 7,.,. w no 
longer Htraightforward, and theondical <*Nfiiimtea of them* t|iiiinfi!ie« are 
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partly guoHB-work But a certain amount of experimental knowledge is 
available for mo8t elements In particular the values of x for the principal 
energy-lovelB in the complete atom are known from measurements of the 
frequoticy ol t le ra lation emitted during transitions in accordance with 
(36 1). The extent to which these are modified in the incomplete ions must 
be estimated by m m best we can 

An apparent difficulty arises because the series on the right of (46 4) 
IS divergent, the exponentials tending to umty for large values of n so 
that the senos behaves like 2?^ (n -f- 1) But the later terms of the series 
are fictitious I ho sorniaxis of the orbit increases proportionately to 
so that in any practical problem the orbit for large values of ti will extend 
into regions no longer under the predonnnant attraction of the nucleus 
The series in (47 1 ) is therefore not really infimte hut stops at an outermost 
orbit Beyond wlncli the electron ivould be regarded as belonging to another 
atom. ^1 he arbitraiy convention employed in fixmg this hmit apphes also 
to the loft Hide of the equation, since we cannot say whether an atom is 
lomsod or not unlcHs wo have a defimte rule for assigmng each distant 
electron of negative energy to its proper atom The simple calculation 
breaks down ni three ways (1) the field of the nucleus is shielded by 
the electrons (free or bound) surrounding it, (2) the periodicity becomes 
imperfect so that the quantisation fades away, (3) it reckons any region 
of space many times over as part of the field of every nucleus in the 
assemblagi’>* 

Examples of the use of (47 1) for calculating the degree of ionisation 
at given ternporature and density are given in Chapter x 

Theory of Weights of States 

48. Lot r/a . , Pi>P 2 Hamiltonian coordinates specif jnng the 

state of a system at time s and satisfying (42 3) For convenience we con- 
sider six variables as in § 42 but the investigation is the same for any 
number of dt^grees of treodom 

Considc^r the statos comprised m a range to to 

P^ f Huch a range wall be called a cell and the volume of the cell is 

defined to bo 

or more generally for a cell of any shape 

V [JJfJJdqidg'2dq3(¥i<^^2^P3 • (48 1) 

* It Will be understood that the failure of (46 4) does not stand in contradiction 
to what wo have already said as to the universal validity of (46 2) Equation (47 1) 
18 univorsally valid provided that the ionisation energies calculated 

with ref orenco to ilia actual circumstances of the atoms , they may be different from 
the values for isolated atoms 


5-2 
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When there is perfect quantisation we can divide the whole domain of the 
coordinates into umt cells such that each unit cell contains ]ust one 
quantum orbit This may be done by taking to correspond to a complete 
cycle of qx and to correspond to an increase of 1 in the associated 
quantum number (preferably chosen so that the integral number corre- 
sponds to the middle of the cell) Thus 

f I dpidqi = f(2>i + SPi) dq^ -\pidqi 

= K + i) A - (% - i) A, by (42 4) 

= h 

Hence for a unit cell V — M , (48 2) 


We have already made the h3rpothesis that each quantum orbit has 
the same (unit) weight We shall now regard this as a particular case of 
the more general hypothesis that each cell of volume has equal (unit) 
weight, so that for large cells 

q = F/A® . (48 3) 

When there is no quantisation (as in non-periodic motion) the states and 
the weight are spread through the ceU When there is imperfect periodicity 
the weight concentrates towards the quantum orbits in it For perfect 
periodicity it is wholly concentrated in the quantum orbits 

For an electron movmg in an electric field the rectangular coordinates 
X, y, z and the associated momenta mu, mv, mw satisfy Hamilton’s 
equations and may be taken as the variables q^ pj Thus by (48 1) 


dxdydzdudvdw, 


and hence 


dxdydzdudvdw 

J J J J 


(48-4) 


This IS the same as (45 6) but it is not restricted to the particular typo of 
system there considered In consequence of our more general assumption 
(48 4) apphes generally both to bound and to free electrons, except that 
where there is periodicity the cell must be large enough to average out the 
ndginess in the distribution of weight mduced by the quantisation. 


49 It IS necessary to show that the volume of a cell is invariant, that 
IS to say, that it does not depend on the particular choice of coordinates 
qi - . Pi, provided that they satisfy Hamilton’s equations If it wore not 
invariant the weights based on it would be ambiguous, and so also would 
be the quantisation For readers famihar with the tensor calculus the 
followmg proof is probably the simplest 

We write q^, q^, q^ for Px, p^, so that Hamilton’s equations (42 3\ 
become ^ ^ 

ds ^q^’ ds dq^' 
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or in tensor notation 


where 


dq^ 

dq^ ~ *"■' ds 

O'fjLv = ^ (ju — v) if this IS ± 1 
= 0 otherwise 


.(49 1), 
,(49 2) 


OouBidor a general transformation of coordinates (not confined to Hamilton- 
ian coordinates) and let be a covariant tensor with the values (49 2) 
lu oiir original system Since H and s are invariants, dHjdq^ and d^q^jda 
arc covariant and contravariant vectors respectively Thus (49 1) is a 
tensor equation and holds in all coordinate systems Of these the possible 
Hamiltonian systems are given by the condition that has transformed 
to its original values If \a^J\ denotes the determmant formed with the 
olemouts , we have* 


J dV IS invariant for all coordmate systems 

And since has the same value for all Hamiltoman systems 
\dV IS invariant for all Hamiltonian coordmates, 


which proves the theorem 

Tt may bo noted that in mechames Hamiltoman coordmates are dis- 
tanguishod from general coordinates in much the same way as m geometry 
Oahlean coordinates (unaccelerated rectangular coordinates and time) are 
distinguished from general coordinates, viz that a fundamental tensor 
(iharactoriHing the continuum takes certain simple numerical values 


The K and L levels. 

50, When the nucleus is attended by more than one electron mutual 
perturbations occur according to laws which have not yet been formulated 
The atomic model cannot be worked out in detail, but a certam amount of 
knowledge of the arrangement of the electrons has been ascertained with 
the aid of experimental data 

(ionsidering normal atoms unexcited by high temperature, the first two 
(doctrons go into 1-quantum orbits and the next eight into 2-quantum 
orbits These are called K and L electrons respectively This structure is 
completed in Neon {Z = 10) and remains an undisturbed foundation in all 
higher elements The M electrons in 3-quantum orbits start with Sodium 
(11) and reach a complement of 8 in Argon (18), after which 4-quantum 
orbits begin But unhke the Z, L structure the M structure is modified 
later and extended to 18 electrons in Copper (29) and all higher elements 
Similarly the N electrons in 4-quantum orbits stop temporarily at 8, 
afterwards extended to 18, and then to 32 

* Eddington, Mathematical Theory of Helatwity, §§ 48, 49 
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In a star the ionisation is so intense that few nuclei are able to retain 
more than 10 electrons Our interest is therefore confined to the K and 
L structure With regard to the L electrons it must be recalled that there 
are two kinds of 2-quantum orbits according as the subsidiary number n' 
IS 2 or 1 We accordingly distmgmsh the 2^ or circular orbits and the 
2i or elhptic orbits The full complement consists of 2 electrons in 
elhptic and 6 m circular orbits* The K orbits are necessarily circular 
(Ij orbits) 

To remove, say, a K electron from an atom a certain amount of work 
needed, and Wjs: can be deduced from experiment For if radiation 
of frequency v is passmg through the material the quantum hv will have 
sufficient energy to remove the electron provided that kv > If the 

removal is effected the quantum of radiation is absorbed, any surplus 
energy bemg commumcated to the freed electron as kinetic energy But 
if Av < Ws: the removal cannot be effected and the radiation passes through 
unahsorbed so far as this absorption-mechanism is concerned The 
critical frequency — Ws:lh is marked in the spectrum by a sharp 
absorption edge , so that by spectral measurement and Ws can be found 

Except for the hghtest elements and are in the X ray region The 
vacancy left at the K level by such an ionisation may be filled by capture 
of a free electron with a corresponding emission of radiation But m 
laboratory conditions free electrons are scarce, and usually before there is 
tme for such a capture an electron falls in from an upper level and fills 
the vacancy This will usually be succeeded by further falls from higher 

iTjv a* uppermost level where it remains until 

fiUed by a capture If the first fall is from the L level the difference of 
energy of the atom before and after the fall is - Wj, and this must 
be r^ated as a quantum of frequency (W^- W£,l}i The lines corro- 
spondmg to the various possible falls constitute the (emission) X ray 
spectrum of the element Measurements of these lines constitute additional 
material for determimng the energy-constants Fje, etc 

The apparent dissymmetry between absorption and emission of X rays 

production of X rays at low temperature 
thermodynamical 
r occur with equal 

q y IS hne absorption as well as hne emission, and continuous 

others (xm^rfectly rapreL^ed 

posable values (usually called I ^ which one has only two 

from --(n'-l)^r 

number of diff^ent (nn'l gives 4n ^2 combinations Accordingly the 

»' + 1 g.v„ by J”' »' I** 

th. sf Ltotoo'rr'' 
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emission with emission edges as well as continuous absorption with 
absorption edges 

The energy required to remove an L electron from an atom is slightly 
different according as it is taken from a circular or elliptic orbit (con- 
sequently there will be two L levels Observation shows that there are 
actually three L levels which are denoted by being the 

lowest, 1 e nearest to K There has for some time been considerable doubt 
as to the proper classification of the L levels , but at the time of writing 
the difficulty seems to have been cleared up It appears that corre- 
sponds to the elhptic orbits , and both belong to the circular 2^ 

orbits, being discriminated from one another by a third quantum number 
Formerly the classification was circular and elliptic, whilst wan 


a redundant elliptic orbit of obscure significance 

A detail which may be of importance in astronomical applicationH 
should be noted Electrons falling to the K level from the and 
levels produce a pair of emission lines, the line due to -Lj being the more 
intense If we adhere to the old classification this means that an electron 
in a circular orbit is quicker to seize an opportunity of falling than an 
electron m an elhptic orbit With the new classification we reach the sanio 
conclusion for a different reason There is no emission line corresponding 
to 1/3 , and falls from the elliptic orbit seldom if ever occur This is m accord- 
ance with the ''selection principle’’ which governs optical spectra (§51) 
and molecular spectra (§ 244), viz that m all transitions the second 
quantum number must change by ± 1, so that a fall from 2^ to orbits 
IS excluded Use is made of this result in § 166 

The following example will give an idea of the amount of perturbation 
exercised by the electrons in an atom on one another Consider an iron 
nucleus attended by one K electron, the other electrons being absent/. 
The ionisation energy is obtained by setting n I, Z ^ 26 in (42*62). 
The corresponding wave-length is found to be 1 35 A But the K absorp- 
tion-limit for iron is 1 74 A The difference is due to our dealing m the 
first case with the iron nucleus alone and in the second case with tlu's 
complete iron atom Now for copper {Z = 29) the observed limit is 1 38 A , 
1 e practically the same as the theoietical limit for the iron nucleus , hotK^c 
we can regard the satellite electrons in copper as shielding the positives 
charge of the nucleus to the extent of approximately 3 units so far as tlie 
motion of a electron is concerned Again, consider a platinum nuclcnis 
(Z = 78) with two K electrons and one L electron The K electrons being 
comparatively close to the nucleus may be treated as effectively reducing 
its charge by 2 units and the ionisation energy of the L electron is then 
found approximately by setting Z = 76 in (42 62) The corre- 

sponding wave-length is 0 63 A, the observed value for the complete 
platinum atom is 1 07 A, so that the shielding is considerable 
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In one sense the ionisation energy W is not particularly associated 
with the electron which is being removed, it is the difference of energy 
of the whole atom before and after the removal We might suppose that 
a considerable part of this difference would be due to the other oloctrotiH 
requantismg their orbits m the modified field of force There is, howevei, 
an important prmciple m the quantum theory — the adiabatic principle — 
which shows that this requantisation is brought about automatically 
during the removal of the electron and is not an after-ad] ustnicnt Jt, 
for example, a field of uniform magnetic force is established slowly, the 
classical electromagnetic forces actmg during its establishment will trans- 
form the orbits of the electrons into the new orbits required by the rules 
of quantisation for the new condition, the action of the magnetic field 
is^ not divided mto two effects, a classical perturbation + a requantisation 
Similarly the effect of removal of an electron is not to be divided mto a 


progressive disturbance -1- a final adjustment 

Tinally, it must be remembered that the Bohr atom is only a model 
and IS not a hteral description of the atom, although we accept it as such 
for most purposes No one has msisted on this limitation more strongly 
than Prof Bohr himself Some progress has been made in the attempt to 
free the theory from its geometrical bondage but as yet we cannot afford 
to dispense with the model 


upticai ispectra. 

51 The mert gases hehum, neon, argon, etc mark the completion 
(temporary or permanent) of the E, L, M, groups of electrons The 
elements unmediately succeedmg the inert gases have one rather loose 
electron startmg the new group, this is caUed a valency electrem and is 
responsible for then chemical behaviour as monovalent elements They 
are^^ucceeded by divalent elements with two loose electrons, and 

Ususdly the hnes eonstitutmg the optical spectrum of an element are 
absorbed and emitted by transitions of a valency electron from om 

the number of valency electrons, and the account here given refers esiK-ciall v 
to elements or ions with one or two valency electrons 

» ‘ I™*™ 
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s series 

(3, 1), 

(4, 1). 

(5, 1), 

(6, 1), 

(7,1) . 

P senes 

(3, 2), 

2), 

(5, 2), 

(6, 2), 

(7, 2) 

D series 

(3, 3), 

3), 

(5, 3), 

(6, 3), 

(7, 3) 

F series 


{4=, 4), 

(5, 4), 

(6, 4), 

(7, 4) 

• 



(5, 5), 

(6, 5), 

(7, 5) 


Tile possible transitions botween these orbits are governed by the 
selection pnnoi^>le, to which reference has already been made, viz that 
iniist change by -f 1 or — 1 It follows that there can be no transitions 
between orbits in the same series , the electron must pass to an orbit in 
the line next above or below 

1x1 practical investigations we study primarily emission spectra When 
through electrical bombardment the electron finds itself m one of the 
excited orbits enumerated above, it will usually prefer to fall to the lowest 
possible energy level consistent with the selection prmciple Evidently 
(3, 1) is the lowest level reachable from the P series, (3, 2) is reachable 
from the S and D series, and (3, 3) from the F series Although other 
lines {combination lines) due to a fall to an energy level which is not the 
lowest permissible may occur, the strongest hnes have as their terminal 
orbits (3, 1), (3, 2), (3, 3), etc 

Atoms m their normal unexcited state can absorb only the P senes 
(principal series) since the only permissible transition from (3, 1) is into 
an orbit in the line below 

The frequency of the radiation absorbed or emitted on account of a 
transition is given by the fundamental quantum relation (36*1) But 
except for a nucleus attended by only one electron (H and He+) the energies 
of tbe orbits cannot yet be calculated theoretically The manner m which 
the classical perturbations of the electrons on one another are modified 
by q[uantisation has not yet been made out We must still resort to the 
clumsy expedient of observing the spectra 

"When the quantum number is very large the excited electron is 
throughout most of its orbit remote from the rest of the atom, which then 
behaves approximately as a point charge of strength + e for a neutral 
atom, + 2e for a singly ionised atom, -h 3e for a doubly ionised atom, etc. 
The energy then converges towards the values given by (42-62) with 
^ = 1, 2, 3, . . or to xn. Xn IS the energy of the nth 

orbib in the hydrogen atom When a few Imes of a series have been 
observed it is generally easy to see whether the difference of frequency of 
successive hnes is converging towards once, 4 times, or 9 times the corre- 
spouding frequency difference m the hydrogen series, and the series can 
be assigned to the appropriate ion 

The common nomenclature* of the hnes of the spectrum is based on 

* I follow the nomenclature in A Fowler’s Report on Series vn Line Spectra, p 87. 
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the empirical series relations, and is not directly connected with the 
quantum mterpretation in terms of n and n' The letters 8, P, J), F are 
used for n' = 1, 2, 3, 4, and the orbits are thus denoted by m8, mP, ml), 
mF , where m is an mteger The lowest orbits are denoted by IS, IP, 2D 
respectively, so that the four chief senes are — 

Sharp Senes . m8 -> IP 

Prmcipal Senes . mP IS 

Diffuse Senes . mD IP 

Fundamental (or Bergmann) Series mF 2D 
An exception however arises m the following way Consider, for example, 
lomsed calcium Ca+, the normal orbit IS? has the quantum specification 
(4, 1), and as usual the (4, 2) orbit is denoted by IP, and the (4, 3) orbit 
by 2D It must be understood that in these complex systems the principal 
quantum number is only a vague indicator of the energy of the system, 
and there is no close correspondence of the energies in (4, 3) and (4, 1) 
orbits In the elements immediately following calcium an extension of 
the M group of electrons (3-quantum orbits) begins , and the coming event 
casts a shadow before m so much that a (3, 3) orbit although still of energy 
greater than a (4, 1) orbit has less energy than a (4, 3) orbit* Honco the 
orbit of lowest energy in the D senes is a (3, 3) orbit denoted by ID, the 
lundamental series is accordingly mF -> ID 

In the above case the ID orbit is metastable, that is to say, the electron 
cannot (ordmanly) get out of it without first absorb^ng a quantum By the 
selection prmciple it can only go from ID to an orbit in the P or F senoH, 
and the lowest orbits m these series, (4, 2) and (4, 4), have greater energy. 

A third quantum number (known as the inner quantum number) 
also plays an important part m optical spectra The energy depemlH on it 
to only a shght extent, so that two orbits differing only in n" give a pair 
of hnes close together-a doublet The quantum tLory of douLts is, wo 

sbaP^^'t^ ergoing a fundamental revision at the time of writing, and wo 
shall not here pursue the subject of doublet and multiplet struclire 

Scattering of X Mays by Electrons 

52 It IS not possible for a sohtary electron to absorb a quantum of 
radiation and add the energy to its own kinetic energy This is^iado clear 
by tte theory ot relatmty W. oarmot shy whether Z tanororr^tf » 

‘““f or ■ieoreitsed ontil we have decided on out Sis ot 

reference, but we can say whether a quantum of radiatioA !! ,1 1 

independently of frames of reference 1 ?!!^ « radiation has disappeared 
* A i . .. . reterence Hence there can be no association 

m S 

Thus normal calcium contains (4, 1) orbite althouSi of loss cnoigy 
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between the disappearance of a quantum of radiation and a change of 
energy of an electron arbitrarily called an increase or decrease according 
to the standpoint of the observer The absorption of a quantum of radiation 
signifies that the waves of some frequency v have less energy by the amount 
hv than they had previously If we change to axes moving with a different 
velocity the frequency will change in accordance with Doppler’s principle 
and the measurement of the radiant energy will be affected by the change 
of time reckoning and space reckoning , we shall now report that the waves 
of frequency v' have less energy by an amount hv' But it is still a dis- 
appearance of radiant energy, and there is no question of turmng absorp- 
tion into emission by a change of axes On the other hand, the question 
whether the speed of the electron has increased or diminished depends 
entirely on the motion of the frame of reference adopted 

An electron can only be concerned in absorption or emission when it is 
in the field of a nucleus or another electron — unless indeed it is capable of 
altering its internal energy Mutual energy or internal energy can be 
increased by absorption of a quantum, and we can say definitely that the 
change is an increase, not a decrease, independently of frames of reference 
Or, to put the argument in another form, the field of the nucleus provides 
the frame of reference with respect to which the kinetic energy of the 
electron may be reckoned unambiguously 

Interaction between solitary electrons and radiation occurs by a slightly 
more complex process called scattering A quantum of radiation of fre- 
quency vi IS replaced by a quantum of frequency and the difference 
* (^1 “ ^2) IS added to the kinetic energy of the electron so that the law 
of conservation of energy is satisfied Since and are altered by the 
Doppler effect we can have > yg in some frames of reference and 
in others , thus the increase of kinetic energy in some frames of reference 
and the decrease in others are provided for In order to secure this con- 
sistency it IS necessary that the second quantum should be travelhng in 
a direction different from the first, otherwise the Doppler effect would 
always alter and in the same ratio This change of direction of the 
radiation is more conspicuous than the minute changes of energy and 
frequency, and hence the process is called ''scattering ” 

Consider an electron initially at rest in the frame of reference con- 
sidered Let a quantum of energy travelling in the direction of the 
ic-axis be incident on the electron , and let the scattered quantum of energy 
J?2 travel in a direction inclined at an angle d to the x-axis Let be 
component velocities of the electron after scattering, along and perpen- 
dicular to the ir-axis Let 

^== (1 - + (52 1 ) 

The mass of the electron changes with the change of velocity from m 
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to ^m, and its whole energy accordingly changes from mc^ to Equat- 

mg this to the change of energy of the radiation 

1) mc2 

Conservation of momentum gives 

El o 

cos 6 = jSm u, 

c c 

JE 

^ sm 0 == V 

Hence 

{El — ^2 + mc^)^ — (El — E^ cos 0)^ — E^ sin^ 0 — {p^mc)^ (c^ 2 ;^) = 

which reduces to 

- 2 E 1 E 2 (1 - cos 0) H- 2mc^ {El - E^) = 0 (52 2) 

Now Ejc - hvjc == hjX, 

so that, if Xi, X 2 are the wave-lengths of the incident and scattered quanta, 
(52 2) gives 

^-^1 = ^(1 -cos (5231), 

or inserting numerical values 

Ajj - = 0-0242 Ax (1 - cos 0) (52 32) 

The constant can be interpreted as the wave-length of a quantum contain- 
ing as much energy as goes to constitute an electron 

Radiation scattered by electrons at rest is thus of longer wave-length, 
by an amount dependent on the angle of scattenng but not on the incident 
wave-length This reddemng is known as the Compton Effect It is not 
possible to obtain any considerable quantity of free electrons to experi- 
ment on m the laboratory , but it appears that when X rays of high, fre- 
quency are used the more weakly boimd electrons of ordinary matter can 
be regarded as sufficiently free to scatter according to this formula It 
has thus been possible to prove it experimentally 

The corresponding formula for scattering by a moving electron can 
be obtained by applymg the Lorentz transformation The wave-length is 
not always increased If the electrons are movmg with speeds such as to 
be m thermodynamical equilibrium with the radiation there must be just 
as much shortemng of wave-lengths as lengthenmg A proof of Planck’s 
Law can be obtained by following up this condition in detail* 

53 To find the amount of scattermg by free electrons, we consider 
first the classical formulae 


* Pauli, Ze^ts fur Physik, 18, p 272 
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Denote the electric force in the electromagnetic oscillations which 
constitute the radiation by X Acting on an electron of charge - e and 
mass m, it will produce an acceleration 

r = — eXjm 


Now according to classical electromagnetic theory an accelerated electron 
should radiate energy at the rate 


|cT2/c® = fe^Z^/m^cS (53 1) 


This radiation is not in the direction of the mcident beam and is scattered 
radiation By the conservation of energy it must be supphed at the expense 
of the incident beam 

If we have a screen contaimng N electrons per sq cm the radiation 
scattered per second wiU be 


2Ne* 


X^ 


(53 2), 


where the mean value of is to be taken This assumes that the conditions 
are such that the electrons scatter independently, and that there is no 
systematic phase relation of the wavelets from the separate electrons The 
energy of the mcident radiation is Z^^tt per cu cm (half electric and half 
magnetic) , hence the amount incident on the N electrons in 1 second is 

cX^I^TT (53 3) 

Dividing (53 2) by (53 3), the fraction of the incident radiation scattered 
by the screen is 

(53 4), 

3 3 ^ ' 


where b — e^jmc^ = 2 81 10 cm * 

The usual defimtion of a scattering coefficient is the proportion scattered 
by a screen contaimng 1 gm per sq cm , but since we are not hkely to 
meet with a screen composed wholly of free electrons we prefer to modify 
the defimtion in this case Instead of a gram of electrons we take the 
electrons contained in 1 gm of matter, assuming (as is roughly true for 
all elements except hydrogen) that there is one electron for every two umts 
of atomic weight, and therefore 3 01 electrons per gm The scattering 
coefficient is then by (53 4) 

s = 3 01 1023 X ^ 62 = 0 200 (53 5) 

As with the Compton effect this scattermg coefficient has been venfied 
experimentally by usmg hard X rays which act on the bound electrons 
of the lighter elements practically as if they were free When the wave- 
length IS comparable with the diameter of the atom the scattermg is much 


♦ The radius of an electron is supposed to be |6 so that (63 4) signifies that each 
electron forms an obstruction equivalent to 6 times its own cross section 
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increased, because tben the Z electrons ol the atom give rise to scattered 
waves more or less in the same phase, thus the amplitude of the resultant 
IS proportional to Z and the intensity is proportional to Z'^ 

We do not suppose that free electrons scatter continuously in the 
manner here investigated Actually some electrons scatter whole quanta 
and others are idle But by the correspondence pnnciple (63 1) is the 
limit to which the true formulae must tend when each electron is scattering 
many quanta, and it is customary to entertain the optimistic view that 
such formulae will apply without grave inaccuracy a long way short of 
the hmit 

Bor very short wave-lengths {eg y rays) the scattering coefficient is 
less than 0 2 This is associated with the fact that the electron acquires 
a velocity comparable with the velocity of light when it scatters a quantum 
of such radiation, its inertia increases, and other complications of the 
problem ensue 
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POLYTROPIC GAS SPHERES 

54 We shall consider the equilibrium of an isolated mass of gas held 
together by its own gravitational attraction In the absence of rotation 
or other disturbing causes the mass will settle down into a distribution 
wi-bh spherical symmetry In view of the intended apphcation of the 
resnItSj such a gas sphere will be referred to as a ''star ” 

A.t any point in a fluid m equilibrium there is a hydrostatic pressure P, 
tho same in all directions If any closed surface is drawn in the fluid the 
re auction of the fluid outside the surface on the fluid within consists of a 
force P per unit area along the inward normal , and for equihbrium these 
surface forces must balance the body forces such as gravitation actmg on 
the interior 

Let p be the density at any point and g the acceleration of gravity. 
Since there is spherical symmetry P, p and g will depend only on the 
dListance r from the centre 

The gravitational force at r is due entirely to the mass interior to 
r, since the symmetrical shell outsider exerts no resultant attraction in its 
inberior Hence 

g = QM,jr^ . . (54 1), 

where O is the constant of gravitation 6 66 10-® m c a s umts Also if 
<f> is the gravitational potential, we have by definition 

gr = — dcl>ldr . . . . (54 2). 

The first condition to be satisfied is the well-known hydrostatic 
eq[na.tion 

gpdr . ... (54 3), 

exzpressmg the increase of pressure as we descend in a column of fluid 

IFrom (54 2) and (54 3) 

dP^pd<i> . ... (54 4) 

A. second condition is given by Poisson’s equation in the theory of 
a/thractions 

= -- 4:it0p . (54 5), 

which for spherical symmetry takes the form 

+ (54 6). 

dr^ r dr 

55 We have now two relations (54 4) and (54 6) between the three 
nxxkmown functions of r, namely, P, p, ^ Por further progress a third 
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relation is necessary The search for this will lead ns far into the study of 
the thermodynamics of the star In this Chapter we content ourselves 
with laymg down an arbitrary connection between P and p and tracing 
the consequences In general, whether the gas is perfect or imperfect, 
any value of the pressure can be made to correspond to given density 
by assigmng an appropriate temperature, our procedure thus amounts 
to imposmg a particular temperature distribution on the star This will 
only correspond to possible actual conditions if the temperature distribu- 
tion IS such that it can maintain itself automatically 
The third relation is taken to be of the foim 


P ^Kpy . . . . (55 1), 

where k and y are disposable constants By taking different values of y 
a variety of temperature distributions are brought under survey, and 
among these the actual distribution or one closely approximating to it 
will be included 

When the equation (55 1) is obeyed the distribution is called polytro^m 
By differentiation, we have 

dP = yKpy~^ dp 

Hence by (54 4) 

yKpy-"^ dp == dcj), 

and on mtegration 

/cpy-i =<f> + const (55 2 ) 

The zero from which the gravitation potential is measured, is arbitrary. 
The usual convention is to make ^ vamsh at an infimte distance from all 
matter But m this subject it is more convement to take the zero of ^ at 
the boundary of the star, the additive constant m (56 2) is then zero. 
Write 


Then by (55 2) 


y = 1 + Ijn 


■ 1 " 

{n + 1) K) 

and p = 

n + 1 

Equation (54 6) accordmgly becomes 



dr^ T dr 


+ = 0 


(66 3) 

(66 41), 
(66 42). 

(55 5), 


where /»2 _ 

' (55 6 ) 

The procedure will consist m solving this differential equation so as to 
deterge ^ as a function of r Then p and P are found by (65 41) and 
(55 42) In order to standardise the solution we introduce two new variabks 
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u and z proportional respectively to (/> and r Let (j)^ be the value of j> at 
the centre, and let 

4>=<f>ou‘ r = (55 7) 

On substituting in (55 5) we obtain 


dH 2du , 


With the central conditions 


(55 8), 


u = I, dujdz = 0, when z = 0 

The change of variables from r to u, z is merely a change of units 
introduced in order to bring the differential equation and its limiting con- 
ditions to a standard form The condition dujdz = 0 at the centre follows 
from the vanishing there of = — d(l>ldr 


56 The equation (55 8) can be solved without quadratures when 
^ = 0, 1 or 5 (§ 61) For other values of n we obtain a start by assuming 
that for small values of z, u can be expanded in an infinite series which 
will run 

u ^ 1 — + a^z^ + + .. 

determining the coefficients so as to satisfy (55 8) This will not carry the 
solution very far, since it will presently diverge But beginning with the 
values of u and dujdz at a point conveniently reached by the series we can 
now carry the solution step by step outwards through the star by quad- 
ratures When u becomes zero the density vanishes, so that the boundary 
of the star is indicated 

Extensive tables of the solution for a number of values of n have been 
calculated by R Emden* We select here three of the tables which will 
ultimately concern us most The values of z, u, dujdz are the direct result 
of quadratures , the remaining columns are calculated from these and are 
required for various applications 

The successive columns give the following physical quantities, ex- 
pressed in each case in terms of a unit which will depend on the star 
considered^ — 

1 Distance from centre 

2 Gravitation potential Temperature (for a perfect gas of constant 
molecular weight) 

3 Density 

4 Pressure 

5 Acceleration of gravity 

6 Reciprocal of mean density interior to the point considered 

7 Mass interior to the point considered 


E 


* Oaskugeln (Teubner, 1907), Chapter v 


6 



82 


POLYTROPIC GAS SPHERES 


Equations (55 41) and (55 42) show that for different points m the same 
star p cc and P cc p<J) oo Hence 

<f)/(f>Q = u, pjpo = P/Pq == (^0 1) 

Thus columns 2, 3, 4 of the tables give the potential, density and pressure 
in terms of the central potential, density and pressure* 

Polytropic Solutions 
Table 4 


{n = 2, y=15) 


z 

U 



- duldz 

- zdzjZdu 

-z^du/dz 

0 00 

1 00000 

1 00000 

1 00000 

00000 

1 0000 

0000 

0 26 

98969 

97950 

96940 

08247 

1 0105 

0052 

0 50 

95937 

92040 

88302 

15865 

1 0760 

0388 

0 76 

91128 

83042 

75675 

22386 

1 1168 

1259 

1 00 

84864 

72018 

61117 

27463 

1 2142 

2746 

1 25 

77633 

60114 

46609 

30937 

1 3468 

4834 

1 50 

69531 

48346 

33615 

32825 

1 6232 

7386 

1 75 

•61238 

37501 

22965 

33307 

1 7614 

1 0200 

2'00 

52974 

28062 

14866 

32640 

2 0425 

1 3056 

2 50 

37463 

•14035 

05258 

29023 

2 8713 

1 8140 

3 00 

24166 

05840 

01411 

24067 

4 1660 

2 1660 

3 60 

13379 

01790 

002395 

19169 

6 0863 

2 3482 

4 00 

04866 

002368 

000115 

15040 

8 8663 

2 4064 

4 25 

01326 

000176 

000002 

13346 

10 616 

2 4106 

4 3518 

00000 

000000 

000000 

12729 

11 396 

2 4107 


Table 5 

(n = 2 5, y = 1 4 ) 


z 

u 

u”- 


- dujdz 

-zdz/Bdu 

- z^du/dz 

0 00 

1 00000 

1 00000 

1 00000 

00000 

1 0000 

0000 

0 26 

98971 

97460 

96447 

08226 

1 0130 

0051 

0 60 

95961 

90202 

86560 

16676 

1 0632 

0392 

0 76 

91242 

79620 

72555 

21798 

1 1469 

1220 

1 00 

85196 

66997 

57079 

26282 

1 2683 

2628 

1 26 

78246 

64166 

42375 

29036 

1 4350 

4537 

1 50 

70809 

42192 

29876 

30213 

1 6549 

6798 

1 75 

63246 

31811 

20119 

29632 

1 9753 

9044 

2 00 

65961 

23428 

13111 

28614 

2 3298 - 

' 1 1440 

2 50 

42473 

11766 

04993 

25080 

3 3227 

1 5675 

3 00 

31000 

05361 

01659 

20793 

4 8093 

1 8714 

3 60 

21762 

02207 

004800 

16783 

6 9517 

2 0560 

4 00 

14300 

007733 

001106 

13445 

9 9170 

2 1512 

4 50 

08263 

001963 

000162 

10813 

10 539 

2 1896 

6 00 

03384 

000211 

000007 

08796 

18 948 

2 1 

6 4172 

00000 

000000 

000000 

07600 

24 076 

At X 

2 2010 

^ Chapter we denote central values b5- the suffix 0, elsewhere 

the suffix c IS generally used 

in the book 
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Tatle 6 


(w = 3, 7 = 1 3333 ) 

s 


2 




- ^/dz 

-zdzfMu 

-z^dujdz 

0 00 

1 00000 

1 00000 

1 00000 

00000 

1 0000 

0000 

0 25 

98975 

96960 

96966 

08204 

1 0168 

0061 

0 50 

95987 

88436 

84886 

15495 

1 0766 

0387 

0 75 

91355 

76242 

69660 

21270 

1 1754 

1196 

1 00 

85605 

62513 

63451 

^219 

1 3218 

2522 

1 26 

78897 

49111 

38747 

27370 

1 5224 

4276 

1 60 

71948 

37244 

26797 

27993 

1 7862 

6298 

1 75 

64996 

27458 

17847 

27460 

2 1243 

8410 

2 00 

58282 

19796 

11538 

26149 

2 5495 

1 0460 

2 50 

46109 

09803 

04520 

22396 

3 7210 

1 3994 

3 00 

36921 

04635 

01665 

18393 

5 4370 

1 6653 

3 50 

27629 

02109 

005828 

14859 

7 8697 

1 8203 

4 00 

20942 

009185 

001923 

11998 

11 113 

1 9197 

4 50 

16529 

003746 

000582 

09748 

15 387 

1 9740 

5 00 

11110 

001371 

000152 

08003 

20 826 

2 0007 

6 00 

04411 

000086 

000004 

05599 

35 720 

2 0166 

6 80 

00471 

000001 

000000 

04360 

51 987 

2 0161 

6 9011 

00000 

000000 

OOOOOO 

04231 

54 360 

2 0150 


57 Usually our problem will take the form of finding the mternal 
distribution of density and pressure in a star of assigned mass and radius 
(or mean density) Thus the known data will be the mass M and radius 
R (or mean density p^) together with the parameter n (or y) defining the 
assumed law of dependence of pressure on density We have therefore 
to find expressions in terms of M and B 

Since the boundary of the star is indicated by = 0, we have 


B ^ (rl^o , r^d<f>ldr),^o (^7 11) 

Let R' - M' = (^ zHujdz)^^, (57 12) 

The values of B' and M' will be found in the last line of each table 


Then by (55 7) 


whence 


JR _ 


1 

GM 

1 

B' 

1 

o 

iS(ft-i)’ 

M' 


OM 

B' 

= 


\ 

M' 

B '' 



/Gif' 

. n—1 

fB'y-^ 

1 

{(«_+_!)*:}” 

\M' , 

) 

\B) 


47rG / 


(57 2), 


(57 3) 


Thus ^0 K can be found from the given data, and the values of />o 
Pq are obtained from (55 41) and (55 42) 


6-2 
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A more convement way of obtaining is to express it in terms of the 
mean density p^ We have 

|7ri2® G\ Ittt® ^ drJu^ 

E„tby(55 7) 


Hence 


.. 3«Vo” 

4,rG< 


But by (55 41) and (55 6) 


, z dz)^ 
^Opo 


a relation which is also evident by comparing (64 6) and (56 5) 



(57 4). 

(57-5), 

Hence 

(57 6) 


The ratio Po/Pm will be found at the foot of the sixth column in the tables 
Other entries in the same column give the ratio of the central density to 
the mean density interior to the point considered 

The last column of the tables gives numbers proportional to the mass 
Mr within a sphere of radius r The umt is found at once since the con- 
cludmg entry (M') corresponds to the whole mass of the star Similarly 
the first column gives the distance from the centre in terms of a unit 
which IS ascertained from the condition that the concluding entry R' 
corresponds to the radius of the star 


58 We shall have to consider particularly stars composed of perfect 
gas The temperature is then determined from P and p by the gas equation 

P = . (58 1), 

where 31 is the umversal gas constant 8 26 10’, and p, is the molecular 
weight in terms of the hydrogen atom* 

But before usmg this equation we must notice that in it P roprosents 
the gas pressure only, whereas m our analysis P has been used to denote 
the whole pressure of every descnption acting across a surface drawn in 
the star (cf § 54, where P is first mtroduced) The pressure of radiation 
IS therefore to be mcluded in P If ^ is the ratio of the gas pressure pa to 
the whole pressure P the corrected equation runs 

pq = ^p = yipTjp. (gg 2) 

Then by (55 42) = P = 

^ + 1 

Hence / 

• (^8 3 ) 

* Unless otherwise stated the molecular wAirr>i+ «r.u 
the hydrogen atom m this book If however Tifme^ed 
m the numerator is Boltzmann’s constant R =’l 372 10-». Jhe rSon 
where H is the mass of a hydrogen atom m grams relation is 01 = E/ii, 
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i 


(^57 3) the central temperature is determined by 

R' Q 

R 


T, 


(58 4). 


(^^ + 1) if' 5R 

ProvicLed- that jS/i is constant through the star (which is actually a fair 
approximation) we have by (58 Z) T cc <f> Hence 

TIT^ = u (58 5) 


5 q _ ijiq show the method of using these formulae and tables we give 
calciila-tions for the bright component of CapeUa For the assumed re- 
lation. "between pressure and density we take Pcc so that % = 3 and the 
approjiriate table is Table 6 The mass and radius of Capella (§ 13) are 
jlf = 8 3 . 10^^ gm , R = 9 55 lO^’- cm , 


whence the mean density is 

p^= 00227 

From Table 6, column 6, the ratio po/pm is 54 36 Hence 

Pq = 1234 gm per c c 

Also from the last Ime of Table 6 

M' = 2 016, JS' = 6 901 


Hence by (57 3) 

, 6 66 
<Po — 


10-8 X 8 3 1088 X 6 901 
2-015 X 9 66 1011 


= 1 982 1018, 


and by (56 42) 

JP^ = = J X 1234 X 1 982 lOi® = 6 11 10i8 dynes per sq cm 

To determine the central temperature we must assume a molecular 
weigbh, and, if radiation pressure is not neglected, a factor ^ We take 
jjt,^ = 2-0 which IS probably fairly near the truth, then by (58 3) 

ji _ ? ^ ^ = 1 20 10’ degrees 

8 “ 4 X 8 26 10’ ® 

To find the conditions at another pomt in the star, take for example 
the line z = 3 6 m Table 6 This relates to a distance from the centre given 


by 


or a. 


r _ z _ 35 
R~ R'~ 6 901 


= 507, 


little more than half-way from the centre to the surface 


T == 27629To = 3 32 10«, 


Here 


p = 02109po= 00260, 

P = 005828Po = 3 56 lO^-^^ 


Mr _ 

M 


1 82 ^ 

2l)l50 


= 0 90, 


Also nb this point 
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Q^lthough only about one-eighth of the volume is within this radius 
It contains 90 per cent of the mass* 

In Fig 1 we show a star divided into shells corresponding to {a) ten 
nn ^ ^ ^niperature, (6) ten equal masses , that is to say, the circles 

on the left oorrespond to !-/r. _ 0 9, 0 8. 0 7. ete and the ciclee on the 

Dolvtrone^e^— ^8 ~ ^ ^ ^ These diagrams are for tile 



I'lg lo Ten equal steps of temperature 


Fig 16 Ten shells of equal moss. 



— JUJ ItjKJI ^ y 

star'“ie'lLTorttriV^“Sl'rSr 7'*^;°' “ 

Consider two concentric shells of masses dM and S Ti 

shell attracts the outer but not mot versa The mutual tZ' / ^ 
(negative) is thus mutual potential energy 

OdM.dM, 


where r is the radius of the outer shell 

The mntnal energy of m, and ef all shells mtener to it is accordingly 

25»r 

r 0 f 

the IZlZyf of usmg 

not intended to he our final conclusions as to thLriTctplul^S'^fllf 
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Hence the negative potential energy of the whole star is 

Jo r 
= iG 

by integration by parts Or since QM^jr^ = — d^ldr 


(60 11) 


a = lG~-^\M,d<j> 


(60 12). 


Again since OMr = — r^d^jdr and dM^ = ifrrr^pdr, 


ri? 

(60 11) gives Q = - 47r r®/) ^ (ir 

Writing p - in accordance with (55 41) 

Q = f'*’ d (^«+i) r® 

n + 1 lr_o ‘ 


= by integration by parts 

n + 1 ^ 

= — [ <h impr^dr 

% -h 1 J 

(60 21) 


(60 22) 


(60 3) 


by integration by parts 

Comparing (60 12) and (60 3) 


Hence 

Wo note for rcforoncc that 


3 

5 — n Jti 


(60 4) 


B 


O == 3 P i'nrHr = 3 Pdv 


(60 5), 

where dv is the element of volume This follows from (60 21) and (56 42). 

Uniform density is given by = 0 and (60 4) then gives the usua 

L O — ^OM^IE Por other distributions the 

expiCBBion for a uniform sphere ii - /xt j:ui uu 

nnmcrical coefficient is greater, the mass being more concentrated to 
centre 

61 The result (60 4) shows that there must be some break-down in 
the analysis when n> 5 The failure occurs because such distributions 



88 


POLYTROPIC GAS SPHERES 

have no boundary , the ''star” extends to infinity and the mass is nifinxte 
These distributions are of no interest to us here 

In the critical case n — 5, the differential equation (55 8) is soluble, 
the solution being 

The distribution thus extends to infinity and E is mfimto Tho whole 
mass, however, is finite, since (- z^duldz)z^c^ is equal to 
Another simple solution occurs when n = 1, viz 

u = sin z/z 

The boundary of the star is then at a? - tt Wo have 
-K' = 7r, M' = = ^2/3 

sph^e^ for % = 0 is also simple since it corresponds to a uniform 


62 


XX XXX. xiiaueriai is a pertect gas and is constant the mcai 
empera lire o the star can be calculated The mean temperature T 
averaged with respect to mass is given by ' 

rM 

T„ = TdM, - M 
>0 

TITo = -AMo. 

1 

>0 '0 


Hence smee 


To ~ 


= 11^ 

_ n+l GMl 
5 — n R 

__ n+l M' 

5 — nR' 

For % = 3 this gives rJTo = 0 584 

Substitutmg for from (58 4) 

T = ^ ^ ^pM 

5 — w 91 ~W 


by (60 22) 

1 

by (57 3) 


( 02 - 1 ). 


(62 2) 


We to deal At 

by tins detentunatton By eWgtng tie valTof » we"SZ 'a ttSTol 
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inodels with different degrees of ooncentratioii of mass to the centre The 
following results (derived from Emden’s tables) show the progression — 


n = 0 

4 

1 

14 

2 

2 i 

3 

4 


49 

Pol Pm ~ ^ 

1 84 

3 29 

6 00 

11 40 

24 08 

54 36 

623 4 

6378 

934800 

5/(5 - n) = 1 

1 11 

1 25 

1 43 

1 66 

2 00 

2 50 

5 00 

10 0 

50 0 

The last line shows how the mean temperature increases with 

the con- 


centration (the mass, radius and molecular weight being fixed) 

Unless the density decreases inwards, there is a minimum value of 
the mean temperature given by the form = 0 This is proved more 
generally in § 66 where the discussion is not limited to poly tropic models. 
The actual mean temperature is not inordinately higher than the mimmum 
unless we have extreme concentration of mass to the centre as shown in the 
second line of figures , but m that case there is practically no density in 
the outer part of the star so that we are virtually dealing with a star of 
smaller radius 

The high temperatures inside the stars are often considered rather 
startling and it is well to realise that they are not dependent on the more 
advanced developments of the theory 


The Isothermal Gas Sphere 


63 A mass of perfect gas at uniform temperature is the hmit of the 
polytropic distribution for n = co Certain modifications of the analysis 
are necessary for this case Although it has no direct application to actual 
stars a study of the isothermal distribution is useful for purposes of 
comparison 

By (68 2) P = /cp, K = (^3 


and (64 4 ) gives = dP/p = Kd (log p) 

Hence integrating, p = 

where pQ is the density at 9 !) = 0 Since n > 5 the distribution extends to 
infinity and the mass is infinite Previous conventions fixing the zero of 
at the boundary of the star or at infinity therefore break down For 
convenience we now take <!> to be zero at the centre, so that po denotes the 
central density as before 

Poisson’s eq^uation becomes 


d^ 2d<[> 
dr^ r dr 


+ 4.7TOpoe^I^^ = 0 


r =: 



(63 3) 
(63 4) 


Write 


^ KU, ^ 
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Then (63 3) reduces to the standard form 


dhi 2du 


(63 5), 


with the central conditions u = 0, dujdz = 0 

The solution calculated by Emden is given in Table 7 The successive 
columns are proportional to (1) distance from centre, (2) potential, 
(3) density and pressure, (4) acceleration of gravity, (6) central density 
divided by mean density interior to r, (6) mass interior to r 


Table 7 


Isothermal Oas Sphere 


z 

~u 

e« 

- d'ujdz 

-zdzjZdu 

- dujdz 

0 00 

0 25 

0 50 

0 75 

1 00 

1 25 

1 50 

1 75 

2 00 
25 

3 

3 5 

4 

45 

5 

6 

7 

8 

9 

10 

100 

1000 

00000 

01037 

04113 

09113 

15903 

24226 

33847 

44488 

56967 

80684 

1 06226 

1 31937 

1 57071 

1 81246 

2 04264 

2 46598 

2 84160 

3 17489 

3 47128 

3 73646 

8 69506 

13 09847 

1 00000 
98969 
96971 
91290 
86296 
78486 
71286 
64090 
57140 
44671 
34537 
26730 
20790 
16325 
12968 
08493 
06833 
04180 
03108 
02384 
000176 
000002 

00000 

08290 

16225 

23819 

30370 

36046 

40432 

44390 

47286 

60694 

51625 

61006 

49403 

47234 

44813 

39879 

35334 

31372 

27989 

26121 

01843 

002046 

1 000 

1 005 

1 027 

1 050 

1 097 

1 156 

1 237 

1 314 

1 410 

1 644 

1 937 

2 287 

2 699 

3 176 

3 719 

5 015 

6 604 

8 500 

10 718 

13 269 
1808 6 
163000 

‘0000 

0052 

0406 

1340 

3037 

5632 

9097 

1 3595 

1 8914 

3 1684 

4 6462 

6 2483 

7 9045 

0 5650 

11 203 

14 353 

17 214 

20 078 

22 670 

25 121 

184 3 

2045 1 


— — 


uivuiiiuji rrooiems 


no snch restriction is imposed bnf wa -nn + i + ^H^wing thcoieins 

decrease ae we go mwarl Tta nelTw ^ "“<■ 

decrease ..wards 
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of dTjdr at any point in a star would require a sink of energy within the 
star, since heat must flow in the direction of the temperature gradient 
Problem I To find the value of the centred pressure in a star 

of mass M and radius JR subject, only to the condition that the density does 
not decrease inwards 

First consider an arbitiary distribution of density satisfying the con- 
dition dpjdr < 0 Remove a small part 8pi of the density in the shell r^ to 
ri + dr^, and add the matter to the shell between and r^ + dr^, thereby 
increasing the density by Spa If SH is the mass transferred 

8Jf = ^yrr-^dr-ihpx = 4^^Hr,fipi ■ (64 1) 

The temperature distnbution must, of course, be altered m the way 
necessary to maintain the new distribution of density in eqmhbrium 

We take r^ < r^ The pressure at any point within will be increased 
for two reasons Firstly, the matter between and is now under the 
attraction of the mass BM, whereas formerly 8if exerted no resultant 
force on it Its weight is thus increased and contributes more pressure 
Secondly, 81f in its new position contributes more pressure, viz g^Bp^dr^ 
instead of Qi^pt^dr^ By (64 1) these are m the ratio 

gxK 

which IS greater than 

IK IK 

because g cannot increase faster than r when the density does not increase 
outwards 

Thus any transfer of matter inwards increases the central pressure 
The minimum pressure occurs when the matter is as far from the centre 
as IS consistent with the limitations of the problem We can go on reducing 
the central pressure by transferring matter outwards until we arrive at 
uniform density The central pressure has then the value for a umform 
sphere 

^ 3 OM^ 

which is the reqmred minimum value 

65 Problem II To find the minimum value oj the central temperature 
in a stai of mass M and radius R composed oj perf ect g as of constant molecular 
weight p, subject only to the condition that density and temperature do not 
decrease inwards (Radiation pressure is neglected ) 

We flrst show that m the distribution giving the minimum central 
temperature either the density gradient or the temperature gradient 
vanishes at every point 

For, if not, consider three consecutive spherical shells with densities 
Pi> Pi> P3 temperatures T^> Ti> T^ Remove a small mass from 
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the second to the third shell Since it will be possible to treat a 

small mass m this way without reversing the density gradient It was 
shown m Problem I that this transfer reduces the pressure interior to the 
shell Pa by a constant amount Since SP = 5R/)8P//i, the reduction of 
temperature wdl be inversely proportional to the density and therefore 
least at the centre and increasing (or stationary) outwards I’hus the 
temperature gradient interior to pg 'wiU not be reversed, moreover, the 
temperature distribution outside p^ is unaffected The temperatures in 
the two shells will change m a more comphcated waybut since Pj > > 7\ 

there is a small margin for such changes without reversal of the tcmperatui e 
gradient 


This shows that it will always be possible to reduce the central tempera- 
ture without violating the conditions by making a small transfer at a 
point where both pi> p 2 > pa and T 2 > Hence when the contial 
temperature is an actual mimmum one of these inequalities must be 
replaced by equahty (not necessarily the same one in all parts of the star) 
The central part of the star must be isothermal For if a mass 8M m 
taken from the outer part and distributed umformly through a small 
sphere of raiffus at the centre, the increase of pressure tends to infinity 
like SM/ri whilst the increase of density is proportional to SM/r^^ Hence 
It r, IS taken small enough the temperature falls If, however, the central 
part of the star is isothermal, this transfer is ruled out because it would 
make the central temperature less than surrounding temperatures I’ho 
isothermal region must be hmited because a completely isothermal star 

We have shown that where the star is not isothermal 
It must be of imiform density 

Hence the star of mimmum central temperature consists of a region 
of uniform temperature surrounded by a region of uniform density It 
remains to determine the extent of these regions 

Let r. be the temperature of the isothermal region, p, the uniform 
density m the outer region Then the pressure P. at the trLsition is 


We have 


B 


Pm Pi n 

p:~ ^ 


= inp^B^ (1 + 

At a point in the outer region 

ff = inGp^r + ^nG (p^ ~ p^) 
so that by (64 3) - dP = ^Gp,Hr (r + 


(65 1) 
(65 2) 
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Hcnice integrating between aR and R 

Pi — ^nOpi^R^ {1 — (1 — «)} 

By (65 2) and (65 3) 

^ Pi ^ QM (1 -a) (1 +a + 2M (65 4) 

p. Pi 2R 1 + jSa® 

I'he qnautitiea a and j3 are connected by the theory of the isothermal 
part ot the star With the notation of § 63 

. / ^ 

PllPo ® J PmlPo ~ 2 ^ 

Hence j8 = — ~ ^ 

Also Hinee aR -- {Kjiv-Gpo)^ z and P^ = /cpo®") (65 3) gives 

6 _ (1 — «) (1 + g + 2pa^ ) g2) 


(JhooHing an arbitrary value of z we find e“ and dujdz from Table 7 
'fhen /3 and a can be found from (65 51) and (65 52), and the factor 

^ (1 - a) (1 + a + 2j8a^)/(l + M 

is calculated. The following results are found — 


z 


a 

8 • 

4 

782 

663 

646 

45 

929 

673 

641 

5 

1 073 

680 

640 

G 

1 348 

687 

645 


We HOC that R has a minimum value about 640 at about a = 676 Hence 
by («i5 4) a star with an isothermal region extending to 676P surrounded 
by a region of uniform density has the mmimum central temperature, viz 


P. 


0 32^-"^ 

1-032 ^ R 


(65 7) 


It may be noted that for a star of constant density throughout the factor 
„ 0.«f .nd for tto polytrope , - Mthe model <f 

the factor is 0 856 Thus the temperatures which we find m the detailed 
investigation are not greatly above the mimmum values 

66 Problem III To find the mimmum value of the mean temperature 
m a star of mass M and radius R of perfect gas of molecular weight 
mly to the ccmdition tMt the density does not decrease inwards {Radiation 

presBUTC %s wglccted ) 
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If IS the mean temperature 

= J y ifTTpr^dr = ^jp ^rHr 
= - ^ [ I’rt'® dP by integration by parts 
= ^ J ^^gpdr by (54 3) 


3SR r ~ WJ r~ 


This IS a mimmum when, for each step of (M^)^, r is as great as possible 
ibis evidently leads to the uniform sphere Hence by (62 2), the TnirnTr^nm 
value IS 


“ Wi? 

It IS interesting to compare this with (65 7) 


.(66 2 ) 


Incomplete Polytropw Begixms 

67 A class of problems arises in which the polytropic condition (65 1) 
apphes only to part of the star 

T M non-polytropic region is %ntenor to the polytropic region 
ffener«l applicable For they give a particular solution of the 

general differential equation which conforms to certain boundary con- 
ditions at the centre, when the central region is excluded these conditions 
are “o longer effective and another solution of the differential equation 
must be taken The gravitational field which controls the polytropic part 
^s^modified by the excess or defect of mass in the central non-polytropic 

An example of this would be afforded by a star obeying (55 1) only so 

r ^ Then, If the density is 

great enough the equation breaks down near the centre Tables 4r-7 m-e 

not apphcable even to the outer part which satisfies (55 1), and a new 
solution of the ^fferential equation must be found by numerical ealcula- 
n de Mwo There is httle of a general character to be said about this 
class of problem, but progress m particular cases that arise can usually 
be made by numerical calculation 

fnr. “ ^ region IS on the cmtaide, Tables 4-7 can be used 

^65 instance of this has been treated in 

^ important problem of this type 
«n.r ! following way We can scarcely expect that in an actual sUt 

TloZflc^T uniformly from a central temperature 

t 10,000,000 to an outside temperature of 10,000° Making use of the 

simphfied properties of matter at temperatures of several milhon degrees 
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w© shall doduce laws which may be expected to hold with reasonable 
aceiaracy from say 10,000,000° to 1,000,000° We do not know much 
aloont mahter at temperatures below a milhon degrees, and therefore can 
give little or no consideration to what happens in the rest of the star 

Suppose then we have satisfied ourselves that between 10,000,000 and 
1,000,000 degrees stellar material obeys the polytropic law with m = 3 
Talole 6 will ^^pply to the part of the star above 1,000,000 degrees, because 
trlie break-down occurs in the region exterior to it and does not affect the 
field of gravitation within Actually we perform the whole solution as 
though the same condition held good up to the surface — ^not because we 
think it likely to be satisfied at the lower temperatures, but because it 
does not much matter what happens in this outer part and (withm reason- 
able limits) any law will do for our purpose As this may seem a somewhat 
light-hearted procedure we examine the justification for it here 
Consider a star for which the central values are 

To = 10^ Po = 0 1, 

with fxp = 2, n = Z 
We find 

Po = 4=-13 10“ 1015, k= 8 84 10“ a = 4 31 IQ-®', 

and (57 2) gives 

i? =- 1 405 10“ie' = 9 70 10“ cm , 


If = 3 48 W^M' = 7 02 lO^s gm 


These would be the mass and radius if the star were completed on the 
poly tropic model If, however, the model fails at temperatures below a 
milhon degrees, we stop the solution at z = 5 Denotmg values at this 
point by suffix 1, we obtain by Table 6 

Pi = 1111 10«, pi= 0001371, Pi = 6 29 10®, Pi = 7 02 10“, 

Ifi = 6 96 10®® 

Around this a distribution of some kind has to be added sufficient to 
produce the pressure Pi of 6290 atmospheres If M and P are the mass 
and radius of the complete star 


■n a 

gpdr = x* 
jef 477 M, 


dM, 


so that 


AM = M - M^> 


r 

477 Pi« ' 
47rPiPi" 

GM 


M 


dM, 


Ml 


(67 1) 


Th’s gives AAf > 0 041 10®® gm 

The additional mass will be greater than this lower limit very nearly 
in the ratio of Pi"* to the average value of r-* for the added material 
A-lthoxigh no upper limit for this factor can be given, it would be diffic t 
■to imagine its exceeding 2 or 3 without extravagant assumptions 
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A wide range of conditions will be covered if we take the material 
beyond Bi to conform to a new polytropic law P = where s 

differs from n, and from k The gravitational force in this region can 
be set equal to GMJr^ smce its own mass is very small compared with 
that of the rest of the star Then, as m (66 42), we shall have 

P _ /I _ 1. N 

p 5 + 1 vr BJ’ 

smce <i> is now GM^jr - GM^jB Hence, setting r = B^, 


G, i) 


V-Ri Bj GM^p^ 


(67 2), 


= 9 90 10-w X (s + 1) . 

so that B can be found We find for the added mass beyond iJj 

AAf = 4^p,B^ I (i _ ija^oa ~Q- if (67 3), 

where = EJB ' ^ 

From (67 2) and (67 3) the following results are obtained 


0 

1 

3 

5 

7 


R 

Md 

7 54 10« 

8 15 

9 72 

12 04 

15 81 

0479 10^3 

0508 

0534 

0649 

0561 


Whereas in the range s = 0 to 7 the radius of the star is doubled the 
oo^,uen. change „ Maas iM, + AJf, .a not n,„ch n.„,e C I pltt 

The mass is thus very insensitive to conditions in the low teranerature 

oonLled' mir TP’y »<> <« « ‘to ma,a .» 

»nt m the radine It .hotdd be remembered that wZ tkZ’J jZ 
dragon of the enter materrd, e g .rth the law a . 7 Z TX. of Z 
photosphere maj he consrderaMy smaller than the radius I! remeson w 

-Sit 




CHAPTEB V 


RADIATIVE EQUILIBRIUM 

68 Energy m the form of radiant heat and light is continually flowing 
from the surface of a star into space The surface layers of material cannot 
continue to provide this energy for long unless their heat is replenished 
from below We are thus led to consider the process of transfer of energy 
from the interior to the surface 

There are two modes of transfer of heat in material in static equilibrium, 
VIZ conduction and radiation In both the net flow is in the direction of 
the temperature gradient from high to low temperature In both this flow 
18 the resultant of streams of energy in both directions , the stream from 
the high-temperature region is rather more intense than the stream from 
the low-temperature region, and the difference constitutes the net flow 
In conduction molecules of the hotter region transmit their energy by 
diffusion and collision to surrounding regions , in radiation the hot material 
emits aether waves which are absorbed in the surrounding regions In 
both cases this transmission is largely neutralised by a similar trans- 
mission from the surrounding regions, and the resultant transfer depends 
on the slight preponderance of the flow from the hotter region 

A third mode of transfer is possible if the limitation to static equi- 
librium IS abandoned There may be a system of ascending and descending 
currents in the star by which the material is kept stirred Heat-energy 
IS then carried from one region to another by actual movement of the 
matter carrying it — as in the lower part of our own atmosphere If matter 
through proximity to the surface loses more heat than can be replaced 
by radiation and conduction so that it cools below the normal temperature 
at its level, it will sink and be replaced by fresh unexposed material from 
below This mode of transfer is called convecUon 

It was recognised early that the conductivity of matter is much too 
small to pass the necessary quantity of heat through the star In the first 
investigations of the steUar interior the importance of transfer by radiation 
was not realised Accordingly a system of convection currents was as- 
sumed to be present, and processes of transfer other than convection were 
considered negligible The star was said to be in convective (or adiabatic) 
equilibrium 

69 On the hypothesis of convective equilibrium a definite relation 
between the pressure, density and temperature at different levels can be 
found Consider an ascending current of material By hypothesis there 


E 


7 
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IS no appreciable gam or loss of heat by conduction or radiation, it there- 
fore expands without gam or loss of heat, i e adiabatically For a perfect 
gas the relation between pressure and density m adiabatic expansion is 

P^Kpy .. (69 1 ), 

where y is the ratio of the specific heat at constant pressure to the specific 
heat at constant volume (§ 28) Since the different levels are continuously 
connected by ascending and descending currents the equihbiiuni condition, 
must be such that (69 1) holds throughout the interior The hypothesis 
that loss of heat by radiation is neghgible must evidently break down near 
the surface, so that the equation could not be exact m the extreme outer 
layers 

Since (69 1) is the relation discussed in Chapter iv the solution for a 
perfect gas in convective eqmhbrium is given by the formulae and tables 
there explained The value of y for the stellar material must be estimated 
or guessed, but the range of uncertainty from this cause is not very great. 
It IS impossible for y to exceed the value | which corresponds to a mon- 
atomic gas, and it can be shown that if y is less than | the distribution is 
unstable (see § 104) Hence the solution is hmited to values of y between 
I and I or to values of n between 1 5 and 3 

We shall not enter further into the historic problem of convectivo 
eqmhbrium since modern researches show that the hypothesis is untenable. 
In stellar conditions the mam process of transfer of heat is by radiation 
and other modes of transfer may be neglected 

We may remark that transfer by convection stands on a different 
footmg from radiation and conduction Radiation and conduction must 
always occur m a mass at non-uniform temperature, although their effects 
may be neghgibly small But convection need not occur at all It will 
only be present if the conditions are such as to generate and maintain 
circulating currents. 

70 Since the density of radiation is proportional to its importance 
IS enormously enhanced at the high temperatures m the stellar interior, 
and it IS not surprismg to find that it ousts the other vehicles of energy. 
But whilst great intensity of radiation strengthens its control over the 
temperature distribution, it is not essential I think that an isolated mass 
of gas at qmte low temperature* would take up radiative rather than 
convective eqmhbrium 

Consider a gas stratified m radiative eqmhbrium As explamed in § 23 
radiation behaves as though it had a ratio of specific heats y =« | and 
accordingly P and T are related by 

P 00 

* But not so low that conduction becomes comparable with radiation 
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^et there be a circulatory current conyeying heat between two pressure 
evels As the mass rises to a level of lower pressure its temperature 
hanges according to the adiabatic law 

P cx) pvAY-i) 

^OT stabihty y> t, so that P oc Hence the material which has 

;scended is cooler than its surroundings and receives heat from them the 
naterial which has descended is hotter than its surroundings and gives 
ip heat to them* The circulatory current transfers heat against the 
emperature gradient, and by the second law of thermodynamics it can 
inly do this at the expense of its mechanical energy The currents there- 
ore tend to die out, and there is nothing to restart themf 

Hadiative ec^uilibrium has a natural precedence over convective 
.quilibrium, since in radiative equilibrium convection ceases, whereas in 
onvective equihbrium radiation remains and tends to destroy it In 
act convective eqmhbnum is only approached automatically from one 
ide, to reach it from the other side extraneous mechamcal energy of 
tirring must be supphed 

Equation of Radiative Equilibrium 

71 . We admit now that the only mode of transfer of heat is by radia- 
ion, and develop the equation of radiative equilibrium We require three 
esults reached in Chapter n — 

(1) The momentum of radiation is Ejc, where E is the energy and c 
he velocity of light The momentum is in the direction in which the waves 
t/re travelhng. 

(2) Radiation in an enclosure with absorbing wads maintamed at 
imform temperature T is isotropic as regards direction of flow and has 
in energy-density 

E -= 

v^here a = 7 64 10-^® in 0 a s umts and degrees Centigrade 

(3) With the same conditions radiation exerts a hydrostatic pressure 

pii = p - laT^ 

To a very high degree of approximation the last two results are im- 
nediately apphcable to the interior of a star It is true that the radiation 

* Eg let y = , and let a current ascend from a level where the pressure and 

emperature are P and P to a level where they are under the diminished 

iressure the temperature of the oonvected material falls adiabatically to 

{T^h^)^T^ 0026 T, 

o that it IS much below the temperature 0 1 T of its surroundmgs Cf H N Russell, 
istrophys Journ 54, p 293 

t Except that in a rotating star a small circulation is maintained as explained 
n § 199 
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IS not m an ideal enclosure with opaque walls at constant temperature , 
but the stellar conditions approach the ideal far more closely than any 
laboratory experiments can do The material of a star is very opaque to 
the kind of radiation existing there According to the figures deduced for 
Capella a screen contaimng 0 1 gm per sq cm would let through or 
000006 of the radiation falling on it, at the average density in Capella 
such a screen would be 50 cm thick If then we draw a sphere of radius 
50 cm round a point in Capella the radiation at this point will be practically 
isolated from everything outside the sphere The temperature gradient m 
Capella is about 1° per kilometre so that the enclosing walls with which 
we have surrounded the point are at constant temperature to within 
0° 001 — a umfornuty scarcely hkely to be attained in laboratory con- 
ditions 

Take the axis of x in the direction of the temperature gradient and 

consider a thin slab of stellar material at right angles to Ox having 1 sq cm 

area and thickness dx Let the temperatures of the two faces be T and 

T + dT The radiation pressure acting normally on the two faces will 

give forces -|- pj^ and — (pj^ + dp^^), so that the resultant force in the 

direction Ox is , 

- #/?. 

This resultant gives the amount of momentum which is being acquired 
per second in the region occupied by the slab owing to the flow of radiation 

Smce there is eqmhbrium this momentum must be got rid of , and it 
can only be got rid of by being first passed on to the matter of the slab 
(The ultimate fate of the momentum does not concern us here, but it may 
be explained that when handed over to the matter it helps to noutrahso 
the momentum commumcated to the matter by gravitation ) The 
momentum passes into the matter by the process of absorption (including 
scattering) 

Let Jc be the mass coefficient of absorption The definition of k is that 
a thin screen of material of mass w per sq cm absorbs the fraction Jm 
of the radiation passmg through it normally In our problem to ==- pdx, 
and accordingly if H ergs of radiation per sq cm per sec are travelling 
along Ox the amount absorbed will be Hkpdx and its :r-momentum will 
be Hkpdx I c per sq cm per sec 

Consider next H ergs per sec passing obhquely through a sq cm of 
the slab at an angle of incidence 6 The distance travelled through the slab 
is now dxmod and the absorption is increased proportionately The 
momentum absorbed is now Hkpdx mo Ole, but multiplying by cos 6> 
to obtain the aj-component, the absorption of a;-momentum is as before 

Hkpdxjc 

for any angle of incidence up to 90\ Of course, if the angle is greater than 
90° so that the radiation passes m the other direction through the slab^ 
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the Sign rovorsed Note that H is reckoned per sq cm of the slab, not 
per sq cm of cross-section of the beam 

In general radiation will be flo^taig both ways through the slab 
Corresponding to the flow through a square centimetre from the 
negative to the positive side of the slab there will be an absorption of 
H+hpdxjc units of positive momentum, and corresponding to the flow 
from the positive to the negative side there will be an absorption of 
H_hpdxjc units of negative momentum Hence for a net positive flow 
H — flT 1 — there will be a net gam of Hkpdxje umts of positive 
momont.iim by the matter m the slab 

Wo have soon that the x-momentum — dp^ acquired m the region 
per second must all bo transferred to the matter by this process Hence 


— dpn = Hkpdxje, 

oi F = - 

Writing for pa its value 


c dpR 
kp dx 


(71 1) 


F = - 


(712) 


ac dT* 

Zkp dx 

Equation (71 1) shows that the net flow of radiation is, as we should 
oxpoot, proportional to its internal pressure gradient and mversely pro- 
portional to a factor kp measuring the obstructive power of the material 
scroon thiough which it is being forced The equation is analogous to that 
govorrn ng tlui flow of a material flmd through a channel or sieve 

Tho e<iuation breaks down under the same circumstances as the corre- 
sponding expiation for a material fluid, viz when the flow is so rapid that 
tiie proHHuro gradient can no longer be calculated hydrostatically This 
'happons near tho surface of a star The argument cannot apply to any part 
of tho Ht»ar wliicsh we can see, for the fact that we see it shows that its 
radiation is not “enclosed ” But at a small depth below the photosphere 
tho ocpiation becomes a tolerable approximation, and throughout the 
main inf.ori()r its accuracy is so far beyond all requirements that it may be 
used without hesitation* 


72 A certain amount of controversy has occurred with regard to the 
<lorivat.ion of this equation which reflects the time-long difference of view 
between tho physicist and the mathematician. Perhaps a short digression 
on this antiagonism may be pernutted, for it is hkely to give rise to many 
misundoi standings in problems of the kind we have to consider I con- 
ceive that the chief aim of the physicist m discussing a theoretical problem 


* Bather iincxpoctodly the equation remains a good approximation even m the 
pxtioino out(>r1ayerH The “flrst approximation,” described m§ 226 and used generally 
throughout Chapter xn, gives (71 2) immediately Comparison with the second 
approximation ” developed in § 230 shows that the inaccuracy is not large 
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IS to obtain “insight” — to see which of the numerous factors are par- 
ticularly concerned in any effect and how they work together to give it 
Por this purpose a legitimate approximation is not just an unavoidable 
evil, it is a discernment that certain factors — eertam complications of 
the problem — do not contnbute appreciably to the result We satisfy 
ourselves that they may be left aside, and the mechanism stands out 
more clearly, freed from these irrelevancies This discernment is only a 
contmuation of a task begun by the physicist before the mathematical 
premises of the problem could be stated, for in any natural problem the 
actual conditions are of extreme complexity and the first step is to select 
those which have an essential influence on the result — ^in short, to get 
hold of the right end of the stick The correct use of this insight, whether 
before or after the mathematical problem has been formulated, is a faculty 
to be cultivated, not a vicious propensity to be hidden from the public 
eye Needless to say the physicist must if challenged be prepared to 
defend the use of his discernment, but unless the defence involves some 
subtle pomt of difficulty it may well be left until the challenge is made. 

I suppose that the same kind of insight is useful to the mathematician 
as a tool, but he is careful to efface the tool marks from his finished 
products his proofs He is content with a rigorous but unilluminatmg 
demonstration that certain results follow from his premises, and he does 
not generally realise that the physicist demands something more than tins 
Hor the physicist has always to bear in mind a thousand and one other 
factors in the natural problem not formulated in the mathematical problem, 
and it IS only by a demonstration which keeps in view the relative import- 
ance of the contributing causes that he can see whether he has been lustifiod 
m neglecting these As regards rigour, the physicist may well take risks 
in a mathematical deduction if these are no greater than the risks incurred 
in the mathematical formulation As regards accuracy, the retention 
of absurdly minute terms in a physical equation is as clumsy in his eyes 

as the use of an extravagant number of decimal places in arithmetical 
computation 

Having said this much on the one side we may turn to appreciate the 
tixury of a rigorous mathematical proof If the results obtained do not 

sunTer^em^ tr 1 ?“" ® narrowing down the possibilities 

sn!ci w! \ Physicists power of picking out the probabihties If 

nLeLTso'^l'Tf +7 r!7 duplicate investigations where 

suffice fdo noi 7 investigation must 

Cases could be cited where physicists have been led astray through in- 
attention to mathematical rigour, but these are rare compared with the 
mathematicians misadventures through lack of physical imight 



RADIATIVE EQUILIBRIUM 


103 


The point to remember is that when we prove a result without under- 
standing it — when it drops unforeseen out of a maze of mathematical 
formulae we have no ground for hopmg that it will apply except when 
the mathematical premises are rigorously fulfilled — that is to say, never, 
unless we happen to be dealmg with something like aether to which 
perfection ’ can reasonably be attributed But when we obtain by 
mathematical analysis an under stctndtng of a result — ^when we discern 
which of the conditions are essentially contributing to it and which are 
relatively unimportant— we have obtamed knowledge adapted to the flmd 
premises of a natural physical problem 

I think the idea that the purpose of study is to arrive at a string of 
proofs of propositions is a little overdone even in pure mathematics Our 
purpose in studying the physical world includes much that is not com- 
prised in so narrow an ideal We might indeed say that, whereas for 
the mathematician insight is one of the tools and proof the finished 
product, for the physicist proof is one of the tools and insight the finished 
product The tool must not usurp the place of the product, even though 
we fully recognise that disastrous results may occur when the tool is 
badly handled 


73 We now give an alternative derivation of the fundamental equation 
(71 1) which enables some points of detail to be discussed 

In isotropic radiation of density E the density of that part travelhng 
in directions included within a solid angle dco is 


Kmco the flow of energy m a star is not perfectly isotropic but depends 
on the angle 6 between dw and the direction of the radius we shall denote 
the energy-density of radiation within the solid angle dco by 


E (6) 


do} 

47r 


Consider a small cyliiidor of length ds and cross-section dS with its 
length in the direction 6 'Phe infinitesimal dco is considered to be small 
compared with dSjds^, so that the divergence of the beam in the cylinder is 
negligible and the radiation within do) travels along the cylinder 
The amount entering the cylinder per second through the base is 

E{e)^cd8 . . (73 1) 


The amount leaving at the top is 

(e {$) -h^E {6) ds ) cdS . . . (73 2) 
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The amount absorbed m the cylmder is 

M (6)— cdS kpds (73 3) 

4:7r 

Finally 5 a certain amount will be emitted by the material m the cylinder 
This will be emitted indiscriminately in all directions so that the amount 
withm do) IS the fraction doyjiiTr of the whole So far as ordinary thermal 
emission is concerned the amount will depend on the temperature, but 
we must here include also any sub-atomic energy liberated in the form of 
aether waves If j is the total radiation emitted per gram per second, the 
amount from the mass pdsdS in the cyhnder emitted within dw is 

(73 4) 


Balancing the gams (73 1) and (73 4) and the losses (73 2) and (73 3) 
by the cyhnder m a steady state, we have 

When E (0) is a function of r and 0 only, as in a star, we have 

sm 0 d 


(73 5 ) 


d d 

-j- = cos 0 T- 
ds dr 


r d0 


The second term on the right takes account of the fact that proceeding 
along ds the axis of the cyhnder meets successive radii at a diminishing 
angle Hence 


oose^-Uid) - (0) =•¥ - kpE (6) 


sm 0 d 


dd' 


(73 6 ) 


74 First consider the case when r is large and the curvature of the 
stratification m the star can be neglected Then (73 6) reduces to 

cos 8 (d)=^-E -kpE (6) (74 1) 

Let E be the total energy-density of the radiation, H the net outward 
flow per second across umt surface perpendicular to r, and the actual 

pressure of the radiation in the radial direction (allowing for the imnerfect 
isotropy) Then 


~ 4^ f"® 0du) . 

^ f -E (0) cos2 0dco 


(74 2) 


The proof of the last two equations follows at once from 
in §§ 31 and 22 respectively 


the discussions 
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IVCul'fciply (74 1) first by (^to/47r andintegrate, andsecondly by (jlcu cos 0/47r 
and integrate We obtain 

-c-¥c-^P^ 


^Pr _ __ kpH 
dr c 


(74 4 ) 


The second ecjuation agrees with (71 1) except that the actual operative 
stress-component appears instead of the hydrostatic approximation 
Reference to (74 2) shows that the error caused by using pj^ does not 
depend on the fore-and-aft asymmetry arismg from the presence of a net 
flow JST, Tont on the much smaller radial-trans verse asymmetry which 
makes the weighted moan value of cos^ 6 differ shghtly from | 
EqL*aation (74 3) can be written 


cE 


kp dr 


In strict 
becomes 


thermodynamical eq[uihbrium with no outward flow E this 

cE =jlk, 


or j = kacT^ . ... ... (74 5), 

giving the well-known law that the emission coefficient is proportional to 
the absorption coefficient for different kinds of matter at the same tempera- 
ture. 


75- Let E (0) bo expanded in zonal harmonics, viz 

E (d) - A + BP^ (cos d) Hr OP 2 (cos 6) + DP^ (cos 6) + ... (75 1) 
By integration over a sphere, 

11 = ^^E{e)(ko = A 

Multiplying tbe series by cos 6 and integrating, 

jy/c = f E {6) Pi (cos d)dw = ^\ {Pi (cos e)Yd<ti = 

Mu Itiplying by P^ (cos 0) - - J cos® 0 - | , and integrating, 

I iPn - Pi?) = ^ f {j-® (^) ^ ~ 

= ^j{P2(cos 0)}®da) 


-10 

Hence the first three coefficients m tbe expansion have tbe interpretation 
A == E, B =SHIc, C = (pb - Pr) 0^ 2) 
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Using the exact formula (73 6) in which curvature is taken into account 
we have 

^ + )^^-^-kp{A+BP, + OF,+ ) 


( cos d T 
V dr 


By the properties of zonal harmonics 

cos e P„ = (»p„_, + (l^ + 1) P„ + 1), 


sm 9 ^ + f ) IP p 

^ ~ 9 :« 4 . 1 Pn+l 


dd 2n+l 

Hence equatmg coefBcients of the corresponding harmonics on both 
sides, we obtain the foUowmg series of equations 


2P 
Z dr 3 r 
dA /2^ , QC 


kpA (76 31), 


dr \ 5 dr 


4“ p— ) = 
or' 


, fSdD , 12D\ 

+ I7W+-7 7 j = 


■kpB 

kpO 


(75 32), 


+ 


= -kpD 


(75 33), 
(75 34) 


/2^_2P\ 

V3 cZr 3 7/ 

/3^_ 6a\ 

\5 dr 5 r) 

We have already seen that the opacity of stellar material is such that 
a typical point in the mtenor of a star is cut off almost completely from 
any direct radiation from matter differing in temperature by more than 
0 001 (§ 71) AUowing a full difference of 0° 001 we can have the point 
illuminated from one direction by the radiation from matter at say 
4,000,000 001 degrees and from another direction from matter at 
4,000,000 000 degrees It is this unequal illumination which is responsible 
for the asymmetry of E (9) With the above numbers the proportional 
^fference of intensity of the radiation in the two directions is 1 part in 
coefficients P, C, D, in (75 1) can exceed 10 -» A 
Choose a umt of length comparable with the radius of the star and 
consider a point not unduly near the centre so that dBjdr and Blr are of 
the same order of magmtude as B, and so on for the other coefficients 
Since m (75 32) dGjdr and Ojr are of order not greater than 10-M it 
follows that kpB IS of the same order as dAjdr or A Hence kp must’ be 

f,. ^ n verified directly from the values we have given 

for the steUar opacity) Then from (75 33) we see that kpC is of order 
10 A, so that C IS of order lO-s A It can now easily be shown that 
JJ, (JL), are of orders 10“^^ A, A, etc * 

“"der not greater than 

hence D and all subsequent coefficients are not greater than 10^? ^ „r.i 
(The symbol (^) is used to avoid confusion with thTe^ Zsfty /) 
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For the region within a few thousand kilometres of the centre the 
argument needs modification because then Bjr is of much greater mag- 
nitude than B But in this region where the asymmetry is just beginning 
to manifest itself and the temperature gradient is falling to zero B is much 
less than 10"® A The equations in fact show the manner in which the 
coefficients B, G, D, etc tend to zero with r 

By neglecting C in comparison with A, and B in comparison with 
hpA, we shall introduce errors of order 1 part in 10^® in normal applications 
m the interior of a star Hence the following results from (75 31) and 
(75 32) are generally true to about 18 significant figures 

hA^jpIc I 

dAjdr = - kpB) 

and by (75 2) Pr = Pb 

Or since A — E, B = 3H jc, we obtain 





_c__dEi 
Bkp dr J 


These agree with previous results, but we have now 
of accuracy of the approximation 


(75 5) 


indicated the degree 


76 We may ask further how near to the surface of the star the 
equations (76 6) can be used without risk of failure of the approximation 
Our error is of order (B/A)^ At small distances below the surface H re- 
presents the flow of radiation which will shortly emerge from the surface 
of the star so that H = iacT/ by (31 1), where T, is the effective tempera- 
ture of the star Hence by (76 2) H A = aT* Thus roughly 

(BIA)^= {T,jT)^ 

Thus the approximation is good down to a temperature about three times 
the effective temperature of the star 

The possible* failure of the equation of radiative equilibrium at tem- 
peratures below say 30,000° does not concern us in the investigations we 
shall make As explained in § 67 we stop working long before this point is 
reached, and are able to dispense with knowledge of the conditions much 
below 1,000,000° 

The ratio (T^/T)® may generally be taken as a measure of the accuracy 
of the equations m other parts of the star It is true that H may decrease-t- 
before arriving at the surface where its value is directly related to but 


* Actually no serious break down occurs (S 231) 

f The spreading of the spherical wave may more than compensate for its rein^ 
forcement by supplies of liberated energy in the region traversed 
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the factor is miimportant It will be seen, from this that the claim to a 
general accuracy of 1 part m 10^® is by no means an overstatement 
In the exact equation (75 31) the left side is equal to 

Now IS the net outward flow of radiation across the sphere of 

radius r It would be constant for successive spheres if no contribution 
to the flow were made by liberation of sub-atomic energy or other sources 
Actually there must be some such liberation m order to maintain a steady 
state so that d (Hr^)ldr is positive Hence (75 31) shows that kpA < jpje, 
or 


cE < jjk, 

the difference bemg due to the inclusion in j of emission other than 
ordmary thermal emission 

A number of subtleties arise when we attempt to retam terms of order 
10-18 over which we might hnger for a long while if they were of any 
conceivable importance For instance, a question arises as to the exact 
defimtion of the temperature The effective temperature of the radiation 
IS defined hj E = aT*^ (§ 29) How closely will this agree with the tempera- 
ture of the matter defined by the mean speed of the molecules ^ If sub- 
atomic energy is being hberated in the form of aether waves there must 
be a net passage of energy from aether to matter so that the radiation 
t^perature is shghtly the higher If gravitational energy is being 
hberated by contraction this appears first as energy of molecular motion 
and the material temperature is the higher Since the equilibrium relation 

^ 1 ^ ^ ©rror by at most 1 part m 10^® the two temperatures 

cannot differ by more than 10~ii of a degree 

Smee energy of gravitational contraction is not liberated in the form 
of radiation it is not to be included in j On the other hand, if the star is 
contractmg the balance (73 5) is not exact, and if terms of order lO-i* are 
re amed, allowance must be made for the radiation accumulating in the 
cy der in consequence of the slowly changmg temperature of the star. 
Further elaboration of these pomts may be left to the reader If a sense 
of confusion arises from the ramifications of the inquiry, we may always 
return to the alternative mvestigation in § 71 which goes straight to the 
pomt and shows the problem m clearer perspective 


AbsorpUon and Opacity 

„„ r ^ aBsumed that the absorption 

^efaent Ji is mdependent o£ the dneotion 9 of the beam of radiaCiT 
ThiB wodd only be stnc% true if the compositioii of the radiation travel- 
hng m difierent direction, was the same Actually the mwarXflotmg 
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racLia-tion is of slightly lower average frequency than the outward-flowing, 
bec3SLxxse it is made up of emissions from matter at slightly lower tempera- 
ture. Since h varies accordmg to the character of the radiation that is 
being absorbed the coefficient to be used for each stream should be that 
^PP3fop3:iate to its composition 

I-b has been pomted out by S Rosseland* that this has important 
conseq.'U.^^aces Consider the equations (75 5) 




H = 


c dE 
3kp dr 


(77 1) 


OlVjJ U/7 J 

If 11113 quantities J, H, E refer to the amount of radiation between narrow 
hmihs of frequency v to v + dv these equations will be correct smce h is 
then a constant They are therefore correct in the differential form 

d^ = ck,I {v) dv '' 


dE = 


c dljv) 
3k„p dr 


dv[ 


(77 15), 


wtiere as usual we write dE = I (v) dv for the energy-density between 
V a,ndL v dv Hence mtegratmg 


j = c I hi {v)dv 
’ 0 

3p Iq 

PixUbing (77 2) in the form of (77 1) we write 

j = chE 

c dE 


f“ 1 dl (v) , 

_ — j^dv 

0 tCp dv 


where 


=/ 


^ 3k2p dr 
kj {v) dv-\ I (v) dv 


ria/(v), [dl{v). 


th.e laitter being obtained since 

dl{v) ^ dl (v) 
dr dT dr 


(77 2) 


(77 31), 
(77 32), 

(77 4), 


The result m brief is that the two equations (77 1) require that h shall 
be a^'v-eraged in a different manner and if we use them simultaneously our 
results will be m error by an averaging factor. To distmgmsh the two 
m.egtrx values we call 


the mean coefficient of absorption, 
^2 the coefficient of opacity. 


* Monthly NoUces, 84, p 625, 
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Since (77 32) is the fundamental equation used in astronomical theory, 
the astronomical researches lead directly to a determination of the 
coefficient of opacity Attempts to calculate the absorption by a considera- 
tion of the physical processes occurring in the matter at given temperature 
and density usually depend on (77 31) and lead naturally to Ific mean 
coefficient of absorption Thus the physical and the astronomical results 
are not strictly comparable until the averaging factor has been allowed for. 
We shall, of course, take account of Rosseland’s correction when practic- 
able But in some cases the theories discussed arc not sufficiently detailed 
to give dj for separate frequencies and only the total emission can bo found , 
exact correction is then impossible Averaging factors very commonly 
occur in statistical investigations and they are not usually so largo as to 
disturb the rough kind of agreement which is the most we can hope for 
in these problems Rosseland’s factor is, however, liable to be of surprising 
importance and we must discuss it m some detail 


78 Smee has the character of a harmonic mean and of an arith- 
metic mean k^ is likely to be smaller than k^^ This prediction is not certain 
in all cases because the weightmg is not the same for and k^ 

The fact that k^ is a Ifiarmonic mean is highly important because it 
restricts the range within which we must seek for sources of absorption 
which contribute importantly to stellar opacity Suppose, for example, 
that we have studied exhaustively a range of frequency to which 
contams f of the whole weight of k^, that is to say, such that 


*'a9/ (v) 

~w 


~ dv 


\ f 

'J ( 


dl (v) 


dv 


Let the weighted mean value of Ijh^ for this range he Ijk' We can now 

set an upper limit to k^, because — to take the worst possible case even 

if k„ IS infinite outside this range (77 4) gives 


SO that 


1,1 1 

k^ ^ k' 3 CO ’ 

^2 ~ 


Whatever happens beyond the hmits and r,, the opacity cannot be 
mcreased more than 50 per cent 

An upper limit to \ is especially valuable because the danger is that 
we may be unaware of some important mechanism of absorption and 
emission Indeed at the present moment physical theory apparently does 
not mdicate sufficient absorption to agree with astronomical observation 
and we should be glad to find an additional mode of absorption The 
result ]ust proved shows that we can narrow down our search to processes 
capable of absorbmg and emittmg frequencies between v, and v, and 
reheves us from an exhaustive discussion of very low and very’ high 



RADIATIVE equilibrium 

frequenicies, which might be difficult aud uncertain Of course we cannot 
Ignore the regions beyond and entirely, smce anything like a trans 
parent gap, wherever it occurred, might make k, very much less than k' 
But It IS easy to convmce ourselves that all such windows are blocked up 

by the study of a single process of absorption without exhaustive treat- 

incut 


rho contrast between an arithmetic mean k^ and a harmonic mean h 
18 that, loughly speaking, in an arithmetic mean we have to fear uifimte 
values and in a harmonic mean infimtesimal values The latter fear is 
much more easily allayed than the former 


As an application of this, it has been pointed out by Rosseland that 
fine line absorption has no important effect on the opacity For taking 
together the spectral lines (of all the elements) m the range to chiefly 
K and L lines of the X ray spectrum which are not unduly numerous- 
they will if of the usual narrowness cover up only a small part of the 
range Eowever opaque they may be they can only increase the mean 
opacity proportionately to the area, or more strictly the weight, which 
they block out This leads us to expect that contmuous absorption due 
to ionisation, and not hne absorption due to excitation, wdl be the Tnai-n 
cause of stellar opacity But it is doubtful if we ought to disTnifig hue 
absorption quite so summarily It is well known that m certam conditions 
spectral hues may become very broad, and although the theory of the 
broadening is not at present well understood we may suspect that m the 
stellar intenor the L lines of the elements are broad In that case the 
lines of the various elements may together cover the whole frequency 
range 


79 By Planck’s Law 

I{v) 


Cv^ 


SO that 


dl (y) Ch 
dT JRT^ — 1)^ 


Writing IhvjRT = x, the weight of any range dx to be used in forming the 
moan value is proportional to 


xH^dx 
- 1)2 ' 


(79 1). 


From this Table 8 has been calculated giving in the second column the 
relative weight for each value of x and in the third column the weight of 
the range from 0 to ri; 

We see from the third column that 69 per cent of the weight is con- 
tributed by frequencies between 


2 bBTjh and IRTjh. 
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At 10 million degrees the frequency RTjh corresponds to wave-length 

14 3 A, so that 69 per cent of the weight is between 6 and 2 A For 
elements of moderate atomic weight this corresponds to L radiation It 

15 this region that we must search particularly for sources of stellar 
opacity 

When dealing with sources of continuous absorption which operate 
chiefly m the above stretch of spectrum, we shall often drop the distinction 
between absorption and opacity for approximate treatment The correc- 
tion necessary to reduce \ to will be referred to as Eosseland’s correction 


Table 8 

Weights for Calculating Opacity 


x=TivjRT 

Weight at X 

Weight 0 to a; 

0 

000 

0000 

i 

244 

0016 

1 

921 

0121 

li 

1 872 

038 

2 

2 897 

084 

2i 

3 806 

160 

3 

4 467 

230 

4 

4 864 

413 

5 

4 270 

691 

6 

3 229 

736 

7 

2 194 

840 

8 

1 376 

908 

9 

810 

949 

10 

464 

973 

00 

000 

1 000 


80 Consider two frequencies v' and v'\ the first m a strong absorption 
Ime or band and the second m a region of little absorption If we were 
considermg the outer atmosphere of a star the absorption would cause the 
radiation to be lackmg in the constituent v' [But it is not so in the interior 
of the star, where thermodynamic equihbnum is nearly perfect Strong 
absorption is compensated by strong emission, and and v" are present 
m the ordinary proportions indicated by Planck’s Law The difference is 
that whereas the v' radiation is on the whole flowing outwards the 
radiation is practically brought to a standstill 

If, for example, v" is on the average absorbed and re-emitted once in 
100 cm path and v' once in 1 cm path, the difference of intensity of the 
outward and inward streams of v" corresponds to the difference of tempera- 
ture of the points from which these streams were emitted, viz the tempera- 
ture drop m 200 cm The difference of intensity of the outward and inward 
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v' radiation corresponds to the temperature drr,r. ir, o „ rn, 
flow tor r' «, thus only one-hunchedth Srt o£ “ 

If v' represents 1 per cent of the rarfm+inr, // 
cent , the absorption-line at r' wiU double the tota'l amomro3o^\fon 
and emission going on, although constitutmg but a smaU narf 3^ 
radiation it does as much busmess as all the rest nut tnapU, tt, ^ 
th.t id . doubled But as roga^ opacty theXXt , 0^1 
the radiation suliers an atoost complete cheek, and the rest So™ throngh 
as before Hence is only increased 1 per cent 


E 


8 



CHAPTER VI 


SOLUTION OF THE EQUATIONS 


81 The fundamental equations of the theory of the interior of a star 
are the hydrostatic equation (54 3) and the equation of radiative equi- 
librium (71 1), VIZ 



(81 1), 


dpR ^ _ h pH 
dr c 


(81 2) 


The whole pressure P is made up of gas pressure and radiation pressure 
so that 

P ^ Pr (81 3) 

From (81 1) and (81 2) 

dpR ^'^dP (81 4). 

In a steady state the amount of radiation flowing per second 

outwards across a sphere of radius r must be equal to the amount of energy 
liberated within the sphere, probably from subatomic sources Denoting 
by the hberation of energy per second within the sphere, we have 

H = g = 

so that J-mk 


The quantity is the average rate of liberation of energy per 

gram for the region interior to r Presumably this liberation is greater 
at the hot dense centre than m the outer parts, and L^jM^ will decrease 
as r increases and the successively cooler layers are brought into the average. 
But we do not anticipate that the decrease will be rapid The rate of 
generation of energy may decrease rapidly with temperature, but the 
change of L^jM^ will be much less marked since it is toned down by the 
averagmg 


Let M be the mass of the star, and L the total emission of energy per 
second from its surface (The observed bolometric magnitude is deter- 
mmed by L ) Then LjM is the boundary value of L^jM^ We set 

M~M ...(816), 


so that 7j increases from 1 at the boundary to some unknown but not 
very large value at the centre The form of the function r) depends on tho 
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unknown law of liberation of subatomic energy, but it 
to be approximately the same for all stars 
Substituting in (81 4 ) we have 


may be expected 


dpR- 


4:^CGM 


rjkdP 


(81 7). 


82 We are about to introduce an approximation with regard to the 
behaviour of rjk hut before doing so we note that the exact ecjuation 
(81 7) enables us to set an upper limit to the opacity k in any star (perfect 
gas or not) for which L and M are known by observation 

The temperature must in any case mcrease mwards and it seems 
extremely unlikely that the density can dimmish mwards If both 
temperature and density mcrease the matenal pressure must increase 
Hence for an inward step is positive, so that by (81 3 ) 

dpR < dP 

Then by (81 7) 


and, smce 17 > 1 , 

For Capella (§ 13), if ^ 


k < iTTcQMIL 
< 25100if/T 
^ 8 3 1083, i; = 4 g 1035 


Hence 


h < 435 0 G s units 

Similarly for Sinus we find k< 630, and for the sun h< 13,200 Note 
that k cannot rise above these values in any part of the star unless there 
is a reversal of the density gradient 

The physical explanation of these upper limits is that the radiation 
observed to be emitted must work its way through the star, and if there 
were too much obstruction it would blow up the star 

The upper limits found for Capella and Sirius are sufficiently low to 
narrow the field of speculation Absorption coefficients higher than these 
have been measured m laboratory experiments The upper limits m fact 
are only 4 or 6 times greater than the definitive values of k found later 


83 We shall now work out the case in which r^k is constant throughout 
the star This requires that the absorption coefficient should be nearly 
constant, decreasing a little towards the centre to counterbalance the 
increase of rj Keasons will be given in due course for behevmg that the 
absorption coefficient does behave in this way, and that rjk = const is 
a very close approximation One simplification resulting from the as- 
sumption that rik IS constant is that radiation pressure and gas pressure 
are in the same ratio throughout the star 

Accordingly let yjk = const = \ (83 1 ), 

so that k^ IS in a sense the boundary value of k But it must be understood 
thst the value of ^ m the photosphere may be widely different from \ 
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As explained m § 67 we have not much concern with the outer regions 
of the star, and there is no need to extend the assumption (83 1) into the 
low-temperature part of the star 

Integrating (81 7) Pr = P 2) 


Strictly speakmg, there is a small constant of integration of the order 
1 dyne per sq[ cm , smce radiation pressure does not vanish at the surface 
We neglect this m comparison with the pressure of the order dynes 
per sq cm m the mam part of the mterior 
Introduce a constant jS, defined by 


Then by (83 2) 


= (1 - P 
I>o = PP 

. _ 47rcGM (1 - /3) 


(83 3 ) 
(83 4 ) 


The important equation (83 4) does not require any serious considera- 
tion of the low-temperature part of the star We have written L/M for 
the boundary value of L^/M ^ , but it is not necessary that our “ boundary ” 
should coincide with the surface of the star The only ob]CCt in taking it 
at or near the surface is in order to have in our equation quantities deter- 
mmed directly by observation, but this is sufficiently provided for if our 
‘‘boundary’’ is taken where the temperature is say of the central 
temperature By the method of § 67 it is shown that the mass up to this 
pomt is practically the whole mass of the star Also the radiation flowing 
through this boundary is practically the radiation which flows out of the 
star smce the small mass beyond can form no appreciable sink or sourcjc 
of energy Thus it is sufficient to develop the theory so far as to obtain 
the expression for L/M for the high-temperature part of the star, it is 
then justifiable to substitute for this in practice the observed surface 
value of L/M 

So far the formulae are vahd whether the material is a perfect gas or 


Perfect Gases 

84 Now consider a star for which the material is a perfect gas so that 
it obeys the gas law 


Smce also 
we have by (83 3) 


Pa==-pT. 

PR = laT*, 

^pT aT^ 

3 (1 - |3) 


(84 1). 
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Elimmatmg T we obtain 
where 


P = Kpi 
391 * (1 - 


j8) 


(84 2), 
(84 3) 


The distribution is thus one of the polytropio forms discussed m 
Chapter iv, viz that given by y == |, w = 3 (Table 6) Settmg n = 3 m 
the second equation of (57 3) 

OMV _(4/c)» 

~4mO 

^ 391* (1 ,3) 

4'!T(r ap,*! I 

1 - i8 = 

4:7tG% 


\M') 


Hence 

where 


G 


7 83 10-70 


(84 4), 
(84 5) 


Here the mass of the star is expressed m grams and the molecular weight 
m terms of the hydrogen atom It is more convenient to express the mass 
of the star in terms of the sun’s mass (O) Since O = 1 985 lO"® gm , 
(84 4) becomes 

1 - ;8 = 00309 {MjOY ai*j8* (84 6) 

The value of ^ is found by solving this quartio equation, it can then 
be substituted in (83 4) We notice that /8 depends only on the mass and 
mean molecular weight of the star and is independent of its radius and 
opacity 

Estimates of p depend on a discussion of the lomsation in the interior 
(Chapter x) For most stars the value is probably about 2 2, it may be 
slightly modified according to the temperature and density of the particular 
star considered 


Table 9, containing the values of 1 — j8 for various masses and assumed 
molecular weights, is given for the purpose of forming a general idea of 
the conditions A more extensive table intended for use in practieal 
calculations will be found m § 100 


Table 9 


Values of 1 — ^ 


Mass 
(Sim J ) 

fjL~=2 2 

f4 = 3 5 


* i 
i 

004 

026 

738 

017 

082 

810 

1 

057 

195 

864 

2 

151 

344 

903 

4 

292 

492 

931 

8 

444 

620 

951 

60 

747 

836 

980 
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85 The quantity I — p represents the ratio of radiation pressure to 
the whole pressure We have seen m § 15 that this has probably an 
intimate connection with the aggregation of the material of the universe 
into stars of a standard mass We there suggested that stars would be 
likely to form with radiation pressure between 15 per cent and 50 per cent 
of the whole — the idea being that greater radiation pressure would be 
highly dangerous to the stability of the star, whilst the aggregations would 
naturally reach a mass at which the risk began 

With this criterion, /x = 2 2 gives a standard mass from 2 to 10 times 
the sun’s mass, and ^ = 3 5 a mass | to 4 times the sun’s mass The latter 
IS nearer to the general average of the stars, perhaps a rather higher 
molecular weight would fit still better We have suggested two possible 
explanations of this (1) that the critical period occurs early in the aggrega- 
tion of the matter into stars when temperature and ionisation are low, so 
that fM IS higher than m fully developed stars, (2) that stellar masses 
decrease somewhat m the course of evolution Judgmg from their luminosity, 
stars m the earliest stage {K and M giants) seldom have masses below 2 
In any case, we are scarcely in a position to attach importance to a factor 
of 2 or 3, and may well feel satisfied with the general coincidence in order 
of magnitude between stellar masses and the critical range for radiation 
pressure 

If there were any doubt as to the existence of strong ionisation inside 
a star, the third column of Table 9 could be appealed to For un dis- 
sociated atoms we should expect a molecular weight 30 or higher and the 
table shows that very intense radiation pressure would result It would 
be difficult to accept the conclusion that in Capella 93 per cent of the 
weight of the material is supported by pressure of the outrushmg radiation , 
and It IS satisfactory that the ionisation predicted by thermodynamical 
theory renders the state of the star much less precarious 


Luminosity and Opacity 


86 Neglectmg possible small changes of ix dependent on the tompera- 
ure and density, 1 — ^ is a function of the mass only Hence by (83 4)— 

For gaseous stars of the same mass the total radiation L is mver.selv 
proportional to the opacity ^ 

This fundamental result can be established on a wider basis without 
using the approximation rjh = const 


two liomologous stars m which corresponding regions contain 
the same mass but differ m linear scale We shall assume (1) that the 
relative Jstrihution of the source of energy is the same for both so that 
J^jL IS the same at correspondmg pomts, and (2) that h vanes with p and 
T accordmg to some law of the form p^Tv, so that the distnbution of h is 
homologous If the distnbution of p and T is homologous m the two stars 
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Alteration of the linear dimensions in the ratio I will alter p m the ratio 
and g in the ratio To preserve homology and at corresponding 
points must keep the same ratio to one another This means that pT must 
change in the same ratio as Hence T changes in the ratio l-^ and 
and in the ratio Inserting these changes in the equations of 
equilibrium (81 1) and (81 7), the first continues to be satisfied and the 
second is satisfied if 

IS unaltered at every point The assumptions stated above secure that 
'>7 IS unaltered and that k is altered in the same ratio at every pomt Hence 
the sufficient condition is that kL is unaltered, or that L is inversely 
proportional to k 

In puttmg forward the giant and dwarf theory of evolution Russell 
and Hertzsprung laid stress on the fact that observational statistics show 
a series of bright (giant) stars which have about the same lummosity from 
type M to type A, as well as a series of rapidly diminishing bnghtness 
from A to M (dwarfs) The giants all have low density so that our results 
for a perfect gas are unquestionably applicable to them Assummg that 
there is no important change of average mass along the giant senes*, 
the approximate constancy of L shows that k^ must also be approximately 
constant along the series 

This evidence is admittedly rough In Russell’s type-lummosity dia- 
gram the giant series lies along a fairly horizontal Ime mdicatmg constant 
absolute visual magnitude This must be corrected to reduce to bolometnc 
magnitude and also for effects of selection of the data Then the weak 
point arises that we have very little direct evidence as to how constant is 
the average mass along the line Perhaps also allowance should be made 
for a slightly smaller molecular weight at the hotter end of the senes 
But rough as it is this indication is remarkably suggestive, because 
between type M and type A there is a groat change in the mtemal con- 
dition of the star and, as we shall presently see, the internal temperature 
rises tenfold. It would be something to the good to be able to say defimtely 
that the change of k^ is not more than m the ratio 20 1 In physical 

experiments X ray absorption is a rapidly varying function of the wave- 
length of the radiation and therefore of the temperature, a range of 
1000 1 IS by no means excluded 

87 To proceed further we must be able to compare the internal 
temperatures of stars of different spectral types The fundamental formulae 
so far obtained m this chapter are 

1 - ^ = 00309 {MjO)^ 

L = 4.7rcGM (1 ^ 

* We have pixrposely stopped short at typo A since beyond this (m types B and 
O) the average mass is known to be considerably greater 
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To these may be added 

7 — 

which IS contained in (84 1) This shows that T^/py which is constant 
throughout any one star, is also constant for all stars of the same mass 
(As usual we neglect possible small differences of p, ) 

Hence in stars of the same mass the temperature at homologous potnis 
%n the interior varies as the cube root of the mean density 

The effective temperature follows a different law The levels where the 
temperature is equal to (somewhere in the photosphere) are not at 
homologous points, in fact as the density and temperature of the star 
increase, the photosphere comes relatively nearer to the surface By (311) 
the black-body radiation of matter at temperature T is 

\acT^ per sq cm per sec 

hence from a sphere of radius R the radiation per second is 
L = 477i?2 \acT^ = iracR^T^ 

Accordingly the effective temperature of a star is defined by 

L==7TacR^T,^ .(87 2), 

smce this gives the temperature of the black body giving the same amount 
of radiation as the star 

The mean density of the star is 


^ ^ ~ir 

by (87-2) The central density being a constant multiple of p^ we have 

pcCcML~^ Tfi, 

so that by (87 1) we have for stars of fixed mass 

T,<^L-^T/ .(87 4). 

We may take the effective temperature for type M to be 3000°, and 
for type A 10,500 Hence if i is constant (as the observations appear 
to indicate) the range of central temperature is 12 1 The range of moan 

density should be the cube of this— about 2000 1— and this is m accord- 

ance with our general knowledge of the densities of these types 

For the reasons already stated it is difBcult to judge how closely the 
rule that L is constant for stars of the same mass is supported by observa- 
tion As bias may enter into our estimates it may be best to quote an 
opmion formed by the writer before he had arrived at any theory as to 
what the variations of ought to be* He then concluded from the 
observations that ko might vary as rapidly as or T~^ but was not 
likely to pass beyond these limits This corresponds to a range of 3 6 1 

* Zeits fur Phystky 7, p 368 
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in io for the senes of stars from ilf +,n ^ „ j xi 

of L This IS equivalent to a rangfof 14 ^ therefore to an equal range 
was formed as to which direction of variatiou^^ nc magmtudes No idea 
Having found that k, is tolerabl7com 

r.t f T°1 *° “““lode that at steUat tempeia- 

!r iLt Th “ ““‘“‘/“I"* mdepandent of physical oondiLns 
altogether The opacity would then Lp. +ii/:s j; ^ ii j. , 

rr^u 1 , ^ stars whatever 

their misses this con^chision. which was accepted m the wnlefs earher 

papers, turns out to be faUacious We are now conymeed that h does 
mdoed y»^ rapidly with the temperature, but it also yanes with the 
density I he major part of the variation is proportional to pIT- which is 
a ooiistant for stare of the same mass (and also withm any one star) 

JChus the mam varialiou conceals itselfmouifiiststudy of theobseryational 

date, and it springs a suipnse on ns when we begm to compare stars of 

dilteront masses 


88 The appronrnate constancy of k^ from star to star in the giant 
scrioH which we havQ found must be distinguished from the approximate 
constancy of k (and more strictly of 7]k) withm a smgle star which we have 
(fMxmed A little eonsideral ion will show that there has been no vicious 
<uroIe If ijh IS variable within a star we may stiU expect that some kmd 
of average value of il> will be determined by (83 4), then comparison with 
obscrvalicm gives us the unexpected result that nearly the same average 
value holds in other stars m spite of great differences of physical condition 
but having now found that the absorption changes very httle from 
star to Ht,ar notwithstraiKluig great differences of temperature, it seems so 
much the more likely liiat wo were right m assummg that its variations 
within a single star camlcl be neglected A tenfold range of temperature 
covers all the interior of a star with which it is necessary for us to deal, 
and wo have verified the approximate constancy over a tenfold range of 
temperature from star to star We have verified it for stars presumed to 
bo of tJi(‘ same mass and therefore subject to the hmitation p/T^ = con- 
stant ; but that is just the condition satisfied by different parts of the same 
star Th us we have already evidence that our first wild shot is likely to 
be a tolerable approximation We now turn to some results which suggest 
that it may bo an especially good approximation 


The Afprox%mat'bon yjk = constant 

89 Anticipating the results of the theoretical mvestigation of absorp- 
tion in Chapter ix we accept as the law of absorption 

k oc pIi^T'^ 


(89 1), 
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which when appHed to the different parts of a single star (or to stars of 
the same mass) reduces by (87*1) to 

kazT~^ ( 89 - 2 ). 

This coincides with one of the Hmits suggested in § 87 as being consistent 
with the observed magnitudes of the giant series. At present the physical 
theory of absorption is not definitive, and we must not lay undue stress 
on the odd half power of the temperature. But (89-1) is the law which 
appears most likely according to our limited knowledge and it is appropriate 
to develop its consequences fully for comparison with astronomical 
observation. 

The function rj depends on the relative distribution in different parts 
of the star of the source of stellar energy — a distribution at present 
unknown. What makes progress possible is that r) is comparatively in- 
sensitive to very great changes in the assumed distribution of the source. 
The general effect of such changes can be seen in the following way. The 
temperature gradient in a star achieves two purposes : it gives a pressure 
gradient great enough to distend the mass M of the star against gravity 
and it drives the radiation L through the obstructing opacity to the surface. 
Now L comes from varying depths according to the distribution of the 
source. If we concentrate the source of L to the centre a greater pro- 
portion of L comes from the deeper parts and more temperature gradient 
is required near the centre to drive it through. Or, if the temperature drop 
at our disposal is limited by the known mass and distension of the star 
(i.e. to the amount required to achieve the first purpose) we must be 
content with less L. Hence in general LjM will be decreased by concentrat- 
ing the source to the centre. What concerns us is the average optical 
depth of the source of energy below the surface. To evaluate this precisely 
we must know the law of distribution of the source. But it is clear that, 
whether the source is spread uniformly over the mass or whether it is 
strongly concentrated to the centre, the difference in average depth will 
be a factor of the order 2 or 3 of no great consequence for a first 
approximation. 

90 . Let € be the rate of liberation of energy per gram . We can represent 
various degrees of concentration of the source to the centre by taking € to 
vary as within a single star. 

First consider the law € oc T, Then the average value of e within a 
sphere of radius r will be proportional to the average temperature within 
the sphere. Comparing r = 0 and r = i?, we have 

1 

since the ratio of the tj’s for two spheres is the ratio of the average values 
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of € m the two spheres (Central values are denoted by the suffix c ) By 
(62 1) TJT, - 0 584 Hence 

If we proceed from the centre to a distance including 95 per cent of 
the mass the temperature drops in the ratio 1 0 21 (Table 6) Hence by 

(89 2) k increases in the ratio 1 2 2 Meanwhile 77 undergoes practically 

its full decrease in the ratio 17 1 Evidently 7 )k keeps remarkably steady 

in the mam part of the mass of the star A more detailed calculation for 
intermediate points is given in Table 10 

The law € oc T represents a moderate concentration of the source of 
energy to the centre* If the source is subatomic we can well imagine that 
a much stronger concentration occurs It is desirable therefore to consider 
€cc and Eesults obtained by rough calculation of 77 are given for 

four different laws in Table 10 The star is divided into 10 shells of equal 
mass, and the values of T, rj and are given for the limit of each shell, 
the central temperature being taken as unity [ 

Table 10 

Test of constancy of 


MrIM 

T 

€ =1 const 

€ a 

T 

€ ac 

€ CC 



V 

riT-i 

V 

tiT-i 

7 

r}T~^ 

00 

1 00 

1 00 

1 70 

1 70 

2 57 

2 57 

471 

4 71 

0 1 

0 88 

1 07 

1 57 

1 68 

2 18 

2 32 

3 38 

3 60 

0 2 

0 80 

1 12 

1 49 

1 67 

1 97 

2 20 

2 81 

3 14 

0 3 

0 73 

1 17 

1 41 

1 65 

1 81 

2 12 

2 40 

2 81 

0 4 

0 66 

1 23 

1 36 

1 67 

1 67 

2 06 

2 07 

2 55 

0 5 

0 60 

1 29 

1 31 

1 69 

3 54 

1 99 

1 80 

2 33 

0 6 

0 53 

1 37 

1 25 

1 72 

1 41 

1 94 

1 58 

2 17 

0 7 

0 46 

1 47 

1 19 

1 76 

1 31 

1 93 

1 40 

2 06 

08 

0 38 

1 62 

1 13 

1 84 

1 20 

1 96 

1 24 

2 02 

0 9 

0 28 

1 89 

1 07 

2 02 

1 10 

2 08 

1 11 

2 10 

Mean 

1 32 


1 74 


2 12 


2 75 


The constancy of rjT ^ is best for e oc T, but it is also reasonably close 
for the other laws In Table 10 has been taken as unit, so that 

= k/k, 

* Th© law € uc T also corresponds to the contraction theory of stellar energy if 
the star passes through a series of homologous states 

f The solution based on th© approximation Tjk = const is used to calculate these 
values, so that, for example, the values of are only to be trusted if they turn 
out to be reasonably constant Th© table tests th© first approximation, it would be 
a dubious procedure to us© it as a starting point for a second approximation 
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Hence = rjhl\ = k^lkc , 

where &o constant introduced in § 83 

If 7 jT~^ IS not quite constant the closest approximation to ko/Ic^ will 
he given by usmg the mean value of rjT~^ given at the foot of the table 
Hence (83 4) may be written 

I (90 1), 

cch 

where a = 1 32 1 74 2 12 2 75 

for € cc const T 

respectively The brightness dimmishes as the concentration of the source 
to the centre increases, as already foreseen When numerical results are 
required we shall generally adopt a == 2 5 representing a fairly strong 
concentration to the centre 

Point-source of Energy 

91 It will appear in later Chapters that the observed brightness of 
the stars is less than that predicted by present physical theories and that 
it IS very difficult to find a plausible explanation of the discordance The 
predicted brightness is decreased by concentrating the source of energy 
towards the centre and the discordance thereby lessened Wo inquire 
what IS the maximum possible change that can be made m this way on 
the most extreme suppositions We therefore consider now the limit when 
the concentration is complete and the source of stellar energy is a point- 
source at the centre* 

This problem can only be solved by very laborious numerical calcula- 
tions , but it seems worth while to carry out an accurate calculation for 
this limiting case in order that we may know the extreme margin of error 
entailed by our present ignorance of the laws of liberation of subatomic 
energy. 

The differential equations of the theory are 

= - kpHdrIc (91 1), 

c^P == - gpdr (91 2) 

For a point-source at the centre emitting the whole of the energy L 
ultimately radiated by the star 

H = Ll4:7Tr\ 

and the adopted law of absorption is 

k = k,plTK 


* Monthly Notices, 85, p 408 
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where \ is a constant We take /x constant throughout the star, the effect 
of varying /x being reserved for discussion in § 94 Hence (91 1 ) becomes 


dpR = - 


47rc 


(91 3) 


With (91 2 ) and (91 3) we carry on a quadrature for P and jpp^ After 
each step we find T and p from P and pp The mass of the added shell is 
computed from the values of p and added to the current total, hence the 
new value of g is found We are then ready to determme dpp and dP for 
the next step dr The usual devices of quadrature are employed, includmg 
the guessing of half-way values to be subsequently checked 

The only serious trouble arises with regard to starting values The 
mass M and radius R of the star are only found at the end of the calcula- 
tion, in their place we must have two disposable initial conditions at the 
start Unfortunately we can only make a beginning by fixing three dis- 
posable constants, viz the constant \L for the star and the temperature 
T and density p at the starting-point* We thus over-condition the problem 
and generally fail to reach a solution The failure betrays itself by jpg. 
falling to zero whilst pp is still large or vice versa ^ thus violating the 
boundary condition that both vanish almost simultaneously In that 
case we must modify one of the initial quantities, say T, and try agam 
After many trials we contrive to straddle the true solution sufficiently 
closely Of course a great amount of calculation is wasted on unsuccessful 


trials 


The following value was taken 


logio hL = 62 6690, 

and the solution began at r == 0 9 10^^ cm with an adopted density 0 01 
These values ultimately fix M and R The temperature at the starting- 
point was varied until two solutions were obtained which kept close 
together until reasonably near the edge of the star, and then failed in 
opposite ways, le pg ran off to zero prematurely in one case and pp in 
the other The solutions gave respectively 9 687 lO^^ 9 790 
the mass up to r == 8 1 10 ^^, and as little mass remained to be added 
the limits were close enough to fix the mass with ample accuracy 
Finally, as a complete check suitable j- starting values of P, pp and 
at r = 8 1 10 ^^ were interpolated, and the solution carried backwards 
towards the centre with double the number of intermediate steps Working 
in this direction the mass is stripped off in successive shells and the 
test IS that must ]ust reach zero at the centre The test was well 


* The density at the centre is zero, the mass being driven away by the intense 
radiation pressure, so we start at some fixed distance from the centre where the 
density is still very low and the intenoi mass is just begmmng to be of account 
fie suitable for carrying the solution considerably further outwards before 
Pg or pp ran off to zero 
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fulfilled and it was possible to go beyond the original starting-point to 
r = 0*5.10^^; the small mass then remaining would fill the interior with 
mean density -0038 which is (as nearly as we can judge) in the proper 
relation to the actual density *0065 at the point reached. There were 
76 steps in this final calculation and the results at every fourth step are 
given in Table 11. The adopted value of [jl was 2*2. 


Table 11. 


Solution for a Point-source. 


r 

Mr 

P 

T 

Pr 

Po 

•5 

•0020 

•652 

6-93 

5-889 

1-697 

•9 

•0234 

•989 

6-68 

6*065 

2-477 

1-3 

•0941 

1-273 

6-43 

4-344 

3-070 

1-7 

•2536 

1-501 

6-16 

3-675 

3-473 

21 

•5435 

1-659 

5-88 

3-043 

3-660 

2-5 

•997 

1-726 

5-67 

2-462 

3*609 

2-9 

1-628 

1-697 

5-24 

1-916 

3-336 

3-3 

2-422 

1-578 

4-88 

1-448 

2-892 

3-7 

3-337 

1-391 

4-61 

1-058 

2-366 

4-1 

4-313 

1-166 

4-14 

•7489 

1-811 

4-5 

5-286 

-934 

3-77 

•5144 

1-321 

4-9 

6-198 

•719 

3-41 

•3441 

•9202 

5-3 

7-012 

*535 

3-07 

•2250 

•6162 

5-7 

7-707 

•388 

2-74 

•1443 

•3990 

6-1 

8-278 

•274 

2-44 

•0909 

•2511 

6-5 

8-734 

•1895 

2-17 

•05641 

•1643 

6-9 

9-088 

•1288 

1-92 

•03448 

•09268 

7-3 

9-366 

•0861 

1-69 

•02071 

•06456 

7*7 

9-554 

•0567 

1-48 

•01215 

•03146 

8-1 

9-699 

•0372 

1-28 

•00675 

•01780 

Unit 1011 

1033 

10-2 

10« 

1012 

101“ 


We see from the trend of the column that not much mass remains 
to be added after the last line of the table. The small amount to come, 
computed by the methods of § 67, is found to be Aif = 0*26 . 10^® gm. The 
additional radius, which is not required with any great accuracy, is also 
approximately calculated to be Ai? = 3*25 . 10^^ cm. 

92. Our result then is that a star for which 

M = 9*96 . 10^^ gm. = 5*02 x O, 
i? = 11*35. 1011 cm. 
emits radiation at a rate given by 

^^§10 — 62*6590. 

For comparison we calculate by our previous methods the radiation L' 
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from the same star if the source obeys the law e x T, this bemg the law 
for which our ordinary method is most accurate The result is 

logio kjL' = 63 0467, 

so that log (L'/L) = 0 388, 

corresponding to a magnitude difterence 0“^ 97 

The point-source gives the lowest possible brightness and we may take 
the law e Qc T as giving the greatest possible brightness, since the concen- 
tration of the source to the centre can scarcely be less than tbia We 
could spht the difference by adopting a = 2 75 m (90 1) The extreme 
uncertainty (not the probable uncertamty) due to ignorance of the law 
of subatomic energy would then be ± 0“ 6 

The foregomg numerical solution apphes only to stars of mass 5 02 x 0) 
but it can be adapted to any assigned radius of the star since it is easily 
proved that an alteration of radius leaves the solution homologous The 
magmtude difference 0“ 97 between L and L' does not depend on the 
radius It will no doubt change with the mass of the star, presumably 
being less for the less massive stars This could only be tested by repeatmg 
the whole work with other constants But our mam purpose is achieved 
by calculation for a smgle mass smce the discrepancy referred to at the 
beginning of § 91 is shown by all stars In particular it was desired to 
investigate the problem for a mass near that of Capella for which the best 
observational data are available* 

Attention may be called to a few points of interest in Table 11 The 
ratio of fjn to p© in the outer parts settles down to a value near 0 37 , for 
tho usual solution for the same star the ratio (1 — j8)/^ is 0 52 throughout 
In the mam part of the mass the point-source gives slightly more uniform 
temperature and considerably more umform density than the usual 
solution 

93 The numerical results obtained in the trial solutions bnng home 
to us very vividly the fact that the general internal conditions determine 
the surface conditions and not vice versa We find that two solutions which 
arc scarcely distinguishable to four significant figures through of the 
mass of the star will diverge rapidly in opposite directions before the 
boundary is reached Practically any kmd of distribution in the outer 
layers can be tacked on to the same solution for the mam part of the -mR^a 
(i 0 the same to the number of significant figures commonly employed) 
At first sight it might be thought that the solution must depend on 
tho surface conditions because we actually employed a boundary condition, 
VIZ thatp/e and po vanish together, to decide the value of T corresponding 
to r -- 0 9, p = 0 01 , other trial values of T were rejected because they 

* It was also thought best to choose a star with fairly large radiation pressure, 
smce this brings in a complication which makes it less easy to prophesy the result 
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failed to satisfy this But here “vanish” must be understood in the 
ordinary physical sense, i e “become msignificant ” , and and Pq are 
msigmficant for the present purposes when they become less than, say, 
10® dynes per sq cm Any more refined expression of the boundary con- 
dition IS quite superfluous It is after all only commonsense that we shall 
not seriously disturb the mternal condition of a star by applying a trivial 
radiation pressure or gas pressure of the order 100 atmospheres to its 
surface, but it is mterestmg to trace in the numerical calculations how 
rapidly the effects of such surface disturbances fade out as we descend 


Variable Molecular Weight 

94 Ionisation of the atoms is favoured by high tempeiature and by 
low density In general, the influence of temperature predominates and 
we must expect the ionisation to increase as we go towards the centre of 
the star. This mvolves a gradual decrease of molecular weight towards the 
centre, the same atomic weight representing an increasing number of 
independently movmg particles or “molecules ” 

In order to study a molecular weight decreasmg inwards wo consider 
laws of the form 

/X, = /iiT-", 


and find the modification of onr former results for constant /x in § 84 We 
use the approximation rjk = const 
Equation (84 1) now becomes 



p aT^ 

3 (1 - 

(94 I), 

so that 

„ _ «^1^ ys-s 

^ 391 (1 - ^) 

(94 21) 

Hence 

P = Kp> 

(94 22), 

where 

y = 4/(3 - s) 

(94 23), 


a (391 (1 - j8))i' 

3{1-P){ a,i,^ J 

(94 24), 

Setting as usual 

y = 1 -h 1/n, 



B-s 
n = 

1 + s 

. .(94 3), 

and the distribution 
By (57 2) 

IS of the polytropic type treated in 

Chapter iv 


/03£\^ 1 (u /P \ 

K-w) = (S) 
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(55 6) and (55 42) The suffix 0 here indicates central values Hence 
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(QM\^ 

\M') 


(n 1J3 
4:7rQ 


3 (1 - 


391(1 


aiMj J 


'I'lns gives 
wiiore 


_ (% + 1)® 3 (1 - 

J} 


4:7tG a 


ViSpJ 

^ (to. + 1)® 3(1- 

iS) 


4:7tQ a 








1-^3 
<7„.= 


<?„ (ilf/0) Vo"i3* 

477GSaO® 


(94 4), 
(94 6), 


391* {n + l)s 
and Jf„ IS the value of M' for the law P « p* 

We have thus a quartic equation (94 4) for analogous to (84 4), the 
cooflicient G„ depending on the law adopted for the change of molecular 
weight by (94 3) Constant molecular weight corresponds to to = 3 But 
(04 4) contains the central (minimum) molecular weight /ig It would 
make a fairer comparison with the results for constant molecular weight 
if wo used an average value of p., instead of the minimum value 

The efiect of varymg molecular weight can best be appreciated if we 
UM(^ in all caso„ the standard formula 


1 - iS = 00309 (ilf/0)V*i8* (94 6), 

and indicate how to choose the average value p so that this may be exact 
OTio condition reconcibng (94 4) and (94 6) is 

(7„po* = C'3p* (94 71), 

ttiiu 0 00100 — Gq The required value of p occurs at a pomt m the star 
whoi o the temperature is such that 

PoPo“ = My«* (94 72), 

A 

T 

HO that (94 8) 

In '[’able 12 results are given for various laws p oc T-‘ The columns 
Mn and Pc/pm faken from Bmden’s tables, except for s = |- which is 
a rough mteipolation We have included a range of laws much wider 
than is likely to be required, includmg laws in which p decreases out 
wards 'The louith column gives the coefficient to be used m place of 
00 100 in (94 4) Alternatively if we use (94 6) p must be calculated for 
a point in the stai where the temperature is as given m the sixth 
cohitnu It will be seen that if we use the value of p appropriate to a 
rr gimi of tho star where the temperature is | of the central temperature, 
the roHiilt will servo for any law between 5 = 0 and 5 = J 

TlTio value s — i would give a reasonable representation of the expected 
effect With this law a molecular weight 2 1 (non retammg 1 or 2 electrons) 



130 


SOLUTION OF THE EQUATIONS 


at 10,000,000"^ would become 3-3 (iron with K and L rings complete) at 
1,000,000®, and 8*3 (iron with 6 electrons missing) at 10,000®. If the 
elements are mainly lighter than iron this may be an over-correction of 
the effect. It is possible that there may be a compensation due to the 
elements of high atomic weight tending to concentrate towards the centre, 
but according to present knowledge this seems unlikely (§ 196). In 
obtaining the results for Capella (§13) the value ,$ = | has been assumed 
which is perhaps nearly as probable as 5 = J*. 


Table 12. 

Molecular Weight varying as T-K 


s 

n 


Cn 

pcipm 

TJT, 

__ 3 

XT 

4-5 

1-7357 

*00160 

6377 

-548 


4 

1*8064 

*00197 

623 

-570 

0 

3 

2*0150 

•00309 

54*36 

— 

1 

T 

2'5 

2-2010 

•00387 

24*08 

•675 

i 

2*33 

(2-27) 

•00421 

(20) 

•679 

i 

2 

2*4107 

•00512 

11*40 

•685 

1 

1-5 

2-7176 

*00696 

6*00 

-713 

1 

1 

3-1416 

•01002 

3*29 

•742 


It will be seen that the central density is about 20-25 times the mean 
density when allowance is made for variable [x as compared with 54 times 
the mean density on the usual assumption of constant fx. The central 
temperatures will also be reduced a little. The change is not so very 
important, because there is in any case an uncertain factor of about 2 in 
the central density owing to our ignorance of the low temperature part of 
the star (§ 67). Also, although it is convenient to give the central tempera- 
ture and density for comparative purposes, we are really more concerned 
with mean conditions than with these extreme values. 


Dense Stars. 

95 . According to the giant and dwarf theory the dwarf series of stars 
is due to the material of a star ceasing to behave as a perfect gas when 
the density becomes great. The theory assumes that the deviations set in 
at about the same density under stellar conditions as in terrestrial gases. 
In the author’s earlier papers the theory of imperfect gases was developed 
in considerable detail for application to dwarf stars. 

* Results for 5 = J could not be given, with so much detail since Emden’s tables 
do not include this value. Fowler and Guggenheim’s calculations indicate that the 
value 8 = quite large enough (§ 180). 
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It now appears very unlikely that any of the stars, except probably 
the mysterious “white dwarfs,” deviate appreciably from a perfect gas, 
so that these early attempts to treat the dwarf stars have lost interest 
But we cannot ignore the study of imperfect gases entirely It is part of 
our task to set forth the astronomical evidence that leads to the conclusion 
that the dwarf stars obey the gas laws, and for this it is necessary to discuss 
what would happen if they did not 

Van der Waals’ equation for an imperfect gas is 
(j? + ajv^) {v-b) = 

the volume v being the reciprocal of the density The term ajv^ can be 
neglected in comparison with the enormous pressures m the stars The 
equation can then be written 

Pg^-p'T .... (95 1), 

r*' 

where p' = p (1 _ p/p^)-i . (95 2 ), 

and po represents the hmitmg density when the pressure is mfimte 

It would be idle to discuss the validity of this equation m actual stellar 
conditions because our ultimate conclusion will be that it does not apply 
at all, the supposed deviations due to the fimte size of the atoms havmg 
no existence We take (95 1) as givmg a model star deviating from a 
perfect gas in a way similar to terrestrial gas 
It is assumed as before that rik is constant 

The results (84 1), (84 2) and (84 3) apply if p is replaced by p' , and 
the equations of equilibrium are accordmgly 

D /4 

Tr P = 

Hence - d (p'^) dr. 

The left side can be integrated, giving 

d {4p'^ (1 + p74p„)} = - (p/k) dr . (95 3) 

Wo choose Po according to the extent of the deviation from a perfect 
gas which we wish to consider We then start at the centre of the star 
with arbitrarily chosen values of k and central density p^ and build up 
a solution of (95 3) by q[uadratures The mass M and radius B are found 
at the end of the quadratures, when p has been brought down by steps to 
zero Unlike the problem of the point-source (§91) the solution presents 
no difficulty and the quadrature is of the simplest kind 

If in any solution of (95 3) all masses are altered in the ratio M and 
all lengths in the ratio densities will be unaltered and the left side of 
the equation is unaltered Since gdr is then altered in the ratio k 
must be altered in the ratio 


9-2 
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It now appears very unlikely that any of the stars, except probably 
the mysterious ‘"white dwarfs,” deviate appreciably from a perfect gas, 
so that these early attempts to treat the dwarf stars have lost interest 
But we cannot ignore the study of imperfect gases entirely It is part of 
our task to set forth the astronomical evidence that leads to the conclusion 
that the dwarf stars obey the gas laws, and for this it is necessary to discuss 
what would happen if they did not 

Van der Waals’ equation for an imperfect gas is 
{p + ajv^) (v — b) = 

the volume v bemg the reciprocal of the density The term ajv^ can be 
neglected in comparison with the enormous pressures in the stars The 
equation can then be written 

Pg==-p'T (96 1), 

where p =- p {I - 2), 

and pq represents the limiting density when the pressure is infinite 

It would be idle to discuss the validity of this equation in actual stellar 
conditions because our ultimate conclusion will be that it does not apply 
at all, the supposed deviations due to the finite size of the atoms having 
no existence We take (95 1) as giving a model star deviating from a 
perfect gas in a way similar to terrestrial gas 
It IS assumed as before that rjh is constant 

The results (84 1), (84 2) and (84 3) apply if p is replaced by p', and 
the equations of equilibrium are accordingly 

dP ^ ,i 

= -9P, P==Kp'< 

Henoe - d (p'^) ^ dr 

p K 

The left side can be integrated, giving 

d (1 + p'/4pa)} = - (fir/«) d/r (95 3) 

We choose p(, according to the extent of the deviation from a perfect 
gas which we wish to consider We then start at the centre of the star 
with arbitrarily chosen values of k and central density p^^ and build up 
a solution of (96 3) by quadratures The mass M and radius 2? arc found 
at the end of the quadratures, when p has been brought down by steps to 
zero Unlike the problem of the point source (§91) the solution presents 
no di&culty and the quadrature is of the simplest kind 

If in any solution of (95 3) all masses are altered in the ratio M and 
all lengths in the ratio M^, densities will be unaltered and the left side of 
the equation is unaltered Since gdr is then altered m the ratio M}, k 
must be altered m the ratio 
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Tima, having found any pair of corresponding values of ilf and k we 
can find k for any other star of different mass but of the same mean 
density To pass to another mean density a new quadrature is necessary 
From K we find 1 — jS by (84 3) 

Results of a number of such calculations are given in Table 13'*' 


Table 13 

Solution for Dense Stars {k = 2 22 10”®) 


p/po 

R 

M 

Pmfpo 

o 

II 

o 

0 9 

2 294 

29 70 

0 687 

13 5561: 

0 8 

1 800 

8 325 

0 340 

13 9247 

0 7 

1 717 

4 112 

0 194 

14 1289 

0 6 

1 790 

2 592 

0 1078 

14 2625 

0 5 

1 958 

1 884 

0 0600 

1*1 1549 

0 4 

2 223 

1 483 

0 0322 

11 12U 

0 3 

2 616 

1 245 

0 0166 

14 4748 

0 0 

— 

0 884 

— 

11 5739 


The values used m the calculations for this table were /c = and 
Po— 1 These give ‘'stars ’’ of mass only a few grams, but the results can 
afterwards be transformed to the stellar scale Columns 2 and 3 give the 
radius in centimetres and the mass in grams resulting from the quadratures 
From these we find at once the mean density tabulated in column 4 Wo 
can now find k for any other mass by the rule k oc and the last column 
contains the values of k corresponding to the sun’s mass, e g in the hist 
Ime, raising the mass from 29 70 gm to 1 98 10®® gm involves raising k 
from 2 22 lO”® to the value shown 

If pq and all densities *1* are altered in the same ratio by altering lengths, 
leaving the masses unchanged, (95 3) continues to be satisfied with the 
same value of k Hence the table is applicable for any value of po, except 
that the auxiliary column B should be altered in the appropriate ratio 
In practical applications of the table we are concerned only with the last 
two columns 

96 As an example, let us calculate what deviation from a perfect 
gas would be necessary to decrease the brightness of the sun 3 magnitude s 
below that of a perfectly gaseous star of the same mass (This is about 
the difference assumed on the giant and dwarf theory ) Assume fiist that 
h IS the same for both The reduction in L corresponding to 3 magnitudes 
IS in the ratio 1 16, and hence by (83 4) we must suppose 1 - ^ decreased 

* Ze%t8 fur Fhysik 7 p 379 The later values of the constants (Appendix i) 
would increase all the entries in the last column of Table 1 3 by 0096 

t The previous statement that alteration of mean density involves a now 
quadrature referred to problems in which p^ is unaltered 
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ia t Kd io. By iable 9 the value of 1 — ^8 for a perfect gas is -05*, so 
we inuHt (iocrease it to -0031 for the sun. 

- ^ Proportional to (1 l hence we find that the 

a ( ui um in /< ig 0*4280. The value of log^o k for a perfect gas and 
lor th<‘ sun s tnass is given in the last line of Table 13 as 14*5739; the 
u ^ J 4* 1459 is seen to correspond very nearly to the third line 

\ ^ slight interpolation the corresponding value of p^/pQ 

IS ( ^ 1 S. hmce for the sun is 1*41 it follows that p^ = 7*8. 

1 h( I ( salt is that if the limiting density of stellar matter under extreme 
p^t^ssurt^ is 7*8 the sun’s brightness wiU faU 3 magnitudes below that 

pro(li<‘tr(l for a perfect gas owing to the purely mechanical effect on the 
isjuililiriutn. 

Bitt in addition there will be a further reduction of brightness owing 
to n*chi<'tHl transparency, which we can roughly estimate. 

i^ailurt^ of the gas laws would somewhat modify the distribution of 
donnity in the sun, but this effect is of minor importance since the mean 
<lonHity is pn\scribod. The main effect is a decrease of internal temperature ; 
wti h nHliK*4*d compressibility a lower temperature is sufficient to withstand 
thii OornproHsitig force of gravity. The outward stream of radiation pro- 
porii«>nal to the gradient of is accordingly reduced, and it is this effect 
which has hcnm calculated above. But according to our absorption law 
if t !u^ tern pcn’a lure is decreased without changing the density the opacity 
is iiicrc^astHl proportionately to T'^. The factor hindering the outflow is 
vovy nearly as much as the factor causing the outflow is reduced. 
Thi'i full rcHluctiou of brightness is thus about double that stated above, 
mu I if pf, 1 7*8 the sun, will be about 6 magnitudes fainter than a perfectly 
giiHtiotm star of the same mass. 


97* hhirthor illustrations of the use of Table 13 will be found in the 
author’s t^arlbr papersf where curves are traced showing the rise to a maxi- 
mum <»f tin*! effective temperature and subsequent fall as a star of constant 
maHH conira(da» The values of k and pg (both assumed constant) were fixed 
by I diHcrvational data for the sun and for a typical giant star. An oft-quoted 
rc*Hull tliat. a star of mass less than } that of the sun cannot rise to the 
ten opera, of type M, must now he regretfully consigned to oblivion. 
In a sonunvhat. later paperf in which the variation of k with temperature 
and (lt‘nsity was taken into account, it was seen that the permissible 

(•itlculation ia here made for p = 2*1. 
t Montfihl Notices, 77, p. 606; Zeits. fur Physih, 7, p. 377. 
t Monthhi Notices, 83 , p. 98. See especially Table 2, p. 104, where Po=13 was 
hh (‘orivHporiding to Eggert’s value ^ = 3*3 which was then current; but it 
waH titdini that, pq was very sensitive for changes of /x,, and the same table gives 
fki -83 tor iho nuxlt^rn value ju. =2*2. Moreover it now becomes unnecessary to adopt 
a }i for Sirius. 
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how by progtt'hH ot (ho (hoor^t atiil uiipr<nojiionf <if (lii*olt i'i\ .ifion.tl 
p„ WHS iMwcd fiom (to lit (o H.'land (Ill'll pno tii’idls (oin(tiii(\* otlu’iHi » 
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98 We now rchume the mam tiiseie.sion from (he poiiit n'acheit 10 
§ B8, mloptmg till' fipproxnmdioiiH »//i' eonal., /i eon •(., and (he fterfei j 
gan eondition. Accepting (he law of aitMorption Htiggeided b\ p|)v t<al 
mvcHtigatioiiK (Chapter IX) 
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, n, fi I 

.'Wi / 1 7 " 

■IffCCa^ .If (t 

If rvi d 




where « may be taki'ii to be about 2*/i). 

By (H't’tl) the factor M (I »** <1 fmietion of ,V and p only. 

TheradiuH of the at a meed only lie known roughl> , (beiimindept nden' • 
of L beitiK <»» M. The radiuH ih involved because it (.cKIck the intiiitcl 


temperat.un* which appearc directly in the factm T^. also a yeni ud 
knowledge of internal temperature and densif ^ h- needi il 10 a guide to tie 
ioiUHation to be expected, and la a hams for eMimating the be'l v.dm •.( 
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much ill error im to idfeet A Heriotedv ). (Iraiitiiig flu. <iur cah iihilion 
Ij for a Hlar of accurately known iiiasa nhoiild be tiuslwotthv to well 


**' 84. noH, 

1 V\ hrtt<*vf*r thf* mitmi m utml hmv Ib*. i\ir ut T, f** . A 

in (9H 4) nlujulfi ht* run fft*« iMinitnptmii thnf f|*i fji nlnittoti m ^ 

pnlytrojK* n iHiUwii t*f mitrunl iinifiiiMi nrt thin rt'itii in 

nli^htU iiBKlifyitig fhn finifir <»* Fur rxnin|*|*, ir* f|ni rintri* tinffl* I m* 

§ 1)1 ihn mUml f^nntail hut tmtm )h»^ T , f finntn n 

(9H J) H|»phc?i if wn put a 4' 2 ’ 

t In thiM rnniM*f*ti<fn th«* nnlruhitnnH *tf ifuntiitfif nr*' m nh nr^ -t f 
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Within, a magnitude, since it rests only on mdnbitahle laws of physics 
together with the following conditions — 

(a) constancy of tjJc, 

(b) constancy of ii , 

^c) the condition of a perfect gas , 

[d) the adopted absorption law 

The first three conditions have been passed in review in §§ 89-97 The 
conclusions are that the uncertainty due to ignorance of tj is at most 
i: 0^ 5 for a star of ordinary mass Possible variations of are eliminated 
hy using the average value of /x correspondmg to § the central temperature 
Deviation from perfect gas laws in the sense observed in terrestrial gases 
would cause a decrease of L, deviations of the order occurring m terrestrial 
gases being sufficient to produce a marked effect 

It would seem then that any discrepancy between theory and observa- 
tion must be attributed to — 

{a) a wrong physical prediction of the absorption coefficient , 

(6) a wrong estimate of the value of /x to be employed; 

(c) a failure of the condition of a perfect gas 
If we are not mistaken all other loopholes have been explored and blocked 
up 

99 In practice a star is generally described by its mass M and effective 
temperature It is desirable to understand how its other properties 
vary with these Collecting a number of formulae already obtained, we 
have 

LccB^T.^a: M{1 - ^)lh 
(1 -/3)/iu^ 

\ oc PoIi^T} CO ^/(l - 
p, oc MIJR^ 

T,oc ppuM/R 

1 - /3 oc 

Prom these are derived 

jt oc (1 -- 
(1 - 

p, oc ikr'"i‘'(i -- 
LocMHl^l3yp^Tj 
The variation with fj. has been retained hero for completeness, but the 
primary intention of these formulae is the comparison of stars with fixed 
value of p In that case (1 - |8) is a function of M increasing with M 
The most important result from (99 2) is that for stars of the same 
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effective temperature, and therefore roughly of the same spectral type, 
and Pc decrease as M increases Type for type, the more massive stars are 
the cooler and more rarefied 

We add here for reference the formulae for calculating central tempera- 
ture, density and pressure when M and R are given These are obtained 
by substituting the numerical values for = 3 in (58 4) and (57 6) 


Tc = 0 856 


p, = 12 98 


G fi^M 
R 
M 
R^ 


Pc = 11 11 G 


R^ 


(99 3) 


Table 13 a gives the mean density and central temperature of stars 
of masses 3, 10, 40 respectively and of various effective temperaturcB 
(with roughly equivalent spectral types) The values are calculated from 
(99 2), the constant being chosen to fit the mass and luminosity of Capolla. 
The mass 3 may be taken as typical of ordinary giant stars, and the 
progression of mean density with spectral type shown in the table is of 
considerable interest It agrees very well with the densities generally 
attributed to these types on observational grounds 


© 


i f 


inilhcm 

dog 

1 52 

2 40 
4 01 
6 57 

11 3 
20 0 
50 8 


It IS probable that actual stars (other than white dwarfs) do not havt* 
temperatures above 40 million degrees, so that the last two entries for a 
star of mass 3 are fictitious This was expected on the giant and dwarf 
theory, since the density on reaching type A was considered appropnato 
tor the tummg-pomt mto the dwarf senes Accordmg to present views 
the failure of stars of mass 3 to reach types B and 0 is more mysterious 
and the limit of 40 million degrees will be discussed at a later stage 


Table 13 a. 


Mean Density and Central Temperature (ju, = 2 11) 


Effective 


1 Maas =3 x 0 

1 Ma'^s^slOx a 

Mass -=-4 

Tempera 

ture 

Type 





Pm 

Tc 

pm 

A 

Pm 

deg 

3,000 



million 


million 


M 

000446 

deg 

4 66 

000020 

deg 

2 46 

000002 

4,000 

K 

00177 

7 36 

000078 

3 88 

000007 

5,500 

0 

0082 

12 3 

000360 

6 48 

000032 

7,500 

F 

0363 

20 1 

00169 

10 0 

000140 

10,500 

A 

182 

34 6 

00800 

18 2 

00070 

18,000 

B 

(2 42) 

(817) 

106 

43 0 

0093 

27,000 

0 

(17 4) 

(166) 

( 763) 

(82 1) 

067 
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100 . The last formula of (99-2) is so frequently used that we have 
constructed an extended table for applying it. For practical purposes 
L will be expressed in magnitudes m according to the rule 

Am = ~|A logic i ( 100 - 1 ). 

In Table 14 the fixed value jit = 2-11 is used and corresponding values 
of M and 1 — ^ are tabulated by (84*6). Then by (100*1) and (99*2) 

Am = - l-A log log (1 - jS) - 2A log T, ...(100-2), 

and the column m in the table is computed from this formula, omitting 
the term containing We have adjusted the zero of m so that the 
observed mass and absolute bolometric magnitude of Capella correspond 
to one another, and the table should accordingly give the absolute bolo- 
metric magnitude for any other mass with the same effective temperature 
as Capella (about 5200^^). 

For a different effective temperature, we have by (100*2) 

Am-~2AlogT, (100-3), 

and this correction should be applied as indicated at the foot of the table. 
With the range of effective temperature commonly occurring in the stars 
this correction is comparatively small, and the bolometric magnitude of 
a star is mainly a function of its mass. 

For the effect of small changes of jx see § 178. We need only note here 
that the result of a change of /x is not shown explicitly in (99*2), since there 
are consequential changes of (1 — ^) to be taken into account. 


Table 14. 

Mass M and Absolute Bolometric Magnitude m. 
(^ = 2*11, !r, = 5200°.) 


l-p 

M 

m 

1 -^ 

M 

m 

l-iS 

M 

m 

*001 

•0015 

•002 

•0025 

■003 

*004 

•005 

•006 

•008 

•010 

*015 

•02 

*025 

•03 

•1284 

•1574 

-1820 

•2036 

■2233 

-2683 

-2895 

-3176 

-3683 

•4135 

•5117 

•5968 

•6739 

-746 

14*143 

13*173 

12*484 

11*950 

11*513 

10*823 

10*286 

9*848 

9-154 

8-615 

7-632 

6*929 

6-381 

5*929 

•04 

*05 

•06 

•07 

•08 

•09 

•10 

•12 

■14 

•16 

•18 

•20 

•22 

•24 

•879 

1-004 

1*123 

1*240 

1-354 

1-468 

1 - 582 
1-812 

2 - 050 

2 - 297 
2*557 
2*831 

3 - 124 
3*437 

5*211 

4*645 

4*178 

3*777 

3-426 

3*111 

2-825 

2*322 

1-884 

1*494 

1*138 

0*812 

0*507 

0-220 

•26 

•28 

•30 

•35 

•40 

•45 

•60 

*55 

*60 

*65 

*70 

•75 

•80 

3*774 

4*137 

4-529 

5*675 

7*117 

8*984 

11*46 

14*84 

19*62 

26*66 

37*67 

66*16 

90*63 

- 0*052 

- 0*312 

- 0-662 

- 1*156 

- 1*718 

- 2*264 

- 2*805 

- 3*354 

- 3-919 

- 4*516 

- 5*162 

- 5*882 
- 6-714 


Add to m the temperature term, - 2 logio {TJ5200). 
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Heat Rad%aUon and Lum%nos%ty 

101 It IS now practicable to measure the heat received from a star 
by the use of a radiometer Considerahle sensitiveness in the method has 
been developed* But the results attained are as yet very limited and m 
general we have to infer the total amount of heat emitted from the light 
emittedf This involves a knowledge of the luminous efficiency of the 
energy emitted by stars of different types 

If the star is radiating as a black body of temperature wo know by 
Planck’s Law the amount of radiation I' (A, T^) d\ of wave-length A to 
A -f (iA Measurements have been made in the laboratory of the quantity 
of energy of different wave-lengths necessary to give the same amount of 
light as judged by eye, hence we know the factory (A) by which the energy 
must be multiplied m order to give luminous intensity The average 
factor for the whole radiation is then 

(A, T,) dX~ jr (A, T,) dX (lOM) 

The maximum of is found to occur at about = 6500'’ so that stars 
of types F to G have the greatest luminous efficiency Presumably that 
IS because our visual sense has been developed with special reference to 
sunlight It IS convement to take the maximum as standard, and to define 
the scale of bolometric magnitude so as to agree with visual magnitude 
at this effective temperature At any other temperature p will bo smaller 
and the star will be brighter bolomotrically than visually 

Table 15. 


Reduction of Bolometnc to Visual Magnitude 


T. 

P 

Aw (ViH -Bol ) 



m 

2640 

092 

+ 2 59 

3000 

206 

h 1 71 

3600 

417 

+ 0 96 

4500 

723 

+ 0 35 

6000 

1 000 

0 00 

7500 

986 

+ 0 02 

9000 

893 

+ 0 12 

10500 

749 

+ 0 31 

12000 

610 

+ 0 5S 


* It IS said that the oquipnient at Mount Wilson could detect the boat of a 
candle on the banka of the Mississippi 

t The deduction of bolometric magnitude from heat moasuroment is not regally 
more direct than from light moasuroment, because large corrections must be applu^d 
on account of atmospheric absorption m the infra-red, and this involves assuming 
a spectral energy distribution just as the reduction of light measuremontB do(^s 




SOLUTION OF THE EQUATIONS 139 

Table 15 is calculated from Nutting’s measures of the yisual intensities 
of energy of different wave-lengths’*^. In the last column the intensity- 
ratio 'p has been converted into magnitudes (Am = — | log f) so as to 
give the correction Am reducing holometric to visual magnitude. 

Since the radiation per unit area is proportional to the surface 
brightness is proportional to fT ; or, denoting by J the surface brightness 


expressed in magnitudes 

J == const. — 10 log jTg -h Am (101*2). 

The following approximate formula for J was given by E. Hertzsprung 
in a rather inaccessible paper in lOOOf 

/ = const. + 2.3 (101-3). 


F. W. Scares J has pointed out that Table 15 (which was computed by me 
10 years later) agrees entirely with this formula, the greatest difference 
being 0^-04. As Am and J are very frequently required in practical calcu- 
lation we give a more extended table computed from Hertzsprung’s 
formula. The values from 12, 000^-20, 000^^ are subject to some reserve, 
because Hertzsprung’s formula was derived as an interpolation formula 
and it has not been ascertained how far his approximation remains 
satisfactory above 12,000*^. 


Table 16. 

Effective Temperature and Surface Brightness (Hertzsprung^s Tormula). 



Aw 

.J 

n 

Am 

J 

Tc 

Am 

J 

2600° 

m 

2-71 

+ 6-27 

6000° 

m 

0*02 

- 0*22 

11500° 

la 

0*50 

-2*56 

2750 

2*13 

6-28 

6500 

0*00 

0*58 

12000 

0-58 

2*67 

3000 

1-67 

4*44 

7000 

0*00 

0*91 

13000 

0-73 

2* 86 

3250 

1*32 

3*74 

7500 

0*02 

1*19 

14000 

0-89 

3*03 

3600 

103 

3*13 

8000 

0*06 

1*43 

16000 

1*04 

3*18 

3750 

0-80 

2*60 

8500 

0*10 

1-65 

16000 

119 

3*31 

4000 

0*62 

2*14 

9000 

0*16 

1-84 

17000 

1-34 

3*42 

4250 

0*47 

1-73 

9500 

0*22 

2-01 

18000 

1*49 

3*62 

4500 

0*35 

1-36 

lOOOO 

0*29 

2-17 

19000 

1‘63 

3*61 

5000 

0-18 

0*73 

10500 

0*36 

2-31 

20000 

1-77 

3*70 

5500 

0-08 

4 0*22 

llOOO 

0*43 

2-44 





102. The correction Am will not be accurate because the radiation of 
a star is not distributed exactly in accordance with the law of black-body 
radiation. The radiation comes from layers extending over an appreciable 

Phil Maa- 1915, Feh. p. 304. 
t Zeits. fUr Wissenschaftliche Photographies p. 43. 

:|: Astfophys, Joum. 55, p. 197. Another independent computation has been 
made by W. Babe, Astr. Nach, 226, p. 223. 
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range of temperature and the radiation of different wave-lengths suffers 
different amounts of absorption in passing outwards The general effect 
is that the quality of the radiation corresponds to a rather higher effective 
temperature than the quantity 

In this book Tg, stands for the effective temperature corresponding to 
the quanUty of the radiant energy. A temperature TJ corresponding to 
the quahty is usually defined as follows In a grating spectrum equal 
lengths of spectrum correspond to equal steps of wave-length 8 A Ex- 
pressmg Planck’s Law (40 7) in terms of A, we have 

. . (102 1 ) 

The maximum intensity m the gratmg spectrum occurs at the value of A 
which makes F (A, T) a maximum, i e when 

x-^ (e® — 1) 

IS a minimum, where x = TicjXRT The minimum condition gives 

x=. 4: 965, AT = 0 288 (102 2) 

Thus the temperature can be deduced by measurmg the wave-length for 
maximum energy, and when the radiation is not black we define an 
effective temperature Tg by the same formula 

^max T/ = 0 288 cm deg (102 3) 

This IS the basis of practical methods of determining the effective 
temperatures of stars by Wilsing and Schemer, Rosenberg, Sampson, 
E S King and others* Their results therefore refer to Tg rather than the 
Tg of our theory Eor the sun T/ is about 4 per cent higher than Tg 
(approximately 6000® against 5740) and the same ratio may be expected 
to hold for all stars, at any rate as a first approximation *f* 

It might therefore be appropriate to increase our effective temperatures 
by 4 per cent before taking out the correction Am m Tables 15 and 16 
But study of the sun’s spectral energy-curve indicates that the slight 
displacement of the maximum ordinate is not the significant feature of 
the sun s deviation from a black body, and it is doubtful whether the 
proposal would be an improvement (§ 228) 

In the cooler stars further errors in Am will arise from the absorption 
lines Especially in types ilf, N and S the band spectra of chemical com- 
pounds occupy a considerable part of the spectrum Of course, the 
radiation which is blocked by the bands must squeeze through the gaps, 
since L is determined by the internal conditions of the star and not by 
surface conditions, but unless the bands are uniformly spread over the 

* As the range of observation does not always include the wave-length of 
maximum intensity, the procedure may be modified in detail 

t The increase of 4 per cent for the sun is, however, purely empirical, so that 
it may be risky to generalise from it 
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whole spectrum the radiation may become differently distributed in wave- 
length Strong absorption in the yellow would divert the radiation into 
regions of less luminous efffciency We can only hope that since the whole 
correction Am is not unduly large the faults of Tables 15 and 16 will not 
be serious 

The temperature scale to correspond with spectral type is not as yet 
very certain It is inferred partly from the measurements of TJ above 
mentioned, but these sometimes differ rather widely from one another. 
It IS also based partly on Saha’s theory of stellar spectra (§ 240), which 
determines the temperature of a layer rather vaguely defined We have 
also the fixed datum that for the sun is 5740° The followmg table 
given by Miss Payne* embodies the most recent evidence 


Table 16 a 
Temperature Scale 


Typo 

Te 

Type 

T, 

Ma 

3000° 

A 6 

8,400° 

KB 

3000 

A 3 

9,000 

K% 

3500 

A 0 

10,000 

KO 

4000 

B 8 

13,500 

0 5 

5000 

B 5 

15,000 

GO 

5600 

B 3 

17,000 

F B 

7000 

B 0 

20,000 

F 0 

7500 

0 

25,000-35,000 


This presumably refers to the stars of the ''mam series,” the giants of 
types 0-M being 400-800° lower for the same spectral type On the 
whole, the temperature scale used in the calculations in this book accords 
very well with the above tablef 


Energy of a Star 


103 The negative gravitational energy of a star, found by setting 
n — 3 in (60 4), is 


2 R 


(103 1) 


The quantity of radiant energy enclosed in the star is 

H = J Zpu^Trr^dr, 


* Stellar Atmospheres (Harvard Observatory Monographs, 1925), p 33 
f The calculations wore made at various times , and, as no systematic temperature 
scale was adopted at the beginning, occasional deviations from uniformity may be 
noticed 
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Since the radiation prosMuro is J of tJu' oneigy-deuHity. Hoiu'i' by (HU U) 


II U(l-i9) 
LI 


P 47rr“^// 


by (60 5) 

The translatoiy energy ot the tnolecnilc'H ib 


A'l 


Po^TT/'^d/, 


(lOU-2) 


since the pressine of a gas is | of the traiwlatory eiu'rgy per mn< volunie. 
Honco by (83 3) and (60 5) 

A’'i'=|j8i2 . . . (103 3) 

If y is the ratio of specific heats (averaged if nee-eHsaiy) the whoU^ 
material energy X is eXj, where 


by (28 4) Honco 


y 1 f2/3e 


X 


/3U 

3(y - I) 


(103 4). 


At high temperatures K — Ki will consist solely of energy of ionisation*', 
1 0 energy expended in removing electrons from tlu'ii or-bils m the atom 
and sotting thorn free 

Tho whole energy of the star is 

il I X I // .... (103 ft). 

y I \ f 

If the molecular weight vanes as T" ’ the vahu* u (3 ~ »)/{l { «) 
must bo used in calculating i2. Thus if k T LI Otherwise 

the invostigatioii is unaltered, and in partiitular the result (103*ft) holds 
good 


104 If y < ^ the whole energy is posifivi', that is to say, there is 
more energy than if tlie niatenal were in a stati' of inliinte diflnsuni at- 
zero tompoiaturo Quite apart from the loss by radiation during its past 
life, energy must have been supfilii'd to (h(> star to hrmg it to its priwuit 
state. Tho ccmtraotion hypothesis wliiidi denies any extra supply (suh- 
atoinic or other) accordingly reipiiri'H that y , j 

Wo now generally agu‘<> that there is sonic extra source of energy; but. 
tho condition 

y > ^ 

IB still necessary in order that the star may he stable*. For supposi* that 
a star with y < ^ undergoes a slight contraction so that U inereasf'H. By 

It iH a rnatiw of d<iflruii(»u whothor wo owngy uf oxeiiidioii M<*prtrat#‘Iv. 

A nucleus attended by a Holitarv electron ni a c|iianiuiii orbit may be regardetl 
{a) m having lost all (Electrons except one M elcHdron, or (/>) all t^xcept one liT electron 
which has been excited into an M orbib 
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(103*5) the whole energy must increase as iQ increases in order to maintain 
equilibrium. The star cannot obtain this extra energy at a moment’s 
notice; hence K + H is below the value required to maintain equilibrium. 
This means that there is too little heat and the pressures and are 
insufficient to support the weight of the material. Thus a further contrac- 
tion ensues and the star deviates further and further from equilibrium. 

We have said that the star cannot at a moment’s notice secure the 
extra energy required to save it. If the star is being supplied with ex- 
traneous energy it is quite possible that the changing physical conditions 
may stimulate the supply; but this effort to prevent the collapse is too 
dilatory. In a star like the sun the heat stored up represents about 
40 million years’ supply of radiation and therefore (if the radiation is 
supplied by liberation of subatomic energy) is equal to the subatomic 
energy released in 40 million years. If the rate of release is doubled when 
the collapse starts, it will take a year to increase H K hy 1 part in 
40 million ; whereas the threatened collapse due to withdrawal of pressure 
support is a matter of days or hours. It is important not to confuse this 
condition of stability with another condition to be investigated later. 
We shall find in § 211 that the supply of subatomic energy must satisfy 
certain conditions in order that the star may be stable ; these conditions 
are independent of, and additional to, the condition here found that 
y > I ; also the threat to the star which violates them is a lingering fate 
and not the swift doom here contemplated. 

It may perhaps be suggested that some extra source of energy could 
exist which is immediately releasable as heat when the temperature and 
density change. But immediately releasable heat is not ''extra”; it is 
by definition part of the specific heat and must be taken account of in 
y and, by (103*4), in K. Energy of ionisation is of this type. Energy 
which is very slowly released such as radio-active and other kinds of sub- 
atomic energy is, of course, not reckoned in the total heat JT H- J? ; it is 
treated as a non-realisable asset in the star’s balance sheet which is neg- 
lected unless we are dealing with long periods of time. 

There appears to be no objection to y falling below | in a limited region 
of the star provided that the general average is above Circulating 
convection currents will be set up in this region (§ 70), since the convection 
process produces mechanical energy when y<|, instead of dissipating 
it. Presumably viscous forces will not allow the movement to increase 
indefinitely, and in any case the local instability can scarcely lead to 
consequences affecting the star as a whole. 

The constant y is least when the ratio of the energy of ionisation to the 
translatory energy is greatest. It is conceivable that in the course of 
' evolution a star may reach a stage at which further contraction will 
involve a great deal of fresh ionisation, the stage being critical for the 
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ionisation of some predominant element or group of elements In that 
case y could temporarily fall below f There would be a sudden collapse 
of the star which would be arrested as soon as the contraction had pro- 
vided enough energy to accomplish this critical ionisation , after that the 
star would resume orderly progress with y > i, starting from the more 
condensed condition Cepheid pulsations might possibly be started by a 
collapse of this kind, but I do not think the hypothesis has much to 
recommend it 
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THE MASS-LUMINOSITY RELATION 

105. We give some examples showing how the formulae of Chapter vi 
are employed in actual calculations*^. 

(1) Capella {brighter component). 

Mass, 4*18 X O; absolute visual magnitude, — 0“i*26; type G 0, assumed 
to indicate effective temperature 5200°. 

The way in which the above data were obtained has been explained 
in § 13. Applying the correction - Am from Table 16, the absolute bolo- 
metric magnitude is — 0®^*40. The sun’s absolute visual magnitude is 
taken as + 4^^^-9 which at 5740° corresponds to bolometric magnitude 
-h 4^-85. The difference of 5*25 bolometric magnitudes indicates a rate 
of radiation 126 times faster than the sun (log^o 126 = 5*25 x 0*4). Hence 
L == 126 X 3-78. 10^® = 4*8. 10^^ ergs per second. 

From the relation L = TracR^T^^ (equation (87*2)) 
i? = 9-55.1011 cm. 

We have also M == 4-18 x 1*985.10^^ = 8-30.10®^ gm. 

Hence = Mj^TrR^ = *00227 gm./cm.^ 

By the formulae for the polytrope = 3 we have (as already calculated 
in § 59) 

Pq = *1234 gm./cm.^, 

Pq = 6*11 . 101^ dynes per sq. cm. 

We assume that the average molecular weight can be taken as ^6 == 2*11. 
By interpolation in Table 14, or by direct solution of the fundamental 
quartic equation 

1 ^ = *00309 (4*18)2 (2.11)4 ^4^ 

we find 1 - ^ = 0*283. 

The central temperature can now be calculated from 

(1 ^) P, = JaP/, 

or (without troubling to calculate P^ first) from (87*1) 

P//p, - 35R (1 ~ 

This gives Pc = 9*08. 10® degrees. 

The differences from the figures given in Chapter i are due to our 
neglect here of variation of p with temperature. 

* The physical and astronomical constants reqmred are given in Appendix I. 

B 


10 
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We have also 

LjM = 57 8 ergs per second per gram, 
and the coefficient of absorption is calculated from (90 1) 

k. = ~ (1 - p) 

M akf. oJCq ' 

which gives ah^ = 123 

It has been explamed that a depends on the law of distribution of the 
source of energy We adopt the value 2 5 which is a compromise between 
the most extreme suppositions and cannot in any case be very far out 
The choice will not affect differential comparisons between the stars , it is 
only when we compare astronomical values of h with those calculated from 
atomic physics that attention need be paid to the uncertainty Hence 

= 49-1. 

Since Pc and have been found this fixes the constant m the absorption 
law 

h = 

We find = 8 98 

This value will be used to predict the luminosity from the mass, or 
m>ce versa, in other stars 


(2) S Ce'phei 

Cepheid variable Mean absolute visual magnitude — 2^ 19, mean type 
¥ 9, assumed to mdicate effective temperature 6200^^ 

The absolute magnitude is taken from a discussion of the distances of 
the Cepheid variables by H Shapley* The mass is unknown except m 
so far as it can be deduced by the present theory 

Proceeding as before, we find absolute bolometric magnitude — 2^ 33, 
and 

i = 2 81 10^® ergs per second, 
i? = 2 32 1012 cm 

The mass can be easily deduced from the bolometric magnitude and 
effective temperature by interpolation in Table 14 , but it will be instructive 
here to work out the result analytically We have 

L == (I ~ jg) __ 4^cGM (1 - /3) 

alcc p ^ 

^ 4:7tcGM (]^-^) 391 (1 - /_£ E' 

apP [mM' ~R ) 


* Astrophys Joum 48, p 282 
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i3)J 




by (87-1) and (58-4). Eliminating M by (84-4) 

4^cG (1 - iS) 331 (1 - iS) / (? R' /483iW'2\* (1 
ail" "" a/Lij8 K^yiM' R) V ^ 

= 1-443 .10^1 

Using the value of kj^ found from the discussion of Capella and adopting 
as before /x = 2- 1 1 , the only unknown in this equation is ^ . The equation gives 

(1 _ ^)-V- == 0-909j3i 


Hence 1 -- ^ == 0*451. 

Alternatively, 1 — jS may be found as follows. Since the same effective 
temperature and molecular weight have been assigned to Capella and 
S Cephei, we have in a comparison between them 

L oc (1 - 

by (99*2). Since 1 - j8 oc we obtain by eliminating M 

i oc (1 - 

For 8 Cephei L is greater by 1*93 magnitudes or in a ratio 5*92; hence 
(1 — has 5*92 times its value for Capella. This gives 

(1 ^)-V- = 0*935)8'^-, 

from which the same value of 1 — ^ is obtained. 

From 1 — the mass is obtained by interpolation in Table 14 or by 
direct calculation from (84*6), the result being 

M = 9*00 X O == 1-79.103^ gm. 


Other details are now easily calculated — 

== -000342, 
Pa = *0185, 

T, == 6*16. 10«. 


(3) V Puppis {brighter component). 

Eclipsing variable. Mass 19*2 x Oj radius 5*28.10^^ cm.; type B 1, 
assumed to indicate effective temperature 19,000°. 

This star is beyond the reach of ordinary parallax measurement so 
that its absolute magnitude is not directly known ; but we happen to be 
able to determine the radius from a study of the light-curve, etc., and the 
absolute magnitude can be calculated as below. 

The spectroscopic orbits of both components have been determined* ; 

* Masses of both components are given in W. W. Campbell’s Stellar Motions, 
p. 256; but in J. H. Moore’s Catalogue of spectroscopic orbits. Lick Bulletin, No. 355, 
only the combined mass is given— no doubt with good reason. I am therefore 
doubtful whether the mass of V Puppis was obtained in the orthodox way described 
here; but the description would apply to nearly all other examples of eclipsing 
variables. 


10-2 
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these supply M sin^ ^ and asin^ as in the case of Capella (§ 11), but 
whereas for Capella % was found from the visual orbit, for V Puppis it is 
found by analysis of the light-curve It can generally be inferred that % is 
near 90° for eclipsing variables since otherwise eclipses would not occur , 
but in V Puppis and some other systems the separation is not large in 
comparison with the radn of the components and a more trustworthy 
estimate is needed The method of analysing the light-curve is duo to 
H N Russell, it enables the quantities ^ and i?/a to be found Combining 
these with M sin^ % and a sin we obtain the values of M and R given 
above 

We have 

L = rracB^T^^ = 2 62 ergs per second, 

which corresponds to bolometric magnitude — 4*^ 75 Table 16 gives 
Am = 1 63, so that the visual magnitude is — 3^ 12 

For comparison with this we shall calculate the magnitude from M by 
the present theory For if = 19 2, we find 1 — jS — 597 Then L is 
conveniently found by comparison with Capella, using the relation 

Xoc Ti, 

,, , L for V Puppis /19 2\^ ( 597\2 /19000\‘^ 

L for Ca^eUiT ~ U isj (-Yssj V 5200 ) 

= 72 9 = 4 66 magnitudes 

Hence the absolute bolometric magnitude of V Puppis dotei mined 
from the observed M is 

_ Om 40 ~ 4»a 66 = — 5^ 06 

in satisfactory agreement with the determination — 4^ 75 from the 
observed R 

Other details are — 

= 0618, 

Pc - 3 35, 

2^, == 4 24 107 

The comparison of theory and observation for V Puppis is of special 
interest because it takes us as far as is yet possible in the direction of high 
mass It IS known, however, that greater masses occur J 8 Plaskctt^ 
has found for the spectroscopic binary B D 6° 1309 

Ml sin^ ^ = 75 6 Oj ^2 ^ 63 3 O 

Smee ^ IS unknown the masses cannot be determined, but they are 
necessarily greater than 75 and 63 In fact the masses are greater than 
87 and 73 because ^ must be such that the two discs never overlap— other- 
wise eclipses would be observed 

* Monthly Notices, 82 , p 447 It is pointed out that 29 Cams Majons also has 
a mass at least as great as that of V Puppis 



THE MASS-LUMINOSITY BELATION 


149 


Still higher mass has with some plausibility been assigned to v Sagittarii 
(ilfi sin® i = 260, sin® i = 54), but the determination seems uncertain*. 

(4) The Sun. 

Mass 1-985 . 10®® gm. ; radius 6-951 . lO^o cm. 

Although we are no longer dealing with material of low density we 
suppose tentatively that the theory of a perfect gas applies. The methods 
of calculation have been shown by the previous examples. The results are 

1 - ^ = -0499, 

Pm = 1-411, 

= 76-5, 

T, = 3-95. 10^ 
k, = 177-0, 
i = 5-62.10®®. 

The value of L found by direct measurement of the solar radiation is 
3-78.10®®. The difference of calculated and observed values is equivalent 
to 0"'-43, the sun being fainter than predicted from its mass and radius. 
Although this is in the direction corresponding to the deviation of terrestrial 
gases from the perfect gas laws there is no reason to attribute it to such a 
cause, since it is within the margin of error. For example, it might be due 
to a slightly lower molecular weight in the sun than in Capella due to the 
very much higher temperature. Many other sources of small deviations 
can be suggested. 

It may be remarked that by using in our calculations the radius of the 
sun and the effective temperature of Capella we have magnified any 
discrepancy. All our results are differential with respect to Capella which 
was used to determine k^. A more direct method of comparison, using 
the spectral type instead of the radius of the sun, is as follows. Since 
Capella and the sun are of the same spectral type we neglect at first any 
difference of effective temperature. Then, using Lx (I - we find 
that the ratio of the L’a is exactly 100 or 6-00 magnitudes. Hence the 
sun’s bolometrio magnitude is — 0-40 -h 5-00 = -+• 4-60. To allow for the 
more diffxise condition of Capella we have assigned it an effective tempera- 
ture 9 per cent, lowerf. The change in the factor gives a correction 
0'“-08, raising the sun’s bolometrio brightness to -f 4“^-52 as compared 
with ke observed value - 1 - 4»-85. The discrepancy is 0“-33. 

* H. Ludondorff, Berlin Sitzungsberichte, 1924, p. 67. [According to later in- 
formation. the determination must be rejected altogether. Another massive system 
(Boss 46) with masses 36 and 32 has been found by J. A. Pearce; this is the second 
largest mass known.] 

t li' i® better not to refer to the actual effective temperatures here — ^to avoid 
suspicion of a vicious circle. The effective temperature of the sun is derived from the 
observed L which we are holding in reserve for the final test. 
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We perhaps naturally think that data for the sun must he more 
accurate than for any other star, but that is not true of its absolute 
magnitude which may be one or two tenths of a magnitude in error 
Hertzsprung, for example, adopts as most probable -h 4“^ 67 visual 
correspondmg to + 4 ^62 bolometric If he is right the discrepancy is 
only 0^ 10 

I have considered the desirability of shifting our standard of reference 
from Capella to the sun, but it has seemed too daring a step whilst the 
notion of perfect gases of density 76 gm per cu cm is still unfamiliar to 
us It would perhaps be more accurate to determme f^om the sun, 
but the uncertainty of the sun’s absolute magnitude would be a dis- 
advantage for differential comparisons with other stars 

(5) Krueger 60 

Absolute visual magnitudes of components 25 and 13^ 75, combined 
mass of system 0 43 x O , both components of type M a indicating 
effective temperature 3100°* 

Here the difhculty is that only the combined mass is known It is 
true that several determinations of the ratio of the masses have been made 
but these range from 6 5 to 3 1, and we cannot place reliance on them 

To avoid this difficulty we may predict the mass from the absolute 
magnitudes as we did for 8 Cephei The results are — 

bright component bol mag 9 82, 1 - j8 = 00747, M = 354, 
famt component bol mag 12 32, 1 - ^ = 00264, M = 209 

This gives a combined mass 0 563 compared with the observed mass 0 43 
There is some reason to think that the discrepancy is real and that in- 
trinsically faint stars deviate systematically in this direction, although 
the evidence in any particular case is not very strong Assuming that the 
orbital elements of Krueger 60 are accurate, the mass 0 43 corresponds 
to a parallax 0" 260 and the mass 0 56 to a parallax 0" 238 The trigono- 
metric measures of parallax are perhaps accurate enough to exclude the 
latter value 

If it IS preferred to express the discrepancy in magnitudes (which is 
more convenient for comparison with other stars) we divide the mass 0 43 

A later orbit by R G Aitken. Bulleb%nf No 365) was not available when 
this calculation was made, but the mass is only changed to 0 45 O Aitken gives 
the magnitudes as 11 3, 12 8 following most recent writers in ascribing a difference 
1 5 I think I am right in saying that in observing this star in company with 

Dr Aitken we both agreed that the difference was considerably greater Burnham 
gives a difference 3^ With an assumed magmtude difference l”^ 5 the individual 
masses 0 25, 0 18 are obtained {Monthly NoUces, 84, p 312) as compared with 0 27 
and 0 16 here found 
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between the two components in such proportions as will make the residual 
in magnitude the same for both. This is done by trial and error. We find 


Bright component 
Faint component 


Mass 

1-/3 

BoL Mag. 
(calc.) 

BoL Mag. 
(obs.) 

0-0 

0-27 

•00439 

11-07 

9-82 

- 1-26 

0-16 

•00156 

13-55 

12-32 

- 1-23 


For the bright component additional results are 

= 9-06, p, = 493, T, = 3-22 . lOL 
Even at a density above 400 there is still no sign of failure of the gas laws, 
for the difference of observed and calculated brightness is actually in the 
wrong direction according to terrestrial analogy. 

106. The last three examples indicate a substantial accordance 
between theory and observation for stars of mass 19-2, 1, 0-27 respectively, 
and bolometric magnitude — 4-7, -1- 4-9, + 9-8, the comparison being 
differential with respect to Capella (mass 4-2, mag. — 0-4). This covers 
the greater part of the known range of stellar mass and magnitude. It 
will, of course, be necessary to test whether the accordance is confirmed 
by a systematic survey of all the stars available for similar tests. 

In passing it is interesting to note the central temperatures found for 

the five stars. 

Capella 9-08 million degrees 

SOephei 6-16 

V Puppis ... 42-4 

Sun ... ... 39-5 

Krueger 60 ... 32-2. 

Allowing for the errors of the determinations there is a possibihty that 
the last three temperatures are really the same. The three stars belong 
to what is now called the “main series ” running from types 0 andP down 
the dwarf series to type M. The remaining two stars belong to the side 
series of giants whose relation to the main series has become obscure 
since we no longer accept the giant and dwarf theory of evolution. It 
certainly looks significant that along the main series the central tempera- 
ture should be so steady through a seventy-fold range of mass and a 
million-fold range of radiation. We shaU revert to this result in § 122. 


Tke Mass-Luminosity Curve. 

107. The values of m and M given in Table 14 are traced as a curve 
in Eig. 2, the ordinates being m and the abscissae log M. 

It will be remembered that before comparison is made with the ob- 
served magnitude of a star of effective temperature T, the small correction 
gm = — 2 logic (^e/5200) should be added to the value taken from the 
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curve For graphical comparison it is more convenient to leave the curve 
alone and apply the correction — Sm to the observed magnitudes The 
observational points plotted in Fig 2 represent bolometric magnitudes 
reduced to the standard temperature 5200° in this way 

We may notice that the curve (or Table) gives quite reasonable results 
beyond the range for which defimte observational data can be found Thus 
the predicted (uncorrected) bolometric magnitude of a star of mass 100 
IS — 7“, allowing for the fact that the effective temperature of so massive 
a star would probably be very high the visual magnitude would be about 
— 6“ This agrees with what is usually considered to be about the extreme 
hmit of stellar luminosity — as mdicated for example by the brightest 
stars observed m globular clusters The famtest known star, Proxima 
Centaun, is about + 15™ visual or + 13™ bolometric , this should correspond 
to a mass ^ O — a fairly acceptable value It is suspected, however, that 
the approximations of our theory begin to fail for these very small stars 
and I daresay that the actual mass is rather smaller 

The observational data plotted m Fig 2 are set forth m Tables 17, 18, 
19, 20 The necessary explanations are given m the following notes 

Tables 17 and 18 Ordinary binary stars 

The calculation of m is performed by straightforward use of Table 14, 
but where only one residual is given for two components the method 
described for Krueger 60 has been used, that is to say, the mass of the 
system has been divided between the two components in such proportions 
as wiU give the same residual for both 

Since an error of 10 per cent in the parallax or semiaxis produces an 
error of 30 per cent in the mass leading to residuals from 0™ 5 to 1™ 3 
(according to the star’s mass), only wide pairs with large parallaxes have 
been included with Oapella and the sun as first-class determinations in 
Table 17 Procyon is reckoned second-class because the semiaxis of the 
orbit IS not well determined, observations of this star are greatly to be 
desired and would form a most important check on the theory 

Except for e Hydrae and 8 Equulei the observational data have been 
taken from a table by E Hertzsprung* The parallax, combined mass 
and absolute visual magnitude are taken directly from his list, the only 
modifications are (1) the adopted absolute magnitude of the sun, changed 
for the sake of consistency with other parts of this book, and (2) the 
difference of magnitude of the components of Krueger 60, changed from 
1™ 5 to 2 ™ 5 since the former estimate appeared to me incredible The 
selection of the best possible observational material has thus been left 
in the mam to an independent arbiter, who made his choice before the 

* Bull Astr Inst Netherlands, No 43 (1923) 
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Table 17 

Ordvnary Birmry Stars — Fwst Glass Determinahons. 


Star 

Type 

Te 

Parallax 

Mass 

m (vis ) 

m (bol ) 

m (calc ) 


Capella, h 
» / 
Sirius, h 

a Centauri, h 

f 

Sun 

Krueger 60, 6 
- / 

GO 

FO 

A 0 

G6 

K5 

GO 

Ma 
M a 

5200 

7400 

10500 

5000 

3700 

5740 

3100 

3100 

// 

063 

373 

748 

260 

4 18 

3 32 

2 46 

1 14 

0 97 

1 00 

0 27 

0 16 

m 

>■0 26 

0 24 

1 28 

4 70 

6 07 

49 

11 35 
13 85 

m 

- 0 36 

0 22 

0 97 

4 53 

5 24 

4 85 

9 82 
12 32 

m 

- 0 34 

0 02 

0 67 

4 16 

5 09 

4 56 

11 07 \ 
13 55 J 

in 

- 02 
+ 20 

+ 30 

+ n 

+ 15 

2<) 

- 1 24 


Table 18 

Ord/iTiary Bvaary Stars — Second Glass Deterrmnatwns 


Star 

Type 

T, 

Parallax 

€ Hydra©, h 

.^9 

5500 

0206 

/ 


5500 

— 

^ Aurigae, 6 

A Op 

10500 

025 

/ 

A Op 

10500 

— 

Procyon, 6 

F 5 

6800 

308 

8 Equulei, 6 

F 5 

6800 

067 

»» / 

F 5 

6800 

— 

7] Cassiop , 6 

F 8 

6200 

184 

>> / 

K6 

3800 

— 

^ Herculis, 6 

GO 

5700 

109 

»» / 


5000 

— 

70 Ophiuchi, b 

KO 

4400 

189 

>9 f 

K4: 

3900 

— 

i Bootis, b 

GO 

4900 

164 

99 f 

Ki 

3900 

— 

85 Pegasi, b 

GO 

5800 

095 

99 f 


3200 

— 

jjb Herculis, 6 

Mb 

3100 

110 

?? / 

Mb 

3100 

— 

og Eridam, b 

B 9 

11000 

202 

>9 f 

Md 

2900 

— 


Mass 

m (vis ) 

m (bol ) 

m (calc ) 

0-C 


m 

m 

m 

in 

3 64 

0 27 

0 22 

0 00 1 


2 29 

1 77 

1 72 

1 46 j 

-l* 0 24 

2 38 

- 0 19 

- 0 50 

0 77 

- 1 27 

2 34 

- 0 19 

- 0 50 

0 82 

-- 1 32 

1 13 

2 92 

2 92 

3 92 

- 1 00 

1 01 

4 43 

4 43 

4 39 

+ 0 04 

1 00 

4 53 

4 53 

4 43 

-H 0 U) 

0 72 

4 99 

4 99 

5 93 1 



0 41 

8 73 

7 99 

8 93 J 


- 0 94 

1 09 

3 23 

3 20 

4 22 1 



0 51 

6 73 

6 56 

7 65 J 


- 1 06 

1 05 

5 66 

5 27 

4 61 "I 



0 77 

7 36 

6 71 

6 04 


+ 0 66 

0 62 

5 87 

5 69 

6 81 1 



0 47 

7 89 

7 24 

8 27 J 


- 1 08 

0 62 

5 75 

5 73 

6 66 1 



0 31 

10 95 

9 52 

10 38 J 


- 0 00 

0 46 

10 42 

8 86 

8 67 1 



0 42 

10 92 

9 36 

8 99 


H 0 33 

0 21 

11 27 

10 88 

11 15 

(- 0 27) 

0 20 

12 67 

10 81 

12 53 

- 1 72 
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theory to be tested was put forward. Only two stars in Hertzsprnng’s 
list are omitted, viz. the companions of Sirins and Procyon, the former 
because it is a ‘‘white dwarf” to which our theory does not apply and the 
latter because the spectrum is unknown and it is impossible to guess what 
corrections may be involved. The bright component of og Eridani which 
is also a white dwarf is for that reason not represented in Pig. 2, although 
(presumably by a cancelling of errors) it happens to agree with the curve. 

Table 19. 


Eclipsing Variables. 


Star 

Gr. 

Type 

Te 

cosi 

Mass 

B/a 


m(bol.) 

m(calc.) 

0-0 

V Puppis 

1 

B 1 

19000 

•274 

19-2 

•417 

7-60 

m 

~ 4-61 

m. 

- 5-00 

m 

+ 0-4 

Y Cygni 

3 

B 2 

18000 

•088 

16-6 

•166 

4-60 

- 3-29 

- 4-66 

- 1 - 1-4 

Lyrae 
u Herculis 

2 

B 8 

12500 

•467 

13*9 

•219 

12-09 

- 3-80 

- 3-98 

-1- 0-2 

1 

B 3 

17000 

•268 

7-6 

•290 

4*29 

- 2-89 

- 2-90 

0-0 

U Ophiuchi 

1 

B 9 

11600 

•105 

5-36 

-240 

3-07 

- 0-47 

- 1-69 

4- 1*2 

Z Vulpec. 

2 

B 3 

17000 

•013 

5*24 

•262 

3-94 

- 2-70 

- 1-98 

- 0-7 

RS Vulpec. 

4: 

A 0 

10500 

•000 

4-34 

•252 

516 

- 1-20 

- 1-05 

- 0-2 

U Coronae 

2 

B 3 

17000 

•148 

4*27 

•167 

2-90 

- 2-04 

- 1*43 

~ 0*6 

Aurigae 

TX Herculis 

1 

A Op 

10500 

•228 

2-38 

•158 

2-80 

0-13 

0*77 

- 0*6 

3 

A 2 

8800 

•065 

2- 04 

*125 

1-33 

2-04 

1-35 

+ 0-7 

TV Cassiop. 

4 

A 0 

10500 

•176 

1-83 

•272 

2-45 

0-34 

1-68 

- 1-3 

Z Herculis 

2 

B 2 

7600 

•139 

1-56 

•117 

1-77 

2-63 

2-55 

0*0 

W Ursae Maj. 

1 

F Sp 

6200 

•244 

0-74 

•323 

0-70 

5-42 

5-81 

- 0*4 


Table 20. 


Gepheid Variables. 


Star 

Type 

Te 

Period 

Mass 

m(vis.) 

m (bol.) 

m (calc.) 

0-G 

Y Ophiuchi 

G2 

4800 

d 

17-113 

26-2 

m 

- 4-0 

m 

- 4-21 

m 

- 4-43 

m 

-H 0-22 

rj Aquilae 

GO 

5100 

7-176 

13-9 

- 2-62 

- 2-76 

- 3-19 

”1” 0*43 

8 Cephei 

F9 

5200 

5-366 

11-3 

- 2-19 

-■ 2-30 

- 2-77 

+ 0-47 

SU Cassiop. 

F 5 

6000 

1-950 

6-82 

- 1-2 

- 1-20 

- 1-74 

4- 0-54 

RR Lyra© 

A 9 

7300 

0-567 

4-14 

- 0-35 

- 0-36 

- 0-61 

4- 0-25 


The star 80 Tauri omitted here is included in the fuller discussion of the 
Hyades which follows. The parallax given by Hertzsprung for ^ Aurigae 
depends on the probable assumption that it is a member of the Ursa 
Major stream, but since it is near the stream apex the probable error is 
rather large. 

The stars S Equulei and e Hydrae have been added*. Their parallaxes 
are obtained by a comparison of the visual and spectroscopic orbits — 

* Aitken, The Binary Stars, p. 209. 
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the method used for Capelia Eor e Hydrae the spectroscopic orbit of the 
bright component has to be combined with the relative orbit of the two 
components measured visually, thus a knowledge of the mass ratio is 
required at an early stage There being no direct measurement of mass 
ratio worth considering, I have used the magnitude difference of the two 
components to determine the mass ratio — an extension of the principle 
adopted for Krueger 60 and other stars 

Spectral types of most of these stars were taken from L%ch Bulletin^ 
No 343, the effective temperatures assigned to the types are still un- 
fortunately a matter of judgment Above 6000° an error in the assigned 
temperature does not make much difference to the comparisons since the 
temperature correction Sm is set off against the reduction to bolometric 
magnitude Am In the redder stars the two corrections add up, and m 
the neighbourhood of 3000° where Am is changing rapidly an error is more 
serious 

When only one residual for two components is determined, it is repre- 
sented in Pig 2 at an abscissa corresponding to the mean of the two masses 

Table 19 Eclipsing Variables 

The method of finding the mass and bolometric magnitude has been 
explained m § 105 for V Puppis In the headings of the Table, R is the 
radius of the star, and a the semiaxis of the relative orbit The column 
m (bol ) gives the absolute magnitude derived from the formula 

L = rracR^T^^, 

and the column m (calc ) is derived from the mass by Table 14 

The results in all cases refer to the bright component which has been 
identified with the more massive component except in j8 Lyrae The 
inevitable uncertainties would probably be magnified if the method were 
to the faint components The photometric results Rja and cos i 
are from H Shapley’s discussion, the '' darkened ” solution being preferred*. 
The second column gives the grade of the orbit as classified by Shapley, 
Grade 1 being the most trustworthy The spectroscopic data are chiefly 
due to J S Plaskettf 

In this series of comparisons the effect of an error m the assigned 
effective temperature would be considerable, and it is the more unfortunate 
that many of the stars are of B type where the temperature scale is most 
uncertain We can show that 

8 (0 ^ (7) = - 8S (log,o T,), 

* Princeton Contributions, No 3 (1915) For a few stars better data are now 
available, but it was considered best to use one standard source of data (as in 
Tables 17 and 18) in order to avoid bias in selection 

t Publications of the Dominion Astrophysical Observatory, Vols 1 and 2 
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so that by assigning to V Puppis the temperatures 15,000°, 19,000°, 
23,000° we should obtain residuals + 1'“'2, + 0”'-4, — 0“-3 respectively. 
But in any case considerable errors in the results are inevitable, and the 
test can only be approximate *. 

Table 20. Gepheid Variables. 

This test is very indirect and depends on the theory of Cepheid variation 
developed in Chapter vin. If the pulsation theory of Cepheids is not 
accepted the test falls to the ground. The procedure is as follows — 

The effective temperature having been assigned according to the type 
(allowance being made for the fact that these are very diffuse stars), we 
adopt for trial an arbitrary value of M. Prom M and we find L by 
Table U. Prom L and we find B. Hence and 1 - j3 are found. The 
pulsatory theory gives an equation determining the period from />„ and 
1 — By trial and error we vary the value of M until the predicted 
period agrees with the observed period. This then fixes the mass and 
m (calc.) given in the Table. 

The observed absolute visual magnitude is taken from H.. Shapley’s 
discussionf and reduced to bolometric magnitude by applying the usual 
correction Am. 

In predicting the period a value of P (the ratio of specific heats of the 
material) must be assumed. The value P = f corresponding to a monatomic 
gas has here been used. Owing to the energy of ionisation the actual P 
must be less; but as it is difficult to estimate how much less, we have 
preferred to leave out this correction rather than arbitrarily guess the 
amount. A discussion of the likely values of P will be found in § 189. The 
followmg examples show the effect of changing P — 


Star 

V 

Mass 

w(bol.) 

m (calc.) 

0-C 

Y Oplxiuchi 

99 

99 

r) Aquilae 

99 

99 

1-666 

1-565 

1-444 

1-666 

1-555 

1-444 

26-23 
21-67 
18-21 ■ 

13-86 

12-53 

10-17 

m 

4-21 

- 4-21 

- 4-21 

- 2-76 
^ 2-76 

2-76 

m 

- 4-43 

- 4-22 
3-77 

- 3-19 

- 2-98 

- 2-53 

,m 

+ 0-22 
+ 0*01 
- 0-44 

+ 0-43 
+ 0-22 
()-23 


The correction would thus have brought the observed points still closer 
to the curve, or possibly have shifted them across the curve so as to stand 
out by about the same amount on the other side. 

Many more Cepheids could have been used for the comparison, but their 

* Some of the tmsatisfactory features are pointed out in Monthly Notices, 84, 
p. 318. 

+ Astrophysical Journ. 48, p. 282. 
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relations are so regular that the same kmd of agreement must necessarily 
be reproduced In assessing the evidence it is undesirable to over-represent 
this one kmd of check because there are sources of systematic error which 
would affect all the Cepheids to about the same extent The observed’^ 
magnitudes all depend on a common zero point which may be rather 
uncertam , and we have already seen that there is another small systematic 
correction on account of F 


The Hyades. 

There are six double stars of known period m the Hyades all of much 
the same brightness* Their mean parallax is known with considerable 
accuracy from the geometry of the moving cluster, viz 0" 027 The 
orbital data are rough, but a mean result for the 6 stars should be accurate 
enough for us to use We deduce first the masses from the absolute 
magnitudes by means of our theory as follows — 


Burnham G C 




2134 

1 08 

0 72 

1 80 

2154 

1 03 

0 66 

1 69 

2187 

0 83 

0 73 

1 56 

2230 

1 48 

0 81 

2 29 

2381 

0 93 

0 93 

1 85 

2383 

1 16 

0 58 

1 75 


The predicted mean of is thus 1 82 

Hertzsprung found the mean dynamical parallaxf (for mass 2) to be 
0 026 Smee the mass deduced from a double-star orbit varies as the 
mverse cube of the parallax an assumed mass 1 79 would have given the 
correct mean parallax 0" 027 Another mode of averaging (averaging the 
masses instead of the dynamical parallaxes) gives the mean mass 1 93 
Either 1 79 or 1 93 is m excellent agreement with our predicted value 1 82 
This has been represented m Eig 2 as a first-class determination at a 
pomt correspondmg to the mean mass of the 12 components 

108 It will be seen from Eig 2 that there is good agreement between 
all classes of observational data and the theoretical mass-luminosity 
curve For the 37 points representing observed data the average dis- 
cordance IS ± 0“^ 57 and this may well be attributed to errors of observa- 
tion 


The agreement is the more noteworthy when we recall that the equation 
* E Hertzsprimg, Bull Astr Inst Netherlands, No 16 

t The parallax of a visual double star can be calculated from the combined 
mass, period and semiaxis (in arc) The parallax calculated on the assumption that 
the combined mass is 2 is caUed the ‘‘dynamical parallax ’’—formerly the “hypo- 
thetical parallax ” 
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of the curve contains only two constants, viz. the average molecular 
weight ft and the constant \ in the law of absorption. Apart from these 
the equation contains only fundamental constants of nature. 

If \ and ft are regarded as adjustable constants the curve can be 
shifted to any extent vertically and laterally but is not otherwise deform- 
able. A slight improvement in the general agreement would be produced 
by shifting the curve downwards and towards the left, more or less along 
its own slope; this would correspond to increasing the molecular weight. 
But when attention is paid more particularly to the first-class data, and 
when account is taken of certain corrections which are needed in the theory 
for stars of small mass, it appears that there would be no real gain. If 
we had no theoretical knowledge of the molecular weight in the interior 
of a star, we could determine it observationally by this method, and we 
should obtain a value quite near to 2*1. This constitutes a very satisfactory 
observational check on the theory of ionisation in the stellar interior. 

Naturally a formula covering the widest variety of stellar conditions 
with only*two constants can only be a first approximation and certain 
refinements must be introduced before a definitive theoretical curve is 
obtained. The further developments needed for a second approximation 
will be considered in due course in Chapters ix and x. 1|he observations 
seem to suggest that the curve is a little too high on the right, but we do 
not think the evidence is of much weight. The points denoting Cepheid 
variables must certainly be raised a little on account of the neglected 
energy of ionisation and the best estimate we can make of this correction 
would just about bring them on to the curve; the results for eclipsing 
variables are not very trustworthy. On the left the curve seems to be 
about a magnitude too low; we believe that this divergence is real, and 
that in a second approximation the theory will follow more closely the 
line of the observations*. 

There seems to be no doubt that (subject to the last-mentioned cor- 
rection) the theoretical curve is statistically confirmed. Whether all 
individual stars will keep to the curve or whether there is room for 
exceptional behaviour is more doubtful. It is possible that when more 
and better observational material is available individual deviations will 
be more apparent. I am conscious of weak points in the present evidence 
and do not consider that the full agreement of all ordinary stars with the 
curve is as yet strongly established. But on the theoretical side it is very 
difficult to see how a star without unusual spectral features can possess 
individual character sensibly different from other stars of the same mass 
and density unless the divergences of chemical composition are much 

* It is probably worth while to allow for this in makirxg practical applications 
of Table 14. A correction varying linearly with the mass from at mass 0-75 
to 1^*0 at mass 0-25 would about meet requirements. 
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greater than commonly supposed Rotation can have little effect on the 
brightness unless it is very rapid Provisionally, we shall assume that the 
mass-lummosity relation is true not only statistically but individually 

109 We have preferred in most cases not to trust mass ratios of 
components of double stars deduced from discussions of the absolute 
orbits It may, however, be of interest to compare these measured mass 
ratios with the ratios deduced by the theory from the lummosities The 
followmg table is due to G Shajn* — 

Table 21 


Mass Ratios of Double Stars 


Star 

theory 

observed 

Star 

mjm^ 

theory 

observed 

7) Cassiop 

0 65 

0 76 

^ Herculis 

0 41 

0 43 

€ Hydrae 

0 64 

09 

Krueger 60 

0 59 

0 56 

7] Cancri 

0 95 

1 00 

70 Ophiuchi 

0 79 

0 82 

^ Urs Maj 

0 90 

1 00 

Capella 

0 86 

0 79 

y Virgims 

0 99 

1 00 

^ Aurigae 

0 98 

1 00 

a Centauri 

0 92 

0 85 

80 Tauri 

0 31 

0 39 

^ Bootis 

0 81 

0 87 

fjb Herculis 

0 89 

1 00 


Apart from the first two stars the agreement is surprisingly good The 
two apparent discordances fade away on scrutiny Por ij Cassiopciae the 
observed is a weighted mean between the results 0 4 and 1 6 derived 

from decimations and right ascensions respectively, it need not be taken 
seriously Por c Hydrae the separation of the components is only 0" 8, 
the astronomer who attempted to measure the mass ratio was an optimist 
H N Russell has called my attention to the star 85 Pegasi (apparent 
magnitudes 5 8, 11 0) It has been alleged that the faint component is 
heavier than the bright star This may be doubted , but there is certainly 
an indication that the famt star has more than its proper share of the mass'! 
Possibly the explanation may be that it is a white dwarf and therefore 
m a condition outside the scope of this theory 

110 Besides the foregoing data for mdividual stars there is a certain 
amount of statistical data as to masses and lummosities which can bo 
compared with the theoretical curve The material is contained in a paper 
by Russell, Adams and JoyJ; m which the mean dynamical parallax and 
the mean spectroscope parallax for groups of double stars are compared 

* Monthly Notices, 85, p 247 A revised value for Krueger 60 has been sub- 

S'fclXiXl'tOCl 

■f L Boss, Prelwmnary General Caialogue, p 278 
t Puh Astr Soc Pacific, 35, p 189 (1923) 
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The dynamical parallax is obtained on the assumption that the mass of 
the system is 2; if the mass is actually IM, the linear dimensions of the 
orbit will be times greater than supposed, and the true distance 
Jlf^ times greater than the inferred distance. By comparing the dynamical 
parallax with a true parallax (trigonometrical or spectroscopic) the mass 
factor is determined. The accidental error is reduced by taking the 
mean for a number of stars, but the investigation can only be expected 
to give very rough results. 

In Table 22 we give (1) the spectral type according to which the stars 
were grouped (giants and dwarfs beiug grouped separately), (2) the effective 
temperature adopted to correspond, (3) the mean mass of a component, 
(4) the mean absolute magnitude of a component, (5) the corresponding 
bolometric magnitude, (6) the bolometric magnitude calculated from M 
and T^, (7) the residual, and (8) the number of systems in the group. 


Table 22. 


Statistics of Double Stars. 


Type 

T. 

Mass 

m(vis.) 

m (bol.) 

m(calo.) 

0-0 

No. 




m 

m 

m 



0 5-B2 

20000 

3*1 

- 1-76 

- 3-63 

- 0-64 

- 2*9 

10 

B3-B8 

15000 

2-8 

H- 0-01 

- 1-03 

- 0*08 

-• 1*0 

8 

B8-A 1 

10500 

1-2 

+ 1-34 

+ 0-98 

+ 3*29 

- 2*3 

35 

0 8-M 6 

3500 

1*25 

+ 1-28 

+ 0-26 

-H 4*08 

- 3*8 

28 

F6-a8 

5000 

1-9 

+ 1-39 

+ 1*21 

+ 2-19 

- 1*0 

31 

A 2-A 4 

9500 

1-05 

-H 2-20 

+ 1*98 

+ 3*95 

- 2*0 

29 

A 5-A 9 

8500 

1*0 

+ 2-75 

+ 2-65 

+ 4*23 

~ 1*6 


FO-FS 

7500 

1-3 

+ 3-26 

H- 3*24 

-f- 3*28 

0*0 

17 

F4r-F 6 

7000 

0*85 

-1- 3-65 

+ 3-65 

•4- 5*13 

- 1*5 

24 

F6-F8 

6500 

1-25 

+ 4-47 

+ 4-47 

+ 3*55 

+ 0-9 

28 

F8-Q0 

6000 

0-85 

-1- 4-66 

+ 4-64 

+ 5*27 

-■ 0*6 

25 

0 1— (? 6 

5000 

1-2 

-H 5-32 

+ 5-14 

+ 3*95 

+ 1*2 

24 

0 6-K. 1 

4500 

1*1 

+ 5-79 

+ 5*44 

+ 4*39 

4- 1-0 

25 

K 2-K 6 

4000 

0*7 

■f 7-00 

+ 6*38 

■+■ 6*45 

' ~ 0*1 

21 

K1-M6 

3500 

0-5 

-}- 9-94 

8*91 

+ 8*09 

+ 0*8 

7 


This comparison does little more than demonstrate a general slope of 
the mass-luminosity curve roughly accordant with that given by our 
theory. But the paper is of historic interest because it gave evidence of a 
mass-luminosity relation persisting from the giant to the dwarf stars 
without break of continuity. 

About the same time as Bussell, Adams and Joy’s investigation, 
B. Hertzsprung also indicated the continuous mass-luminosity relation 

in the paper already quoted as supplying much of our observational 
material. 
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These two researches carried an implication of serious import for the 
giant and dwarf theory of evolution, for that theory required a bifurcated 
and not a continuous mass-luminosity curve We shall see presently that 
this unexpected result involves the abandonment of what had been re- 
garded as a cardinal point in the giant and dwarf theory It is interesting 
to record that the authors of that theory were concerned in the two 
mvestigations which foreshadowed its overthrow 

111 Another line of inquiry may be mentioned which may ultimately 
help to confirm or disprove our conclusions A possible method of deter- 
mining the mean masses of groups of stars from their distribution in star 
clusters has been developed by H von Zeipel* On certain assumptions 
the density of distribution of the stars may be expected to depend on the 
gravitation potential cj> accordmg to the Boltzmann formula p oc 
Writing a ~ we have p oc where a is a function of the position in 
the cluster, dimmishmg as we go away from the centre Hence if the 
distribution density of stars of mass at the centre and at various 
distances from it is proportional to 

1 , , 

the distribution density for stars of mass M 2 will be proportional to 

1 , 

Hence the mass for any group can be determined in terms of an unknown 
unit from a study of its distribution 

Von Zeipel has examined m this way the cluster Messier 37, which is 
of a kind to which the theory may be expected to apply, and has found 
that the formulae fit excellently The research, however, related to the 
mean masses of different spectral types, whereas we should have preferred 
for our purpose a grouping according to bolometnc magnitude 
Von ZeipeTs results for his four groups are — 



M 

No of stars 

Q giants 

2 15 ± 0 12 

67 

B and A 

1 00 

796 

F dwarfs 

0 67 ± 0 02 

682 

0 dwarfs 

0 36 ± 0 02 

1203 

1 


If the G dwarfs may be considered to have a mean mass equal to the 
sun, the unit of M is about 3x0 H happens in the globular clusters) 
the 0 giants are brighter than the B and A stars, their mass 6 5 is in 
general accordance with our expectation A discussion of the same data 
with special reference to the mass-luminosity relation would seem likely 
to yield useful results 

* AstronoTmache ]Slachr%chten, Jubilee No , p 33 (1921) 
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The Oas Laws in Dense Stars. 

112. At the beginning of 1924 the giant and dwarf theory of Hertz- 
sprung and Russell was almost universally accepted. A brief outline of 
this theory has been given in § 7. Hertzsprung and Russell revealed a 
remarkable division of the stars into two series of high and low luminosity 
respectively, and brought the relations of luminosity to spectral type into 
a simple system. Their results have been fully confirmed by subsequent 
researches and have had far-reaching effects on the development of stellar 
astronomy. A noteworthy advance was the recognition that many of the 
stars are diffuse, with densities equal to that of our atmosphere or lower, 
and yet show a spectrum nearly indistinguishable from the dense stars. 
This challenged the spectroscopists to find discriminating differences and 
an important new field of spectroscopy was opened up. The method, now 
commonplace, of calculating the radius of a star from its absolute magnitude 
and spectral type originated with Hertzsprung and RusseU. The deter- 
mination of densities of eclipsing binaries and a general appreciation of 
the usefulness of dynamical parallaxes were incidents in the development 
of the theory. Whatever may be the explanation of the division into 
giants and dwarfs, their separation has become essential in all statistical 
researches and has been fertile of results. Needless to say the chief in- 
vestigations in this book would not have been started without Hertzsprung 
and Russell’s advance. 

In speaking of the “overthrow” of the giant and dwarf theory, we 
do not intend to imply that there is to be any retrogression with regard 
to these results. They are mostly the ascertained facts, some of Which the 
authors discovered at the same time that they theorised on them ; others 
followed by natural development. In any reconstruction of theory these 
facts must be attended to. But the facts were welded by an attractive 
theory of evolution on the lines of Lane’s and Lockyer’s earlier proposals 
into a remarkably coherent scheme. I do not think it is too blunt an 
expression to say that this is now overthrown; at least it has been 
gutted, and it remains to be seen whether the empty shell is still 
standing. 

The theory was that the transition from the giant or highly luminous 
series to the dwarf or faint series occurred when the star in contracting 
reached a density at which the laws- of a perfect gas ceased to apply. The 
transition density 0-1— 0-5 was about the value anticipated from the be- 
haviour of terrestrial gases. The rapid fall of luminosity down the dwarf 
series was ascribed to increasing deviation from the gas laws — ^the dwarf star 
in fact behaved Kke a gradually cooling liquid or soHd. On account of 
these views early researches on the mass-luminosity law were limited to 
giant stars; in the dwarfs the main factor controlling luminosity should 


II-2 
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no longer be the mass but rather the density which determined the 
deviation from a perfect gas 

If giants and dwarfs are treated together the absolute magnitude should 
be a double-valued function of the mass, the effective temperature being 
fixed Any given mass passes through the same effective temperature 
twice, once rising in temperature as a giant and once falling as a dwarf, 
with a different luminosity m the two stages owing to the contraction of 
surface We have mentioned that two investigations in 1923 ought to 
have aroused misgiving as to the tenability of this view There was no 
sign of two branches of the mass-lummosity curve one above the other 
This might conceivably have been an accident of the data , but at least 
the part of the curve relatmg to the dwarfs should have fitted disjomtedly 
to the part relatmg to the giants mstead of being contmuous with it 1 
am aware from conversation with Hertzsprung in the autumn of 1923 
that he considered this difficulty to be serious, his objections made little 
impression on me at the time* 

113 The theoretical mass-lummosity law for a perfectly gaseous star 
was obtamed in February 1924 and the comparison with observation, 
embodied m Fig 2, followed The agreement of the observations with the 
curve was a complete surprise for it was not at all the result that was 
bemg looked for Nearly all the accurate data relate to dwarf stars, 
Capella had been used to fix one of the constants of the curve , and it was 
regretfully decided that no other truly gaseous stars were available to 
test the curve (The use of Cepheid and eclipsing variables was an after- 
thought ) 

Acceptmg the curve on theoretical grounds, it seemed possible to 
make an mterestmg comparison of the dwarf stars with it so as to measure 
how large a drop of lummosity resulted from the deviation from the gas 
laws For example, the curve gives a certain absolute magnitude corre- 
sponding to mass 1 and = 5740° According to the giant and dwarf 
theory this would not be the sun’s present magnitude but its magnitude 
at the time when it passed through the same temperature as a diffuse 
star rising m temperature Since that time the sun has contracted to its 
present high density and its luminosity has decreased proportionately to 
the decrease of its surface The present magnitude should be well below 
the curve— -about 3“^ to 4^ according to the usual estimates Similarly, 
Krueger 60 was expected to be 9^ to 10^ below the curve, that being the 
general difference between giants and dwarfs of type M Exact measure- 

A minor difficulty raised by him was the scarcity of ordinary (non-Cepheid) 
giants of types A and F This makes almost a breach m the linking of the G, K, M 
giards to the dwarf series, and the suggestion of continuous transition from the giants 
to the mam series is weaker than is often supposed (see Fig 3, p 175) 
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ment of these difEerences would have been very helpful in investigations 
on the lines explained in § 95. 

Nothing of the kind was found. All the stars in the left half of Pig. 2 
have high densities not ordinarily associated with a perfect gas. Yet they 
lie on, or even a little above, the theoretical curve for a perfect gas. 

We must conclude either that we have been misled altogether in the 
theory of the mass-luminosity relation or that in dense stars like the sun the 
material behaves as a perfect gas. We have therefore to consider whether 
it is physically possible for matter of the density of platinum or even 
higher to have the compressibility of a perfect gas. On examining the 
question we shall see that there is no earthly reason why it should not 
be a perfect gas — or it would be more accurate to say that the reason why 
it should not is earthly and does not extend to the stars. 

114. We have to examine the suggestion that matter of very high 
density may in stellar conditions have the compressibility of a perfect 
gas. Our first impulse is to dismiss the idea as incredible and to assume 
that some fallacy must have crept into the investigation of stellar luminosity. 
But closer inquiry shows that this behaviour of matter at high tempera- 
tures is not only possible but might have been foretold. We have reached 
by a roundabout route a conclusion which had really become obvious 
from modern advances in physics and was waiting to be recognised. 

The ordinary failure of Boyle’s law when a terrestrial gas is compressed 
to high density is due to the finite size of the atoms or molecules. If the 
molecules were rigid the gas could not be compressed beyond a certain 
maximum density at which they became jammed in contact. This maximum 
density is roughly that of the substance in the liquid or solid state. It is 
shown in the theory of gases that the effect of the finite size of the molecules 
is to change the law from pv = to (v - 6) = 91T, where 6 is 4 times 
the aggregate volume of the molecules; in other words, it is not the whole 
volume but the waste space which is inversely proportional to the pressure 

Por example, a gram of nitrogen at standard temperature and pressure 
occupies 800 cu. cm.; of this 0‘51 cu. cm. is the aggregate volume of the 
molecules, the rest being empty space. There are 2-15.1022 nitrogen 
molecules in a gram and the volume of each is equivalent to that of a 
sphere of radius 1-8 . 10“® cm. 

The reason why an atom behaves like a rigid body of definite size is 
imperfectly understood ; but the size agrees roughly with that of the system 
of electrons circulating round the nucleus. The only element for which 
we can make a direct comparison is helium, since it is difficult to make 

* Strictly h is half the volume so occupied that the centre of another molecule 
cannot enter it. As the packing becomes close h diminishes from four times to twice 
the aggregate volume of the molecules. 
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any theoretical estimate of the size of the electron system in other mon- 
atomic gases The radms of the hehum atom derived from the theory of 
gases IS about three times the radius of its electron orbits The behaviour 
IS as though there were a rigid envelope enclosing with a reasonable margin 
all the electron orbits and so preventing the electrons of two colliding 
atoms from becommg entangled 

If the size of the atom depends on the size of its electron system the 
atoms in the mterior of a star will be very small , for most of the electrons 
are broken away by ionisation and those which remain describe small 
mner orbits In a typical star the light elements such as nitrogen are 
stripped bare to the nucleus, and presumably the nitrogen atom has no 
‘^size” other than that of the nucleus which is of the order 10”^^ cm in 
radms Iron will retam only the two K electrons and the corresponding 
radms is about 2 10 -^® Thus the stellar atoms have in general not 
more than of the radius or i; qqIj qq of the volume of terrestrial 
atoms The constant b is accordmgly divided by a million, and equal 
deviations from the gas laws should occur in the stars at densities a million- 
fold greater than on the earth If a perfect gas is one in which the molecules 
are geometrical pomts, the stellar gas composed of electrons and tiny ions 
perfection far more closely than the bulky terrestrial molecules 

It might perhaps be argued that the rigid envelope of the atom is 
determined by the position of the quantum orbits independently of whether 
these orbits are occupied by electrons or not— that the electrons are 
boundary stones not boundaries, and their removal does not mean a 
reduction of size This is unlikely for several reasons Firstly, it is at 
variance with the views generally held by physicists as to the origin and 
nature of the forces which keep the atoms from penetrating one another 
Secondly, when a helium atom is stripped of its electrons, as in an a 
particle, it can penetrate other atoms, all trace of its former size is lost 
and it preserves no memory of a radms other than that of the nucleus to 
which it IS now reduced Thirdly, the size of a normal atom corresponds 
to the lowest quantum orbits, i e the orbits which are actually occupied, 
higher quantum orbits extending to much greater distances exist, but 
being unoccupied they have no relevance to the size 

The ground for our expectation that the stars will deviate from the 
gas laws when their density approaches that of ordinary liquids and solids 
has been cut away entirely It was based on an analogy with the behaviour 
of terrestrial substances an analogy which is now seen to be baseless 
There is no longer any reason to mistrust the observational evidence that 
the dense stars are still in the state of a practically perfect gas, for this 
false analogy was the original reason for our mistrust 

In order to examine this important conclusion from as many stand- 
points as possible, we shall treat it also on more conservative assumptions 
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Suppose that after all aix atom, when itn electron system is dismantled, 
retains its original property of behaving as a rigid sphere of lO™® cm 
radius The law p {v — b) %T then applies as in a terrestrial gas, but 
only to about 5 per cent of the pressuTO* About 95 per cent of the gas 
pressure is contributed by free electronn which permeate freely through 
the atoms and are not affected by the b term The full gas pressure is 
therefore given by 

Pq = ^ fj ^ ) 

The result is that there is very little deviation from the gas laws until 
the maximum density is nearly attained , the deviation then sets m rapidly 
and a small increase of density gives infinite pressure A dense star will 
therefore consist approximately of a central core of incompressible fluid 
surrounded by a perfect gas, the density of the core being about that of 
terrestrial solids Some calculations wore made by the author on this 
stellar model m 1923, as a revision of the investigation of § 95, but they 
were suspended in order that problems of the stellar absorption law might 
first be settled It was clear, however, that the luminosity would be much 
less affected by the finite size of atoms on this theory than on the Van der 
Waals model Had the work been completed it would have formed a 
kind of half-way stage between the old treatment of dense stars on the 
full analogy of terrestrial gases and the present view that the b term is 
to be abandoned altogether, and even if doubt sliould arise as to this 
latter view the half-way modification Hcerns (^ssc^sutial 

115 The stellar gas differs from torTc^strial gases in two important 
respects Firstly, its molecules are much smaller Secondly, they carry 
electric charges so that there are very larg<^ inter-molecular forces Owing 
to the firbt condition the deviations from the perfect gas law prominent 
in terrestrial gases do not occur in the stars May not the second condition 
introduce new deviations peculiar to the stcjllar gas? 

Inter-molecular forces are not entirely absent in terrestrial gases and 
it is recognised that they produce deviations from the gas laws which 
become prominent at low temperatures But tlicso forces of cohesion ar 
all of the same type — all attractive or all n‘pulHive They are not very 
closely comparable with the electrostatic*, foreign m tJie stellar gas which 
on the whole give a balance of attractive^ and repulsive forces In the 
stars we are concerned with the deviations from pcrfc^ct balance of com- 
paratively large forces, instead of the full firsl.-orclcT e^flects of small forces 
and the ordinary gas theory is not of muc‘h hedp 

We shall show that even if the efT<K*t of these electrostatic forces is 
considerable it is easily distinguishable^^ from an effect due to finite size 
of the molecules, and m particular cannot play the paft ascribed %n the 
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gmnt and dwarf theory to finite size of the molecules For a star of constant 
mass and molecular weight the effect is independent of the star’s density 
It therefore affects the lummosity throughout the evolution of the star — 
in the diffuse stages as much as in the dense stages It cannot be invoked 
to explam the turning-point from the giant to the dwarf series at a critical 
density 

The electrical attractions and repulsions contnbute a pressure which 
should be taken mto account m fornung the equations of equihhnum of a 
star Naturally this pressure increases as the star condenses and the 
charges are squeezed closer together, but it increases at just the same rate 
as all the other forces m the star, so that relatively it is no more important 
m dense stars than m diffuse stars of the same mass 

It has often been pointed out m the theory of the atom that if inverse- 
square forces alone are acting no defimte scale of size can be fixed This 
IS illustrated by our results for a perfectly gaseous star, where, under 
the mverse-square force of gravitation, no scale of volume for the star is 
fixed a giant star of given mass is equally comfortable with any radius 
By varying the radius we have a perfectly homologous series Thus if A 
IS a star m equihbrium and B a replica of it— a precise copy of the in- 
stantaneous distnbution of molecules— but with all lengths altered m the 
ratio I and afi speeds m the ratio T^, then B will also be in equilibrium 
For then p is altered in the ratio 1-® and T in the ratio so that the re- 
lation p cc T® for stars of the same mass is satisfied Looking mto the 
details of the balance, we see that any potential energy arising from inverse- 
square forces IS altered m the ratio l ~'^ — the same as the ratio of alteration 
of kmetic energy of all the molecules , moreover, radiant energy per unit 
volume IS altered m the ratio T-* or and therefore radiant energy per 
unit mass is altered in the ratio 

To upset the homology we must have other than inverse-square forces, 
such as those which act durmg a collision between molecules , the potential 
energy from these forces is not altered in the ratio l~^, so that its importance 
will be relatively greater or less accordmg to the radius of the star When 
the molecule is for most of the time free from collision this energy is 
neghgible, but it becomes important when the molecules are kept jammed 
m contact According to the older theory this happened at a density 
approaching that of water, and the homologous series of giant stars stopped 
at about that point, but our present theory is that these contact forces 
do not attain the correspondmg importance until enormously higher 
densities are reached We admit that there are large forces between the 
molecules when still far apart , but these are mverse-square forces with 
potential energy varying as l-\ so that the homology is not disturbed 

Therefore although the electrostatic forces will change the equilibrium 
of the stars A and B to new models A, and B^, B, is derived from A^ 
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by the same transformation as used in deriving B from A, The pressures 
will be transformed in the ratio l-^ and therefore in the same ratio as pT. 
The perfect gas law is obeyed, except that the constant of proportionality 
between pg. and pT is modified by the electrostatic forces, so that we have 

p^^aytpTliJL (115«1), 

where a is the same throughout the homologous series and depends only 
on the mass of the star. Since /x only appears in the astronomical formulae 
through this equation for joq, the effect of electrostatic forces is very 
simply taken into account by substituting a fictitious molecular weight 
ft I a instead of pu in our formulae. 

It is true that the star B could not actually be a precise copy of A. 
because at the different temperature and density the ionisation would be 
slightly altered. The ionisation depends on other than inverse-square 
forces and is therefore not purely a function of p/T^. Thus Bq would not 
be strictly homologous to A^; but no more is B (without electrostatic 
forces) strictly homologous to A. The differences are no greater than those 
that have previously been neglected. 

116 . The investigation of the magnitude of the electrostatic forces is 
taken up in Chapter x. We shall find that they are comparatively small 
and have little effect on the mass-luminosity curve, except that they 
responsible for about half of the difference between the line 
of the observations and the theoretical curve on the left of Kg. 2. They 
make the gas superperf ect ; that is to say, the pressure is less than in a 
perfect gas, whereas the deviations familiar in terrestrial gases make the 
pressure greater. 

At first sight it seems absurd that we should secure greater com- 
pressibility — ^render the atoms less able to ward off one another — ^by 
stripping them of their electrons and thereby exposing the large repulsive 
forces of their nuclei which were previously shielded. But the electrons 
set free by ionisation are not removed ; they wander among the ions and 
shield their repulsions very much as they did when they were bound. The 
mystery really lies in the origin of the forces corresponding to the rigidity 
of the atoms, which seem to be much greater than any electrostatic 
repulsions in the small region in which they act. 

The following calculation is intended solely to allay the idea that the 
electrostatic forces will, by creating around an ion a large region im- 
penetrable to other ions, give it an effective volume sufficient to produce 
large effects. In order to take the most favourable case, consider a small 
star like Krueger 60, which at a more or less average point has a tempera- 
ture 2-5.10'^ and a density 360. If the material is iron there will be 
3-9.102^ ions per cu. cm. giving an average separation of 0-64, 

The charge of an ion retaining 3 electrons is 23e and two such ions at 
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average separation have a mutual potential energy nearly equal to the 
average kinetic energy of 4 free molecules At the average separation 
this mutual energy merely cancels that due to the free electrons in the 
neighbourhood since the average potential is zero Now let the two ions 
approach to a distance 0 42 10“® cm Their mutual energy bemg pro- 
portional to increases by 50 per cent , and there is no corresponding 
increase in the cancelling term, since the negative charge being divided 
between 23 free electrons has a comparatively non-fluctuating distribution 
The increase is thus equal to the average kinetic energy of 2 free molecules, 
and the 2 ions can just make the approach at the expense of all their 
kinetic energy if they were ongmally endowed with the average amount 
Hence on the average two ions cannot approach nearer than f of their 
mean distance, which means that effectively an ion is barred out from 
^ of the whole volume 

When a molecule is barred from a third of the volume by finite size 
of other molecules the constant b in the gas equation is so that the 
pressure equation becomes = RT Accordingly, the pressure is in- 
creased 20 per cent But in the present case only ^ of the gas pressure 
comes from the ions, the rest is from the free electrons which are not 
barred from any appreciable volume Thus the increase in the pressure 
would be less than 1 per cent 

We repeat, however, that this is not a calculation of the true electro- 
static effect It deals with a particular objection which anses in most 
minds, VIZ that ions will act as though they had large volumes. A rather 
difficult mathematical mvestigation will show that the objection is a 
phantasm (§184), meanwhile, we take the easier course of showing that, 
phantasm or not, it is at any rate not of large order of magnitude The 
barring out of ions from close approach to one another has actually an 
effect which would scarcely have been anticipated It means that in very 
small stars the ions are constrained to keep at the greatest possible distance 
from one another, whilst the electrons can wander as they like The 
repulsive forces are thus kept down to a minimum, whilst the attractive 
forces have a good chance of exceeding the minimum The result is that 
attractive forces predominate and assist the compression of the material 


White Dwarfs 

117 If stellar matter at the density of platinum has still the com- 
pressibility of a perfect gas, the limiting density must be much higher 
It IS therefore possible that matter in the stars may attam densities un- 
paralleled in terrestrial experience Conversely, if we can discover in the 
universe matter of transoendently high density, it will be the strongest 
possible confirmation of our conclusion that in the ordinary dwarf stars 
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matter is still a long way from the maximum density and therefore behaves 
as a perfect gas. 

We realise at once where the search should begin, for it happens that 
the white dwarf stars have raised this very question. '‘Strange objects, 
which persist in showing a type of spectrum entirely out of keeping with 
their luminosity, may ultimately teach us more than a host which radiate 
according to rule.’’* The most famous of these stars is the Companion of 
Sirius. 

The mass of Sirius comes is found from the double star orbit and is 
quite trustworthy. The determinations range from 0*75© to 0-95©; we 
adopt 0*85. The absolute magnitude is corresponding to a luminosity 
^ of that of the sun. The faintness would occasion no surprise if this 
were a red star; but in 1914 W. S. Adams f made the surprising discovery 
that the spectrum is that of a white star not very different from Sirius 
itself. The spectrum is F 0, or, if anything, a little earlier (towards A). 
Assuming that type F corresponds to an effective temperature 8000'’ — 
it can scarcely be less in so dense a star — and using the absolute magnitude 
we find by (87-2) the radius 18,800 km. Apparently then we have 
a star of mass about equal to the sun and of radius much less than Uranus. 
The calculated density is 61,000 gm. per cu. cm. — ^just about a ton to the 
cubic inch. 

This argument has been known for some years. I think it has generally 
been considered proper to add the conclusion "which is absurd,” 

Apart from the incredibility of the result, there was no particular 
reason to view the calculation with suspicion. The mass is well established 
and the radius is found by the method used in predicting the radii of 
a Orionis, Antares, etc. — ^predictions afterwards confirmed by direct 
measures with the interferometer. It has been suggested that the light 
is reflected from Sirius, the companion being of low density and having 
little light of its own. Apart from any intrinsic difficulties in this suggestion, 
nothing is gained by explaining the companion of Sirius in a way which 
will not apply to the other white dwarfs that have been discovered. The 
bright component of og Eridani is a white dwarf and it has no bright and 
hot star in its neighbourhood. 

It seems that Sirius comes either has the enormous density above 
stated, or else at some low effective temperature probably below 3000® 
it is able by unexplained means to produce an imitation of the leading 
features of the F spectrum sufficiently close to deceive the expert observer, 
I suppose that until recently the first alternative was considered incredible. 
It seemed that the radiation of the white dwarfs must be set down as one 
of those paradoxes which arise from time to time when imperfect theoretical 

* Centenary Address, Monthly Notices, 82, p. 436 (1922). 
f Fuh. Astr, Soc. Pac. 21, p. 236 (1916). 
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knowledge is brought to bear on observation But we have now reached 
the conclusion that the density is not incredible, and have some inclination 
to accept the straightforward calculation Some difficulties remain — 
sufficiently impressive to deter us from accepting the high density as 
proved without further confirmation 

I do not see how a star which has once got into this compressed con- 
dition IS ever going to get out of it So far as we know, the close packing 
of matter is only possible so long as the temperature is great enough to 
ionise the material When the star cools down and regains the normal 
density ordmarily associated with solids, it must expand and do work 
against gravity The star will need energy %n order to cool Sinus comes on 
solidifying will have to expand its radius at least tenfold, which means 
that 90 per cent of its lost gravitational energy O must be replaced We 
have seen (§§ 1 03, 104) that the heat energy including energy of ionisation 
IS necessarily less than Q so that there is likely to be a deficit We can 
scarcely credit the star with sufficient foresight to retain more than 90 per 
cent in reserve for the difficulty awaiting it It would seem that the 
star will be in an awkward predicament when its supply of sub-atomic 
energy ultimately fails Imagine a body continually losing heat but with 
insufficient energy to grow cold f 

It IS a curious problem and one may make many fanciful suggestions 
as to what actually will happen We here leave aside the difficulty as not 
necessarily fatal 

118 The density of the companion of Sinus can be submitted to a 
crucial observational test, viz the third Einstein effect or shift of spectral 
lines to the red If the high density is right this effect will be very large 
since it IS proportional to MjR which is 31 times as great for the star as 
for the sun The predicted shift is equivalent to a Doppler displacement of 
20 km per sec , and there is no fear of confusing it with miscellaneous 
sources of spectral shift (the K term) which can scarcely exceed 3 or 4 km 
per second In an isolated star there would be no means of separating 
the Einstein shift from a genuine Doppler displacement due to Imc-of- 
sight velocity, but for this star we know the line-of -eight velocity by 
observation of Sinus itself The observation in fact consists in differential 
measures of the spectra of Sinus and its companion, the small difference 
of orbital motion between them is known and can be allowed for 

This test has been carried out by W S Adams at the Mount Wilson 
Observatory* Difficulty arises from the faintness of the object and its 
nearness to Sinus The spectrum of the companion is overlaid by a scattered 
spectrum of Sinus Scattering increases rapidly with diminishing wave- 
ength so that the long wave-length end of the spectrum is the purest 

Proc. Nat Acad jSa 11, p 382 (July, 1925), erratum. Observatory, 49, p 88 
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At J?j8 there is practically no interference, the scattered light of Sinus 
being weak The displacements ot measured on 4 different photographs 
(different methods of measurement givmg 8 determinations in all) were 
found to be 

+ 31, 23, 24, 17, 31, 27, 28, 25 km per sec Mean + 26 
At Hy it was found that the scattered light was just about equal in intensity 
to the true light of the companion, thus the line is presumably a blend in 
equal proportions of Hy for the companion and for Sinus The measures 
should therefore be multiplied by a factor nearly equal to 2 The measured 
displacements of Hy were 

+ 13, 17, 2, 4, 8, 14, 12 km per sec Mean (corrected for blend) 4- 21 km 
per sec 

Fainter lines which could be measured gave, after multiplying by the 
factor for blend, the mean result + 22 km per sec We have then 

General mean. Companion minus Sinus + 23 
True Doppler Effect (orbital motion) + 4 3 

Einstein Shift +19 km per sec 

The device that was resorted to for Hy and the faint lines is, of course, 
unsatisfactory, but the evidence from H^ alone seems decisive 

This observation is so important that I do not like to accept it too 
hastily until the spectroscopic experts have had full time to criticise or 
challenge it, but so far as I know it seems entirely dependable If so, 
Prof Adams has killed two birds with one stone , he has carried out a new 
test of Einstein’s general theory of relativity and he has confirmed our 
suspicion that matter 2000 times denser than platinum is not only possible, 
but IS actually present in the universe 

119 White dwarfs are probably very abundant Only three are 
definitely known, but they arc all within a small distance of the sun It 
IS only in rare conditions that we are likely to suspect, much less to establish , 
this condition of a star In this book the phrase "'ordinary stars” is to 
be understood to exclude white dwarfs ; but if we say little about them it 
IS because we know little and not because we regard them as a negligible 
minority 

The bright component of og Eridani suggests itself for an additional 
test It IS fainter than Sinus comes, but there is no bright star to interfere 
with its spectral measuiement The Einstein effect is, however, smaller 
The companion of o Ceti has been suspected of being a white dwarf, but 
its spectrum seems to be peculiar and its nature is rather obscure 

The conditions m the white dwarfs are outside the limits to which our 
theoretical investigations apply In particular, our formula for k ceases 
to be a valid approximation and we have as yet no determination of the 
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probable degree of ionisation It seems likely that the ordinary failure 
of the gas laws due to finite size of molecules will occur at these high 
densities, and I do not suppose that the white dwarfs behave like perfect 
gas The companion of Sinus would fall well below the theoretical mass- 
lummosity curve, this may be an indication that the gas laws have at 
last failed, but it might also be explained by an increase of the absorption 
coefficient arising from the close packing of the ions and electrons 

If the gas laws were obeyed the companion of Sinus would have a 
central density of about 3,000,000 gm /cm ® and a central temperature 
1,000,000,000° The temperature is of the order required to afl:ect the rate 
of radio-active processes and bring about nuclear changes, so that a new 
senes of phenomena ujriknown m ordinary stars may be occurring If the 
white dwarfs could be placed at the beginning instead of at the end of 
evolution the origin of the chemical elements would be less mysterious 

Evolution 

120 We have been considering the luminosity-mass relation indicated 
both by theory and observation, and the consequences arising from it 
We now turn to the luminosity-type relation which at present is a purely 
empirical one 

Fig 3, due to F H Seares, contains the known statistics of absolute 
magnitude and spectral type of the stars Impressions formed from the 
diagram may be misleadmg unless attention is paid to the great influence 
of selection of data Naturally bright stars are represented in numbers 
out of all proportion to their abundance in space Absolute magnitudes 
found by the spectroscopic method have been more fully studied for the 
redder than for the whiter types Nevertheless, the diagram is extremely 
instructive 

The feature of the distribution which is generally accepted as indubitable 
IS represented schematically in Fig 4 The statistics cluster strongly to a 
pair of lines PQR The slope of PQ is small, and it is not certain that it 
IS in the direction shown, but the reduction of Seares’s visual magnitudes 
to bolometric magnitude increases the slope in this direction* In the 
globular clusters the slope of PQ is definitely in this direction and seems 
to be larger than in our local system 

We may either suppose that PQR is the track of evolution of an average 
star, or we may suppose that stars born with different masses develop 
rapidly until they reach a point on PQR and then stick there almost 
mdefimtely The line is either a track of evolution or a locus of equilibrium 
points or a mixture of both 

* Ordinary giants of types A and F which would he on the direct line of PQ 
are scarce, and the stars shown on Seares’s diagram are chiefly Cepheids or pseudo- 
Cepheids ^ 
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According to the present theory a star remains of practically constant 
bolometric magnitude so long as its mass does not alter. More accurately 
the track of evolution of a star of constant mass has a slight upward slope 
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to the left ; such a track is shown by the dotted line 8S'. Any considerable 
vertical displacement in Fig. 4 involves a change of mass. In particular, 
there can be no evolution of a star along QM unless the star is changing 
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mass — ^and changmg it considerably Evolution along PQ involves at the 
most mmor changes of mass 

The dwarf stars enormously outnumber the giants, and if SearesV 
diagram had shown the true proportions of the stars m space the Imo QR 
would have been the prominent feature to the exclusion of almost every- 
thmg else Indeed, the next most conspicuous feature would have been 
the white dwarfs, and the giants along PQ would scarcely be noticed We 
call QR the Mam Senes We can trace a definite prolongation of it, as 
shown by the broken line, through the hotter types B and 0, the latter 
stars are not very numerous m space 



Pig 4 Sohematio Type-Magnitude Diagram 

121 If evolution is to contmue to play the dominant part in our theories 
of the stars that it has done for the last 50 years we must suppose that 
there is an evolution along the mam series, and this necessarily involves 
a change of mass The greater part of the star’s life will be occupied by 
evolution along this senes, the stars presumably joming and ultimately 
leavmg the Ime at different pomts accordmg to their initial masses or 
extraneous mfluences to which they may have been subjected We should 
thus regard the giants as stars on the way to jom the main senes, and the 
white dwarfs as stars which have finally left it 

If there is no evolution along the mam senes then each star ultimately 
leaves (3^ at the pomt where it reached it, after takmg a long rest on the 
Ime So far as can be ascertained the stars approaching the Ime (giants) 
are mostly of considerably larger mass than the stars leaving the line 
(white dwarfs), so that evolution down the line is strongly suggested 

It wiU be seen that any modern theory of evolution is bound up with 
the question of the possibility of change of mass of a star 
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122. The motion (if any) of a star along QJi must be due to changing 
mass and not to any lack of balance of supply and demand of energy. 
It is important to remember this because it has usually been supposed that 
the impulse for a star to move on to a new condition comes from a failure 
of energy supply. But here a failure of supply would cause the star to 
move away from QJi along a line parallel to jSjS' ; it cannot reach any other 
point on QJi without changing its mass. 

It appears then that along QJi there is a semipermanent balance of 
supply of sub-atomic energy and loss by radiation, the radiation being 
determined by Table 14. Por different masses the corresponding point on 
this line gives the right internal conditions for a liberation of sub-atomic 
energy at a rate which balances the fixed rate of radiation. This will be 
true for the greater part of the star’s life, but the composition of the 
material is gradually being transformed and the time ultimately arrives 
when the star must leave the line. 

It is therefore of interest to study the internal conditions of stars on 
the line of the main series. I do not think we should expect to find any 
common characteristic, because, for example, V Puppis has to fiberate 
8500 times as much energy per gram as Krueger 60 in order to keep the 
balance. But whether by accident or by some significant law of physics 
there is a common characteristic ; the stars on the main series possess nearly 
the same internal temperature distribution. 

Attention has been called to this curious result by H. N. Russell* 
Examples of it were given in § 106. Perhaps the best way of discovering 
how closely the stars conform to it is to assume a common central tempera- 
ture of 40 million degrees for aU stars of the main series, and calculate the 
resulting relation between absolute magnitude (or mass) and effective 
temperature (or t 5 rpe). 

In Table 23 the first two columns are taken directly from Table 14. 
Then by (99‘3) the radius R of the star is given by 


R = 0-856 


Gjx^M 


( 122 - 1 ). 


Hence R corresponding to the assumed central temperature can be found. 

If m is the absolute bolometric magnitude, and the magnitude taken 
directly from Table 14, 


OTo - 2 log (r,/5200) = m = - I log B -f const. 

= — 5 log R ~ 10 log IPg -f const. 

so that 8 log = — m^ — 5 log R -f const (122-2). 

Thus T, is found and is given in the fifth column of the Table We can 

now determine m (= mo - 2 log {T,/5200)) and reduce it to visual mag- 
nitude. ® 


* Nature, 116, p. 209 (1926). 
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Finally, the type corresponding toT^ according to the usual temperatiiie 
scale IS added in the sixth column 

It should be mentioned that we have in these calculations applied to 
mo the correction suggested in the footnote on p 159, that is to say, wo 
have* followed the hne of the observational data rather than the theoretical 
curve at the left of Fig 2, because we thinlc that the correction is genuine’^ 


Table 23. 


Results for assumed Central Temperature 40,000,000'' 


1-^ 

Mass 

Bol Mag 

Vis Mag 

Eft Temp 

Typo 

002 

182 

m 

11 94 

m 

14 5 

0 

2650 

<Md 

004 

258 

10 25 

11 6 

3210 

a: 9 

015 

512 

7 26 

7 6 

4540 

KO 

03 

746 

6 93 

6 1 

6160 

G4. 

05 

1 00 

4 47 

45 

6290 

F8 

10 

1 58 

2 43 

2 5 

8250 

A 8 

18 

2 56 

0 52 

09 

10520 

AO 

30 

4 53 

- 1 38 

- 06 

13260 

B7 

60 

11 46 

- 3 86 

- 24 

17460 

B2 

70 

37 67 

- 6 44 

- 43 

22500 

Oe 

80 

90 63 

- 8 12 

- 6 

26200 

0 


If these magnitudes and types are plotted on a diagram similar to 
that of Seares we obtain a hne which agrees as nearly as we can judge 
with the central hne of the mam senes The observational evidence is 
thus consistent with the assumption of a uniform central temperature of 
40 miUion degrees throughout the whole length At any rate, the deviation 
from uniformity must be small 

The question arises whether the mam series is strictly a line m the 
diagram or a rather narrow band This can scarcely be determined from 
the statistics, because the spread is largely caused by observational error. 
It IS risky to appeal to particular individuals since we cannot be certain 
that these have reached the stable point, thus the fainter component of 
a Oentauri is considered by Russell to be a giant of unusually small mass 
which IS approaching the mam series but has not reached it I think that 
a certam amount of spread must be admitted more particularly at the hot 

* Whether the correction if genuine ought to be applied depends on its origin 
If it IS due to a decreased absorption coefficient rendering the stars more luminous 
than the law h oc prediets, our procedure is justified If it is due to an increase 
of molecular weight (whether actual or used as a fictitious equivalent of the electro- 
static forces as in § 116) /x should be increased in determimng B from (122 1) This 
would make B larger and the e:Uective temperature smaller and to a large extent 
compensate the decrease of in (122 2) If, for this or other reasons, it is inappro- 
priate to apply the correction, must mcrease a little for the smaller stars 
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end of the series; for example, Alcyone although the brightest of the 
Pleiades is by no means the hottest. Exceptions of this kind become rarer 
as we go down the series and apparently the band narrows. Perhaps the 
effect of diverse initial conditions of the stars wears out after they have 
been a long time on the main series. The luminosity-spectrum relation is 
primarily an empirical one, whereas the luminosity-mass relation is based 
on a definite theory; there is no reason to anticipate that the former will 
be as exact as the latter for individual stars. 

It is difficult to know what to make of this constancy of central 
temperature. It may be an accidental relation due to the exhaustion of 
the sources of sub-atomic energy balancing the decrease in demand as the 
mass diminishes; but this seems an unlikely adjustment. Taken at face 
value it suggests that whether a supply of 680 ergs per gram is needed 
(V Puppis) or whether a supply of 0-08 ergs per gram (Krueger 60) the 
star has to rise to 40,000,000*’ to get it. At this temperature it taps an 
unlimited supply. 

The obvious difficulty is that temperature is a statistical attribute, and 
if we turn to the individual processes, anything characteristic of 40 million 
degrees is still moderately abundant at 20 million degrees. It is true that 
at low temperatures we have experience of critical transitions, but the 
analogy seems inapplicable. Does energy issue freely from matter at 
40,000,000° as steam issues from water at 100°? 


12-2 



CHAPTER VIII 


VARIABLE STARS 
Cepheid Variables 

123 Although variable stars of the Cepheid type show a periodic 
change of radial velocity it is improbable that they are binary systems 
The theory which now seems most plausible attributes their variation to 
the pulsation of a single star, and accordingly the varying radial velocity 
measures the approach and recession of the surface presented towards 
the observer as the star swells and contracts If this explanation is correct 
we have an opportunity of extendmg the study of the internal state of a 
star from static to disturbed conditions 

The leading facts about these variables ascertained by observational 
study are as follows — 

About 170 galactic Cepheids are known with periods ranging from a 
few hours to about 50 days, so-called orbits” have been determined for 
20 of these from measurements of radial velocity In addition large 
numbers of Cepheids have been found in some globular clusters, among 
these periods less than 12 hours are especially prevalent Cepheids have 
also been found in the Andromeda nebula 

Relatively few periods are between 0 7 and 3 days, so that the Cepheids 
may be subdivided into two groups with periods above and below this gap 
The light-range rarely exceeds 1“^ 2 visual , the photographic range is 
greater than the visual The spectral type changes during the period, 
corresponding to a higher temperature at maximum than at minimum 
The light-curve and the velocity-curve are closely similar*, the 
correspondence is the more marked because both curves are usually un- 
symmetrical The light-variation is marked by a rapid rise to maximum 
and a comparatively slow decline often arrested by a definite hump in 
the downward course of the curvef This asymmetry is reproduced in 
the velocity-curve, if interpreted as orbital motion it indicates that the 
orbit IS eccentric with periastron at the point farthest from the observer 
There are occasional exceptions to this rule 

The relation of phase between light and velocity is very definite, 
maximum light occurring simultaneously with — or perhaps slightly before 

* When plotted according to the usual conventions the one is a mirror image of 
the other 

t A progressive relation between the period and the form of the light curve has 
been found by E Hertzsprung For periods 2-3 days and again for periods 10-12 
days the curve is fairly symmetrical {Bull Aatr Inst Netherlands, No 96) 
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maximuin velocity of approach. This fact rules out any interpretation 
of the variation as an occultation effect. 

The absolute magnitude is a definite function of the period. This was 
first shown by Miss Leavitt from a study of the variables in the Lesser 
Magellanic Cloud. A full confirmation was obtained by H. Shapley from 
the variables in globular clusters. In the same cluster the absolute mag- 
nitude differs from the apparent magnitude by a constant (depending on 
the xmknown distance of the cluster) so that the period-luminosity re- 
lation is given directly without the intervention of parallax. It is found 
that the period determines the absolute magnitude to within a probable 
error of ± 0“i-25. Having thus found the period-magnitude curve applicable 
to aU Cepheids except for the unknown constant, we proceed to anchor 
the curve by combining our knowledge of the mean luminosity of the 
nearer Cepheids (derived from their parallactic and cross motions) into 
a single mean determination of the constant. 

There is a progression of spectral type in the direction from A towards 
M as the period (and luminosity) increases. 

The Cepheids are more luminous than ordinary giant stars of the same 
spectral class, although some giant stars of high luminosity, called pseudo- 
Cepheids, are found which seem to resemble them very closely without 
showing any light-variation. Cepheids and pseudo-Cepheids are sometimes 
described as “super-giants.” 

124. Tables 24 and 25 contain results for those Cepheids which have 
been sufficiently investigated. The observational data have been taken 
from a compilation by Margarete Giissow*. 

In Table 24, column 3 gives for most stars the range of spectral type 
since the type changes during the light-period. In column 4 an effective 
temperature is assigned to correspond to the median spectral type. The 
basis adopted in this assignment is 4900° for type G 0 with an increase of 
logio by 0-0140 for each tenth of a type between M and A, so that 
A 0 = 9300°, Jf 0 = 2600°. The temperatures are taken rather low, partly 
because these stars are super-giants of low density, and partly because the 
types here used (mostly due to Shapleyf) are systematically or of a 
type bluer than those assigned by Adams and Joy. The absolute visual 
magnitude in column 6 is derived from the period by Shapley’s period- 
luminosity curve J. Differentially these magnitudes should be correct to 
within 0”^-25, but the zero point of the period-luminosity curve is not so 
well determined, and there may be a constant correction applicable to the 
whole series. I suspect also that there may be a progressive error (originat- 

Kritische Zusammenstellung samtlicher Beobachtungsergebnisse der Verfi.n.- 
derlichen vom 8 Cephei-Typus und Kritik der Eddingtonschen Pulsationstheorie ” 
(lithographed, Berlin, 1924). 

t Astrophys. Journ. 44, p. 274. j im. 48, pp. 114, 282. 
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Table 24 


Cepheid Variables — Observational Data 


No 

Star 

Type 


Period 

Magnitude 

Light Range 




Te 

(H) 

Vis 

Bol 

Vis 

Photog 

c 


(10«km ) 

1 

1 Car 

i^8-(?9 

o 

4400 

d 

35 523 

m 

- 5 13 

m 

- 5 53 

m 

1 5 

m 

0 36 

o 

99 

8 59 

2 

Y Oph 

F6-GZ 

5050 

17 121 

- 4 00 

- 4 17 

0 61 


0 16 

202 

1 79 

3 

XCyg 

F6 

5750 

16 385 

-3 92 

- 3 97 

0 69 

1 16 

0 25 

101 

6 12 

4 

^Gem 

GO 

4900 

10 155 

- 3 16 

- 3 37 

0 42 

1 00 

0 20 

338 

1 82 

5 

S Sge 

F4^GZ 

5150 

8 382 

- 2 87 

- 3 02 

0 50 

0 86 

0 60 

76 

1 47 

6 

W Sgr 

AS-G2 

5750 

7 594 

- 2 72 

- 2 77 

0 85 


0 36 

43 

1 93 

7 

■q Aql 

AS-G5 

5500 

7 176 

- 2 62 

- 2 70 

0 51 

1 09 

0 47 

66 

1 77 

8 

XSgr 

Fl~G5 

5250 

7 012 

- 2 60 

- 2 73 

0 67 


j 0 40 

94 

1 33 

9 

YSgr 

F4r-G^ 

5050 

5 773 

- 2 30 

- 2 47 

0 74 

1 13 

! 0 42 

74 

1 36 

10 

8 Cep 

F0-G2 

5550 

5 366 

- 2 19 

- 2 27 

0 61 

1 08 

0 48 

85 

1 27 

11 

T Vnl 

AQ-Gl 

5760 

4 435 

- 1 95 

- 2 00 

0 71 

1 13 

0 44 

104 

0 966 

12 

SUCyg 

A0~F1 

6450 

3 845 

- 1 78 

- 1 78 

0 74 

1 15 

0 31 

108 

0 709 

13 

RTAur 

Al-Gl 

5950 

3 728 

- 1 74 

- 1 76 

0 80 


0 37 

95 

0 856 

14 

SZ Tan 

A0~G0 

5850 

3 148 

- 1 58 

- 1 62 


0 58 

0 24 

77 

0 460 

15 

SUCas 

A0~F^ 

6350 

1 950 

- 1 15 

- 1 15 

0 33 

0 47 

00 


0 295 

16 

RH Lyr 

B0-F2 

7800 

0 567 

- 0 35 

- 0 39 

0 85 

1 06 

0 25 

111 

0 166 

17 

Polaris 

F% 

5250 

3 968 

- 1 81 

- 1 94 

0 08 

0 17 

0 13 

80 

0 165 

18 

^Cep 

Bl 

19000 

0 190 

- 0 37 

- 2 00 

0 05 


00 


0 045 


Table 25. 

GepJieid Variables — Theoretical Results 


No 

Star 

M 

(Sun = l) 

1-13 

R 

(10«kin) 

Pc 

n Vpo 

T, (10« 
degrees) 

a' 

(10« km ) 

hit 

It 

rn 

J. 

1 

ZCar 

50 3 

74 

145 

000433 

0 74 

2 61 

117 

059 

117 

2 

YOph 

22 6 

62 

58 6 

00288 

0 92 

4 24 

54 9 

031 

064 

3 

XCyg 

19 2 

60 

41 1 

00713 

1 38 

6 39 

60 6 

148 

009 

4 

^ Gem 

15 4 

56 

43 0 

00496 

0 71 

4 56 

34 1 

042 

030 

5 

S Sge 

12 8 

52 

33 3 

00894 

0 79 

5 34 

28 2 

044 

045 

6 

W Sgr 

10 9 

49 

23 7 

0209 

1 10 

6 78 

25 0 

081 

085 

7 

■q Aql 

10 7 

49 

25 3 

0170 

0 94 

6 23 

24 0 

070 

049 

8 

XSgr 

11 1 

49 

27 9 

0131 

0 80 

5 87 

23 9 

048 

061 

9 

YSgr 

10 0 

47 

26 8 

0134 

0 67 

5 72 

20 3 

050 

065 

10 

S Cep 

8 8 

45 

20 2 

0273 

0 89 

6 93 

18 5 

063 

058 

11 

T Vul 

7 7 

42 

16 7 

0427 

0 92 

7 74 

15 6 

058 

071 

12 

SU Cyg 

6 8 

39 

12 0 

102 

1 23 

10 00 

13 6 

059 

083 

13 

RT Aur 

6 9 

39 

13 9 

0656 

0 95 

8 76 

13 4 

062 

083 

14 

SZ Tau 

6 6 

38 

1 13 5 

0691 

0 83 

8 76 

11 8 

034 

036 

15 

SU Cas 

5 3 

33 

9 2 

175 

0 82 

11 2 

80 

032 

036 

16 

RR Lyr 

3 7 

26 

4 32 

1 18 

0 62 

18 3 

3 1 

039 

132 

17 

Polaris 

7 8 

42 

19 6 

0267 

0 65 

6 66 

14 5 

008 

007 

18 

1 

^ Cep 

5 1 

33 

1 52 

37 3 

1 16 

65 5 

1 7 

030 

015 





VARIABLE STARS 


183 


ing in a faulty reduction from photographic to visual magnitude) which 
makes the first three or four stars too bright and their calculated masses 
too large. The bolometric magnitude is derived from the visual mag- 
nitude by Table 16. The light-range in columns 8 and 9 often differs 
considerably from the value given in a former Table of this kind* owing 
to more recent photometric work. The last three columns contain elements 
of the spectrographic “orbits.” The quantity e is not to be interpreted 
literally as an eccentricity, but it serves to measure the deviation from a 
simple harmonic oscillation. The element o) indicates the position of 
periastron according to the orbital interpretation ; if o) = 90°, periastron 
is at the point of the orbit farthest from us, so that the drop from greatest 
receding velocity to least receding velocity is sharper than the ascent of 
the velocity-curve. This is generally a characteristic feature. The quantity 
8B is the element a sin i of the spectrographic orbit, but is here considered 
to be the semiamplitude of the pulsation. Strictly speaking, if oj is not 
90° or 270° so that the major axis is not in the line of sight, a correction 
for eccentricity should be applied, but in all these stars the correction is 
trivial. 

In Table 25 columns 3 and 4 give the mass and I — deduced by our 
theory from the absolute magnitude and . In column 6 the radius is 
obtained as usual from the absolute magnitude and . The central density 
and central temperature in columns 6 and 8 are then found by (99-3). 
In column 9 we calculate the radius a' of the orbit of a hypothetical 
satellite revolving round the star of mass M in the period 11. In column 1 1 
ST^ is the semiamplitude of a variation of which would account for the 
visual light range given in Table 24. Due allowance is made for the change 
in luminous efficiency when T, varies, so that STJT, is not exactly pro- 
portional to the range of magnitude. The relation of phase of the light- 
curve and velocity-curve is such that the radius has approximately its 
mean value both at maximum and minimum light. Accordingly it is 
legitimate to ascribe the light-range to a change of effective temperature 
and not to a change of radius ; but we may perhaps be in error in assuming 
that the relation of visual light to heat intensity is the same as in a static 
star. 

The stars Polaris and ^ Cephei are given for reference at the end of the 
Tables. The light-range is very small, but they are believed to be genuine 
Cepheids. In discussing the Tables we shall, however, confine attention 
to the typical Cepheids with large variation. 

125. We shall first explain why the binary hypothesis for these stars 
has been abandoned. 

If there are two stars, the secondary must be relatively faint because 
* Monthly Notices^ 79, p. 4. 
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its spectral lines are never detected The explanation often given for the 
light variation is that there is a resisting medium surrounding the whole 
system, and as the prmcipal star moves through the medium its front 
surface becomes heated by the resistance Consequently the star goes 
through phases like the moon according as the cooler hemisphere or the 
heated hemisphere is presented towards us, in particular the brightest 
phase IS presented when the star has its maximum velocity towards us~ 
in agreement with the observed relation of brightness and velocity To 
generate so considerable an increase of heat the resistance must bo great 
enough to alter the period fairly rapidly, to meet this objection it has 
sometimes been suggested that the resistance does not actually generate 
the heat, but it brushes aside the outer layers of the star exposing a hotter 
substratum The suggestion does not seem to us very intelligible, one 
would think that there must be an accumulation rather than a deficiency 
of absorbing matter on the front side of a star pushing its way through a 
medium 

First suspicions of the orbital interpretation of the observed radial 
velocities were aroused by the general tendency of the element o) to fall 
near 90° It is absurd to suppose that the orbits can have a systematic 
orientation with respect to the line of vision from the sun But the 
tendency is too well marked to be a matter of chance, the conspicuous 
exceptions Y Ophiuohi and I Geminorum both have small eccentricities 
so that the value of for them has not so much significance 

The regular relation between period and density which makes 
practically constant (Table 25) also tells against a binary theory We shall 
see later that such a relation would naturally be expected if the period m 
intrinsic m a single star 

But the most convincing disproof of the binary theory is afforded by 
a consideration of the dimensions of the system, which shows that there is 
no room for the supposed orbits and the binary model is a geomotricjal 
impossibility The column 8R/B (i e % sin on the binary interpreta- 
tion) shows that a^sin^ is on the average 054^?^ Now the distance 
% + ^2 between the two components cannot be less than the radius Ji^ 
of the principal star Hence the ratio of the masses is 

_ % 054 cosec % 

i — 054 cosec i 

Cosec ^ will not in general be much greater than 1, and it certainly will 
not be large for all the stars in our Table, hence in general Jfg is not 
more than, say, Practically we can consider ifi (i e M in Table 25) 

to be the whole mass of the system That being so, the semiaxis of the 
relative orbit is the quantity tabulated as a' But in most cases a' is a 
little less than B, that is to say, we have to place the secondary inside 
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the principal star. Allowing for the large eccentricities the secondary 
must dip deeply into the principal star at periastron. The orbital inter- 
pretation has to he discarded because there is not enough room for the 
hypothetical orbits*. 

A disproof of the binary hypothesis does not necessarily compel us to 
adopt the pulsation hypothesis. We are, however, reduced to the considera- 
tion of a single star, and the period of light variation must therefore be a 
period intrinsic in that star. If the period is not that of some form of 
pulsation, the only alternative seems to be that it is the period of the star’s 
rotation. We do not know of any theory connecting the variations with 
the star’s rotation, sufficiently plausible to be discussed here. No doubt 
there are other kinds of pulsation which might claim some attention 
besides the symmetrical mechanical pulsations which we consider and 
•advocate in this Chapterf . 

126. Accepting the pulsation theory the relative amplitude 8B/B has 
the kind of value which would be anticipated. It is large enough to produce 
important changes of internal temperature and density and so cause the 
rate of radiation to fluctuate. There is some indication that 8BjB is pro- 
portional to the temperature amplitude ; the fact that the corre- 

spondence is not very exact can be attributed to errors of the observational 
data. For the 15 stars (omitting X Cygni) the mean values are 
SB/B = -052, STJT, = -066. 

But 8B/B must certainly be increased a bit because the spectroscopic 
measures of 8B refer to the integrated light of the hemisphere and do not 
give the true rate of expansion of B. If the law of darkening of the disc 
is the same as for the sun the values of 8B/B have to be multiplied by 
giving a mean value -073. But I think that the pulsation may cause the 
light at maximum to rush out more in a normal direction than in a static 
star and the correction is probably not so large. It seems then that 8BjB 

* The chief arguments against the binary theory and in favour of the pulsation 
theory were put forward by H. Shapley {Astrophys. Joum. 40, p. 448 (1914)). The 
pulsation theory was previously advocated by H. C. Plummer, chiefly because 
deviations from elliptic motion were detected of a kind impossible to ascribe to 
gravitational perturbations by a third body {Monthly Notices, 73, p. 665; 74, p. 662). 

t [Recently there has been a recrudescence of criticism of the pulsation theory, 
and rival theories have been advocated. A summary of these discussions will be 
found in Monthly Notices, 86, p. 261. I have never regarded the hypothesis of 
symmetrical pulsations as conclusively established but I am not persuaded that 
anything has transpired in the recent discussions to weaken the case for it as here 
set forth. Those theories which identify the hght period with the period of the star’s 
rotation seem to be ruled out by the following consideration. For 8 Cephei the radius 
2.10’ km. and period 5-4 days give an equatorial velocity 270 km. per sec., so that 
between different portions of the stellar disc there would be a differential velocity of 
640 km. per sec. in the line of sight. The spectral lines would be extremely diffuse 
with total width 8 A and effective width (not counting faint margins) at least 3 A.] 
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and hT^jT^ are nearly the same The theoretical relation between them 
has not been worked out and there is no reason to expect exact equality 

We might expect that the ‘'eccentricity/’ i e the deviation from simple 
harmonic oscillation, would increase with the relative amplitude , but there 
IS no evidence of this m the Table If there is such a tendency it is probal)lv 
masked by the more promment relation of eccentricity to period notuHHl 
by Hertzsprung (p 180, footnote) 

The amphtude of the temperature oscillation should also corrc^- 
spond to the observed change of spectral type The mean value 1 
corresponds to a relative range 934 to 1 066 which represents an increase 
of about four-tenths of a type The range given in our Table is generally 
greater than this But a great deal depends on the characteristics choscui 
in assigning the type Tor the types given in the Table the intensitaes of 
the hydrogen Imes were used as the principal criterion Adams and Joy* 
have shown that the hydrogen lines behave anomalously in the CepheidH, 
and the more general spectral features indicate a smaller change of type 
Tor the mean of nine stars they found a range of six-tenths of a type from 
the hydrogen Imes, and one-tenth from the general features of the spectrum * 

Adiabatic Oscillations of a Star 

127 We shall now mvestigate the theory of the pulsation of a gaseous 
star The exact theory of the changes of temperature and density, taking 
into account the flow of heat, involves differential equations of the fourth 
order which at present seem unmanageable But the problem is simplifi<‘d 
by noticmg that owing to the high opacity of stellar material the oscil- 
lations through the greater part of the interior are approximately adiabat 
We therefore start by considering adiabatic oscillations of a sphere of gas , 
we can afterwards calculate the flow of heat which would result, and 
determine whereabouts m the star it becomes so gieat as to render the 
adiabatic approximation invalid 

Let P, p, T be the pressure, density, and temperature at a point 
distant ^ from the centre and let g be the value of gravity there We fix 
attention on a particular piece of matter so that | oscillates with the 
pulsation Let io:Po,Poy etc denote the undisturbed values, and let 

= P-Po = 8P:=P,P,. (127 1), 

and similarly for all the other variables If the period of pulsation m 
27Tln, P, , etc , will contain a factor cos nt We consider small osoillaticmH 

and neglect the square of the amplitude 

For adiabatic changes the pressure and density of a particular mec<» 
01 matter are connected bv ^ 

Poc py, 

* Proc Nat Acad Sci 4, p 131 
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where y is the effective ratio of specific heats (regarding the matter and 
enclosed radiation as one system, since P is the total pressure). Hence 

SP 

or Pi = YPi (127-21). 

The matter in the spherical shell occupies in the undisturbed 

state the shell to + d^o I hence, equating the mass 


— PoSo^d^Q 

Hence, differentiating logarithmically, 


?e + 2|f + f- 

Po bO 


0 , 


(127-22). 


so that ft = - 2^1 - = _ 31^1 - ^0 ^1 (127-23). 

The ordinary equation of motion is 


I dP __ 

P ~ ^ dP 


= - g + n%^T_. 

Hence, using (127-22) 

_L 


(127-3). 


Now = GMI$^, where M is the mass interior to ^ which remains constant 

as the star pulsates ; hence 


8 {g/^^) = - = - 4^o^i/4^- 

Hence (127-3) becomes 

which breaks up into the equilibrium formula 

dPo 

dfo ■•= - 

and the equation for the deviation from equilibrium values 

= Po (4!7 o +^^¥0)^1 

which reduces by (127-41) to 
dP 

Po ~ goPoPi ~ Pi) (4^0 + 

From (127-21) and (127-23) 

f. = -v(«. + f.|) 


(127-41), 

(127-42), 

(127-61). 

(127-62). 
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Eliminating from (127 51) and (127 52) we have 

ij, = ^oPolo/n 

The equilibrium values which appear as coefficients in equation (127 6) 
can be tabulated with the help of Table 6* It is easily shown that /x 
(which IS of the dimensions of a pure number) is given by 

. z du 

'‘-“‘Sii- 

also ^ = - ( 

Po u[pj/ 

where the suffix c denotes the values at the centre of the star 


fPo 


Then (127 6) can be written 
it" + 

to 


aiM\ . 

T2 


(127 71), 
(127 72) 


(127 8), 


the accents denoting differentiation with respect to ^ 


128 The equation (127 8) ,has to be solved numerically We must 
first decide on a value of a, which depends on the effective ratio of specific 
heats The maximum value of a is 0 6, correspondmg to the maximum 
value y = I for a monatomic gas, the minimum value of a is 0, correspond- 
ing to y = ^, since a star is unstable for smaller values (§ 104) 

As an example we shall consider a = 0 2 It is then necessary to try 
various values of w®, i e try various periods, until we find a solution which 
satisfies the boundary conditions and so represents a possible free oscil- 
lation For the fundamental oscillation the first node (place of constant 
pressure) must fall at the boundary of the star 

We start from the centre with an arbitrary value of (according to 
the amphtude of the pulsation) which is here taken as unity Evidently 
must be taken zero Proceedmg first by a solution in series, and changing 
to quadratures when the senes becomes inconvenient, we calculate A, 
|i , 4" at successive points Table 26 contams the results of the calculation 

The unit of length here used 
IS of tbe radius of the star, so that the first column fo corresponds to 


Consider the solution for a>^ = 060 At i, = 5, has become negative 
and IS decreasmg very rapidly, so that is diminishing and will probably 
become negative before the boundary is reached The node is given by 

♦ An aimhary table giving values of ^ will be found m Monthly Notices, 79, p 10 
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^oii' ^ i>»fl will pnihnbly fall within tho bouiulary; the Wiivc iw 
thuK a litflr 1<t(> niiorf to lit the atar. Wc lengthen it by diniiiUMhiiig ar. 
(hi trying <«- -OfiR we wee that we have greatly overwhot the mark; 

is (as far as we tra<a^ it) increawing more anci more rapidly and tJui 
wav(' is (luifc out of control. 'I’aking ta* -(Hir) we find tha.t the wav(>. iw 
much f(»o shorl ami there will be a notle well within the star. The rewults 
sliow fliat (lie solution iw very stuiaitive to winall ehangew of m- ho IJiat t he 
tnu‘ .solution cannot be far from co“ •OtiO. 


Table 26. 


7'r/rt/ i^olutiunfi far a Fulmtinff Star {a ()'2). 


4 


w»--055 



*06') 







f,' 

f." ■ 


f.' 


it 

it 

f." 

0 

1 

0 

■0423 

1 

0 

•0413 

1 

0 

•0403 

1 

I *(>2 18 

*0442 

•0504 

10212 

•0421 

•0470 

l-U2()t; 

•0420 

•0448 

li 

i*():Mr> 

-0572 

•0538 

1*0235 

•0554 

•0500 

1-0325 

•0535 

•0474 

4 

l-O-Wf) 

•0712 

•0585 

1 -0489 

•0085 

*0541 

1'0474 

■0(1157 

•0497 

IJ 

l'()702 

•0807 

*0044 

1*0078 

•0825 

•0584 

I'0«r>4 

•0784 

•0524 

2 

1-094(1 

*1037 

■0718 

I -05103 

*0977 

*0634 

l-UHO? 

•0919 

•0550 

n 

M223 

•1227 

•0806 

MI08 

•1142 

*0688 

1*1 114 

■ 1055) 

•0570 

2| 

M5r)0 

•1441 

*0912 

M475 

•1320 

*0744 

M3SI(! 

*1202 

•0577 

2| 

M940 

*1085 

•1041 

MB29 

•1514 

*0804 

117ir. 

•1340 

•0508 

3 

1*2401 

*1965 

•1202 

1*2234 

•1722 

•0802 

I ■20(15) 

•1484 

•0529 

3| 

1*2922 

•2290 

•1407 

1-2092 

•1945 

•0917 

l-24f.(l 

•1000 

•0440 ; 

H 

1*2551 

*2072 

•1070 

l*32()8 

•2181 

*0908 

1-2870 

•1(617 

•0270 

n 

4 

1*4272 

1*5122 

•2135 

•2707 

•2045 

•2571 

1*3784 

1-4422 

•2427 

•2078 

•0999 

•0994 

I •3300 

*1735 

• •001 4 


1*0121 

*4442 

•3201 

1-5122 

•2919 

-0927 






1*7249 

■5427 

•4021 

1*5879 

•3120 

•0735 


,, 


42 


— 


1-0080 

•3260 

*0289 




r> 




1-7497 

•3233 

^ *0080 


— 



It will be shown later that the adiabatic approximation breakw down 
m^ar tjie boundary so tjiat it would not be powwible to introduce exact 
boundary conditions. But this doew not muoji matter. Ko long as tlu' nod<» 
falls W(>ll insid<>. tJic star (where the approximation is virli<l) mi have to go 
on Icngtluming tias wave'.; and when we have lengthened it a litth' too 
much the solution (dianges in such a way that no node c.an possibly occur. 

It is found tliat, ttu' value of for the fundamental oscilhitiou is 
rouglily proportional to «. 'I’he following results Jiiave b<H'n fotmd 


u » 0 * 1 , 

«)>» ~ -0316; 

& »» 0 * 2 , 

- -060, 

a »a 0 - 6 | 

to® ■■ -ISd, 
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and STJTe are nearly tlie same The theoretical relation between them 
has not been worked out and there is no reason to expect exact equality 

We might expect that the eccentricity ’ i e the deviation from simple 
harmonic oscillation would increase with the relative amplitude but there 
IS no evidence of this in the Table If there is such a tendency it is probabl^^ 
masked by the more prominent relation of eccentiicity to period noticed 
by Hertzsprung (p 180 footnote) 

The amplitude ST^ of the temperature oscillation should also corre 
spond to the observed change of spectral type The mean value ± O 66 T 0 
corresponds to a relative lange 934 to 1 066 which represents an increase 
of about four tenths of a type The range given m our Table is generally 
greater than this But a great deal depends on the characteristics chosen 
in assigning the type For the types given in the Table the intensities of 
the hydrogen lines were used as the principal criterion Adams and Joy* 
have shown that the hydrogen lines behave anomalously in the Cepheids, 
and the more general spectral features indicate a smaller change of type 
For the mean of nine stars they found a range of six tenths of a type from 
the hydrogen line« and one tenth from the general features of the spectrum 

AdiabaUo Oscillations of a Star 

127 We shall now investigate the theory of the pulsation of a gaseous 
star The exact theory of the changes of temperature and density, taking 
into account the flow of heat involves differential equations of the fourth 
order which at present seem unmanageable But the problem is simplified 
by noticing that owing to the high opacity of stellar material the oscil 
lations through the greater part of the interior are approximately adiabatic 
We therefore start by considering adiabatic oscillations of a sphere of gas 
we can afterwards calculate the flow of heat which would result and 
determine whereabouts in the star it becomes so great as to render the 
adiabatic approximation invalid 

Let P p T he the pressure density and temperature at a point 
distant ^ from the centre and let g be the value of gravity there We fix 
attention on a particular piece of matter so that | oscillates with the 
pulsation Let Pq, Po, < 3 tc denote the undisturbed values, and let 

^ - ^0 == - ioii, P ^ Po = SP = PoPi (127 1 ), 

and similarly for all the other variables If the period of pulsation is 
27^/7^, , Pj etc , will contam a factor cos nt We consider small oscillations 

and neglect the square of the amplitude 

For adiabatic changes the pressure and density of a particular piece 
of matter are connected by 

P oc py, 

* Proc Nat Acad Sci 4 p 131 
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where y is the effective ratio of specific heats (regarding the matter and 
enclosed radiation as one system, since P is the total pressure) Hence 

8P Sp 

Po 9.' 

or Pi = ypi (127 21) 

The matter in the spherical shell ^ to | occupies m the undisturbed 

state the shell to hence equatmg the mass 

(127 22) 

Hence, differentiating logarithmically, 


so that 


«J + 2« + ^_0, 

Po fo 


(127 23) 


The ordinary equation of motion is 


= -g 


Hence, using (127 22) 


= ~ fif + 

i_ ^ g_, 

Po^o^d^o e 


(127 3) 


Now = OM I where M is the mass mtenor to | which remams constant 

as the star pulsates , hence 
8 

Hence (127 3) becomes 
which breaks up mto the equilibrium formula 
and the equation for the deviation from equilibrium values 

+ (12’ 42). 

dgo 

which reduces by (127 41) to 


• = Po (4?o + 


(127 41), 


(127 42), 


Po^-goPoPi-^Po{^o + r>^^^o)ii 


From (127 21) and (127 23) 


Pi = - y (3^1 + io 


(127 51) 


(127 52) 
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Eliminating from (127 51) and (127 52) -we have 




+ 




^0 d^o 


+ 



3 _ f ^ ifil 

hPo V 

yJ ^0 j 


= 0 (127 6), 


^ = goPoio/Po 

The equilibrium values which appear as coefficients m equation (127 6) 
can be tabulated with the help of Table 6* It is easily shown that ^ 
(which IS of the dimensions of a pure number) is given by 


= 


zdu 

udz^ 


also 


Po 


1 (eA 

n \Pjc 


where the suffix c denotes the values at the centre of the star 



u = 3 — 4/y 


Then (127 6) can be written 



the accents denoting differentiation with respect to 


(127 71), 
(127 72) 

(127 8), 


128 The equation (127 8) has to be solved numerically We must 
first decide on a value of a which depends on the effective ratio of specific 
heats The maximum value of a is 0 6, corresponding to the maximum 
value y = I for a monatomic gas the minimum value of a is 0, correspond 
ing to y = since a star is unstable for smaller values (§104) 

As an example we shall consider a = 0 2 It is then necessary to try 
various values of i e try various periods, until we find a solution which 
satisfies the boundary conditions and so represents a possible free oscil- 
lation For the fundamental oscillation the first node (place of constant 
pressure) must fall at the boundary of the star 

We start from the centre with an arbitrary value of (according to 
the amplitude of the pulsation) which is here taken as unity Evidently 
must be taken zero Proceeding first by a solution m series, and changing 
to quadratures when the series becomes inconvenient we calculate 
ii ii at successive points Table 26 contains the results of the calculation 
for three values of viz 055, 060, 065 The unit of length here used 
IS 1/6 9 of the radius of the star, so that the first column corresponds to 
z in Table 6 

Consider the solution for co2= 060 At fo = 5, ' has become negative 

and IS decreasing very rapidly sothat^^i is dimmishing and will probably 
become negative before the boundary is reached The node is given by 

* An auxiliary table gmng values of ^ will be found milfon^%2Vo^^ceff 79 p 10 



VARIABLE STARS 


189 


3|i + foil' = 0 and will probably fall witbm the boundary, tbe wave is 
thus a little too short to fit the star We lengthen it by diminishing 
On trying = 055 we see that we have greatly overshot the mark, 
fi" IS (as far as we trace it) increasing more and more rapidly and the 
wave IS quite out of control Taking o)^ — 065 we find that the wave is 
much too short and there will be a node well within the star The results 
show that the solution is very sensitive to small changes of so that the 
true solution cannot be far from = 060 

Table 26 


Trial Solutions for a Pulsating Star {a = 0 2) 



co^=. OoS 

060 

0 ) 2 = Obj 




^1 







0 

1 

0 

0423 

1 

0 

0413 

1 

0 

0403 

1 

1 0218 

0443 

0504 

1 0212 

0431 

0476 

1 0206 

0420 

0448 

li 

1 0345 

0573 

0538 

1 0335 

0554 

0506 

1 0325 

0535 

0474 


1 0605 

0713 

0585 

1 0489 

0685 

0541 

1 0474 

0657 

0497 

If 

1 0702 

0867 

0644 

1 0678 

0825 

0684 

1 0654 

0784 

0524 

2 

1 0940 

1037 

0718 

1 0903 

0977 

0634 

1 0867 

0919 

0650 


1 1223 

1227 

0806 

1 1168 

1142 

0688 

1 1114 

1050 

0570 


1 1556 

1441 

0912 

1 1475 

1320 

0744 

1 1396 

1202 

0577 

2i 

1 1946 

1685 

1041 

1 1829 

1514 

0804 

1 1715 

1346 

0568 

3 

1 2401 

1965 

1203 

1 2234 

1723 

0862 

1 2069 

1484 

0629 

3i 

1 2932 

2290 

1407 

1 2692 

1945 

0917 

1 2456 

1606 

0440 

H 

1 3551 

2672 

1676 

1 3208 

2181 

0968 

1 2870 

1697 

0276 

H 

1 4272 

3135 

2046 

1 3784 

2427 

0999 

1 3300 

1735 

- 0014 

4 

1 5122 

3707 

2571 

1 4422 

2678 

0994 

— 

— 

— 

4i 

1 6131 

4442 

3361 

1 5122 

2919 

0927 

— 

— 

*— 


1 7349 

6427 

4621 

1 5879 

3130 

0735 


— 

— 


— 

— 

— 

1 6680 

3266 

0289 

— 

— 

— 

6 

— 

— 

— 

1 7497 

3233 

- 0680 

— 

— 

— 


It will be shown later that the adiabatic approximation breaks down 
near the boundary so that it would not be possible to introduce exact 
boundary conditions But this does not much matter So long as the node 
falls well inside the star (where the approximation is valid) we have to go 
on lengthenmg the wave, and when we have lengthened it a little too 
much the solution changes m such a way that no node can possibly occur 
It IS found that the value of for the fundamental oscillation is 
roughly proportional to a The following results have been found — 


cc = 0 1, 

o 

CO = 

0315, 

I! 

o 

0)2 = 

060, 

05 = 0 6, 

0)2 = 

156 
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We may adopt as sufficiently accurate 


0)2 = (128 1) 
The full solution for a = 0 1 (calculated by H B Green) is given in 
Table 27, which also contams the corresponding values of pi from (127 23) 

Table 27 

Solution for a Pulsating Star 
a^Ol, 0)2= 0315 






-Pi 

1 

1 0104 

0211 

0225 

3 0523 

li 

1 0163 

0268 

0237 

3 0824 

4 

1 0238 

0329 

0249 

3 1208 

If 

1 0328 

0393 

0263 

3 1671 

2 

1 0434 

0461 

0278 

3 2224 

2i 

1 0558 

0532 

0293 

3 2871 

2^ 

1 0701 

0607 

0309 

3 3621 

2f 

1 0862 

0686 

0324 

3 4473 

3 

1 1044 

0769 

0337 

3 6439 

H 

1 1247 

0855 

0348 

3 6620 

3| 

1 1472 

0943 

0353 

3 7716 

3i 

1 1719 

1031 

0351 

3 9024 

4 

1 1988 

1117 

0333 

4 0432 


1 2278 

1197 

0291 

4 1921 

4^ 

1 2587 

1260 

0201 

4 3431 

4} 

1 2908 

1289 

0017 

4 4846 

5 

1 3231 

1251 

- 0367 

4 6048 


Effective Ratio of Specific Heats 

129 Let r be the ratio of specific heats of the matenal Radiation 
behaves as though it had a ratio of specific heats f Hence we may 
expect that the appropriate value of y m the foregoing work which refers 
to matter and radiation jomtly, will be mtermediate between T and 4 
We shall mvestigate the precise value ^ 

Wntmg the whole pressure as 

P = NpT + {N = 91 /^) (129 1 

the energy per unit volume is 

^ = + (129 12), 

smce the specific heat of the matter c„ is equal to N/{r — 1) 

For adiabatic changes of volume V the condition is 

8 (EV) + PSF = 0, 

8«--« + P,8F;r-(E + P)S,/p.,S + p,^ (1292) 
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Using (129 11) and (129 12) this becomes 


N / VN \ 

r^ZTi Po^o {Pi + + 4:aTQ^Tj^ = __ ^ Po^o + y Pi (129 3) 

Or since Np^T^ = jSPo, ^aTo^ = (1 - /3) Po 

{t^I + 12 (1 - ^)| Pi = {j8 + 4 (1 - ^)}p, (129 4) 

Also by (129 11) 


Pi = ^ (Pi + Px) + 4 (1 - (3) Px 
= ^/)x + (4 - 3^) Pi 
■Pi = YPi 

V = 8 4- (4-3j3)^ (r- 1) 

^ ^■^i3+12(r-l)(l-)S) 

This can be reduced to 


Hence by (129 4) 
where 


(129 61) 
(129 52) 


r - 4 _ 4-3)3 

r - I 1 + 12 (r - 1) (1 - /3)/j8 

We have also P, = ■ / ~ pi 

4 — dp 


(129 6) 
(129 7) 


If we write by analogy with the usual equation for matter without 
radiation 


Px=(7-l)pi (129 76), 

we have / _ | = (y — ^)/(4 _ 3 ^) (129 8) 

Here y is the effective ratio of specific heats for the pressure density 
relation and y' for the temperature density relation As the mass of the 
star increases and )3 dimimshes, y' approaches f more rapidly than y 
In considering a star compressed by pulsation our first impulse is to 
compare it with a star which has undergone slow contraction in the course 
of evolution, but m the latter case P varies as p^, whereas m the former 


Table 28 

EffecUve Ratio of Specific Heats 


l-p 


Values ol y 


Values of (ya)^ 


i=ij 

r=M 

r = 4 

1=4 

II 

20 

1 410 

1 467 

1 511 

478 

632 

730 

30 

1 398 

1 443 

1 476 

439 

573 

665 

35 

1 392 

1 433 

1 462 

421 

546 

621 

40 

1387 

1 423 

1 449 

401 

519 

689 

45 

1 382 

1 414 

1 437 

382 

493 

568 

50 

1 377 

1 406 

1426 

363 

466 

627 

60 

1 368 

1 390 

1 406 

321 

412 

464 

70 

1 359 

1 375 

1 386 

277 

353 

397 

80 

1 350 

1 361 

1 368 

225 

286 

321 
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it vanes more rapidly In the more massive stars the excess of tempera 
tnre is not so great as we might expect from the value of y (which for 
general purposes is regarded as the effective ratio of specific heats) because 
the change of temperature depends on y' which is smaller 

Table 28 shows the values of y for different values of F and (1 — 
calculated by (129 6) It also contains calculations of (ya)^ = (Sy — 4)^ 
which will be useful subsequently 


Period of the, Pulsation 

130 In equation (127 71) the unit of length is where R is the 
radius of the star and JS' = 6 901 In order to make the equation m 
dependent of the unit of length we write it m the form 


O) 


2 = 


y 



(130 1), 


which makes the dimensions consistent ay being a pure number 
By (55 41) and (55 42) with ^ = 3, we have 


But by (57 3) 


Pc 16/c3 



16/C® = ttO 


(GM\f 

\M') 


Hence 

Thus (130 1) can be written 


f-V = A 

Uv ttO 


p. 


O)® = n^ltrO-ypu 

Since the period 11 is injn and o)® = we obtain 




10 ^ 
3 Oya 


whence 11 v'/’o = 25080 {ya)~^ 

Or if n IS expressed m days 


(130 2) 


(130 3), 


n Vpc = 0 290 {ya)'-i (130 4) 

The factor (ya)“i should vary a little from one Cepheid to another since 
it depends on (1 — ^) and hence on the mass but we see from Table 28 
that the change is fairly small Hence 11 Vpc should be approximately 
constant The values of IT for the eighteen Cepheids are calculated in 
Table 25 and it will be seen that they are in very satisfactory agreement 
The values ought to increase a little with increasing mass, this is not 
confirmed by the Table but we could scarcely expect the observational 
results to be accurate enough to show this effect There are several possible 
sources of systematic error which may affect one end of the Table as com 
pared with the other It seems likely that Shapley’s period luminosity 
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relation ascribes too high a luminosity to the long period Cepheids* 
Moreover we have no reason to suppose that F is exactly the same 
throughout the Table 

The value of y or F has been calculated from physical data by Fowler 
and Guggenheim for several representative Cepheids (§189) Unfortu 
nately, it depends considerably on the assumed chemical composition 
It IS not so much a question whether the elements are mamly light or 
heavy, but whether a particular group of, say, 10 consecutive elements 
for which the conditions of the star are critical is abundant We infer 
from these calculations that unless there is some peculiar accident of 
composition the value of F will not be greatly less than its value for a 
monatomic gas, and we may perhaps take 1 55 as probable for an average 
star 

For 8 Cephei 1 — jS = 0 45, so that with F = 1^ 

{ya)i = 493 

SmceVpc = (Table 25) we have by (130 4) 

n = 3 57 days 

compared with the observed period 5 37 days Considering the uncertainties 
both of the absolute magnitude and the effective temperature the agree 
ment is very satisfactory 

Moreover, without using any actual estimate of the value of F we can 
predict the period as accurately as the other data warrant For the values 
F = If, If, If If, we have {ya)^ = 558, 493, 382, 000 whence 
n == 3 15, 3 57 4 60, oo days 

respectively The value 3 15 days is definitely a lower limit, there is no 
upper limit but a period substantially greater than 4 6 days could only 
occur as the result of an improbably close coincidence of F with the value 
I There is no special likelihood that the ratio of specific heats of a sample 
of stellar matter will be in the neighbourhood of f in fact, we infer from 
Fowler s calculations that for any likely mixture it is well above that 
value If it IS considered that there is a one tenth chance of F — f lying 
between 0 and ^ (the whole possible range being 0 to f ) then it results 
that the chances are 9 to 1 that the period of S Cephei will be between 
3 15 and 7 78 days 

To find the value of F which best fits the observations the mean of 
stars Nos 5-9 gives 1 — /8 = 49, 11 Vpc = 85 Hence (ya)^ = 342, 
F = 1 43 The mean of Nos 10-14 gives 1 — jS = 41 11 VPc = Hence 
(ya)i = 302 F == 1 39 We may accordingly adopt F = 1 40 According 
to the theory of § 28 this value signifies that the internal energy of the 
matter (energy of ionisation) is f of the translatory energy (chiefly energy 


E 


* Monthly Notices 79 pp 21-22 


13 



194 


VARIABLE STARS 


of the free electrons) — or rather that the internal and translatory energies 
are changing with temperature in this proportion This result is given only 
for illustration of the prmciples since the observational data are not 
accurate enough to justify such emphasis on the determination of T 

In § 138 it IS suggested that a low value of V favours the setting up of 
Cepheid pulsation If so, the conditions in a Cepheid are necessarily 
critical for the ionisation of some abundant element or group of elements 
and it IS right that we should find a value F = 1 40 lower than the value 
we suppose likely for the stars in general 

R H Fowler has pointed out that in the light of modern knowledge 
of conditions at high temperatures F has become a fiction — ^but perhaps 
a useful fiction In the elementary theory of the internal heat of a gas 
(§28) it is assumed that the molecular weight is constant but when the 
internal heat consists of energy of ionisation this assumption is self 
contradictory and the elementary theory has no application Any addition 
to the internal heat is due to the liberation of an extra molecule and so 
involves a dimmishmg molecular weight Fowler, in his investigations, 
proceeds straight to the determmation of y — defined as the exponent in 
the law P o: py But there may be some advantage in retaining the general 
conceptions of § 129, viz that the material factor (F — |) is watered down 
by the admixture of more and more radiation in the larger stars — the 
oscillating power of the matter being diluted with the neutrality of the 
radiation Thus F, which may now be defined by (129 6), retains an interest 
mg approximate interpretation 


Limit to the Pulsation 


131 The condition for a node or region of steady pressure is 

8P = PoPi = 0 


In § 128 we have used this m the form P^ = 0, which is correct so long as 
the region is within the star But for a node at the boundary where Pq = 0 
it is sufficient that P^ should be finite and as a matter of fact P^ does not 
tend to zero at the boundary in a free oscillation By (127 41) and (127 42) 


d (PqPx) 
dPo 




(131 1) 


Since PqPi and Pq are zero at the boundary it follows that at a point a 
short distance within the boundary 


PqP 1 _ p 

Po ^ ' 




+ • 


9o J 


If. 


(131 2) 
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Now ^ 3 Sv pg 

go GM 4aTGpm H^GpoPm 

= 12 2ya (131 3), 

by (130 3) introducing the value pjp^ = 64 36 

For the two groups of Cepheids Nos 5-9 and 10-14 we found 

(ya)^= 342, 302 

Hence — = 1 4, 1 1 

S'o 

Substituting in (131 2), we see that at the boundary is between - 
and — ,lPi Smce the pressure cannot become negative P^ must not 
exceed unity Hence there is an upper limit to or SB/B between ^ and ^ 
Although the observed values of BBjB in Table 25 do not reach so high 
a limit, it seems possible that the vanishing of the pressure is effective 
in setting the limit to the amphtude attained in Cepheid pulsation and 
that the more typical Cepheids reach this limit It has been explamed 
that the values of SB/B are probably systematically too low smce the 
spectroscopic determination of BB refers to the integrated light of a hemi 
sphere Allowing for this the amphtude generally attained seems to be 
about half the theoretical limit The discrepancy may well be due to ceitam 
imperfections in the theory When Pi = 1 it is clearly illegitimate to 
neglect the squares of the amplitudes as we have done a correction on 
account of this is necessary, but I do not think this is the whole cause of 
the difference It is not sufficient that the total pressure P should remain 
positive both pa and must be positive In the outermost part of the 
starp^ andp© become out of phase with one another This phase difference 
IS not shown m our theoretical equations because it is a result of the 
failure of the adiabatic approximation in this region but we supply the 
gap by our observational knowledge The critical time is when the star 
IS at its greatest expansion At that time we know from observation that 
the star is near its mean luminosity Smce the outflowing stream of 
radiation has its mean intensity it seems permissible to assume that 
has its mean value which for an average Cepheid is about |Po Then smce 
Pq is not negative we must have P# + 8P > |Po which requires that 
the amplitude of shall not exceed ^ By (131 2) the corresponding 
limit of IS to in good agreement with observation This argument 
depends on a patched up treatment of the non adiabatic region which 
may be fallacious, and it is put forward only as a suggestion* 

* I believe that some years ago, when closely engaged with this branch of the 
subject I came to the conclusion that the whole argument given m this section 
was fallacious but I cannot remember the reasons and do not now see the flaw if 
anj In Monthly Notices 79 p 22 (1918) I stated that the discussion would appear 
m Part II of the paper but for reasons now forgotten withheld it when Part II was 
published 
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Dissipation of Energy 

132 The outward flow of radiation across a sphere of radius ^ is 

Hence differentiating logarithmically and writing F = J?'o + -^o-^i> 


by (127 22) 


TP — iL -4- 4^ 4- 

1 — — T 4 


By (127 21) and (129 75) 


where 


Pi — rjTi 

1 = y/(/ - 1) 


(132 1) 

(132 21), 
(132 22) 


d {Tm d {PoTi) _ 1 d (PoPi) _ 1 > 

dPo" " dPo ~ V\ 9oJ^^ 


by (131 1) Hence 

p, = _ + 4^1 |l - i (4 + ^“)| (132 3) 

Also with the absorption law k oc pjT^, 

h = (132 41) 

where 0 = |. (y — 1) — 1 (132 42) 

Note that d is positive and greater than | 

Let dQ/dt be the rate of gam of heat per unit mass m the shell between 
^ and i owmg to the transfer by radiation Then 
dQ ^ d {Fq + FqFj) 
dt 

1 n 4- F ^ ^ ^ 

47rpolo^ ^ dio ^TTpo^o^ 

The steady part on the right hand side must be balanced by the rate of 
liberation of sub atomic energy e m the shell Hence 

+ , 1325 ) 

where 6^ and p^ are mean values mterior to i, so that 


133 For numerical discussion of (132 5) we shall use the calculations 
of Table 27, which correspond to a = 0 1, y — 1 380 We take 1 — ^8 = 385 
corresponding to a Cepheid of period about 4 days Then 

/ = 1 355 7? = 3 90, 0 = 0 24, F = 1 43 

By (131 3) n^iojgo is 1 71 at the boundary and at other points its value 
IS easily found from Table 6 since it is inversely proportional to the mean 
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density interior to If cr is the ratio of the mean density of the star to 
the mean density interior to 3) becomes 

JPi = 0 24pi ~ (0 10 + 1 75(7) (133 1) 

With the aid of Table 27 the following values are found — 


^0 


1 Pm A 1 

3/o„ 

Sum 

0 

- 85 

00 

85 

1 

- 87 

02 

89 

2 

- 96 

14 

- 1 10 

3 

- 1 16 

- 1 05 

^ 2 21 

4 

- 1 52 

- 6 28 

- 7 80 

5 

- 2 12 

- 46 

- 48 


Here the unit of amplitude is that of ^be centre, which is roughly 0 7 
times that of ii at the boundary or 0 IhEjR 

If we Ignore the variation of e within the star so that = e, the last 
column gives — dQjedt by (132 5) For example at ^ 

§ = 2 216 X07^ + const (133 2) 

dt -tc 

The adiabatic approximation neglects this periodic gam and loss of 
heat and we can now show that the approximation is justified Tor half 
the period say 2 days, the region at = 3 is gaming heat at an average 
rate about (takmg SiJ/i? about 05), equivalent to day at the rate e 
The total heat inside the Cepheid represents about 100,000 years’ supply 
of radiation Hence the heat gamed m the half period is to the heat 
already present m the ratio of day to 100,000 years This heat is lost 
m the next half period The result is a temperature variation with amphtude 
of the order 0° 01 This is, of course, superposed on the mam temperature 
oscillation, due to the adiabatic compression and expansion, which has an 
amphtude of some half million degrees and differs 90° m phase Clearly 
we were justified m assuming that m the mam part of the star the leakage 
effect is trivial It appears that the adiabatic approximation is much 
more accurate for a Cepheid than for ordmary sound waves 

The negative sign of shows that the flow of heat is greatest when 
IS least, 1 e at the moment of greatest compression The positive sign 
of dQ/dt shows that a region gams most heat at the time of greatest 
expansion i e when it is coolest It is important to notice that the negative 
sign of arises from both terms m (133 1) the increased flow at greatest 
compression is partly due to d iminished opacity but there would be some 
increase even if the opacity were constant 

There -will be a region near the boundary of the star whore the adiabatic 
approximation ceases to be valid the heat content there is small and the 
leakage becomes relatively important 
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Towards the boundary the second term in (132 5) becomes predominant 
so that ^ _ Fq 

dt 47rpo^o^ ^^0 Po dio 

We have tabulated up to |o = ^ is difficult to trace it beyond but 
remembering that there has to be a node at the boundary, we need not 
fear any abnormal increase Probably the maximum value of — dFJdio 
is about 1 in terms of the central value of , or about 05 in absolute 
amplitude 

Hence the gam of heat per unit volume per second may amount to 

= cos nt 
= {R'jR) cos nt, 

the factor RjR being inserted in order to change the unit of length to 
1 cm Since RjcR is about 10 seconds 

Po cos nt 

The heat accumulated per cu cm m the half period (2 days) is then about 
200ar/ The normal heat content of a cu cm is somewhat larger than 
aT^ say 2aT^ The amphtude is about 08 It follows that the tern 
perature oscillation due to heat leakage is about equal to the oscillation 
due to adiabatic pulsation when T = In the region of the star for 
which T < 6Tq the adiabatic approximation fails utterly 


134 The small leakage of heat found m the last section will gradually 
dissipate the energy of pulsation if there is no countervailing agency We 
shall estimate roughly the rate of decay 

Suppose that the pulsation of the region is kept steady by supplying 
mechanical work W, so that by the conservation of energy 

W-+ jdQ^O (134 1), 


for any number of complete cycles If we substitute in this our expressions 
for dQjdt such as (133 2) we merely obtain W = 0 to the first order of small 
quantities We must obtain an expression which will enable us to calculate 
W to the second order Since the state is steady, the change of entropy of 
the material must be zero for complete cycles, so that 

J T 

1 1 8r 1 aTi 


0, 


or since 


m rp rp 2 rn m 
-^0 "*-0 -^0 ”^0 


jdQ{l- T^) = 0 
Tf + J T^dQ = 0 


Hence 


(134 2) 
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Since and dQ are known correct to the first power of the amplitude 
we can now find W correct to the square of the amplitude 

We shall take the values at ^ representative of the average 
conditions in a star Less than 20 per cent of the mass is outside — Z 
but in view of the rapidly increasmg dissipation per unit mass in the outer 
parts, this seems a fair representation Denoting by [i{]c the central 
amplitude of ii, so that roughly 

0 7Si?/i2, 

we have by (133 2) at = 3 

^ = 2 2€ cos nt (134 25), 

= {y' - l)pi = - 0 355 X 3 54 cos nt, 
so that Ti ^ = - 1 38€ (1 + cos 2nt) 


Hence W (per gram per sec ) is 

W=138e (134 3) 

and the rate of dissipation of energy by the whole star is 

138[^iyii (134 4) 

The kmetic energy of the pulsation per gram is 

By a rough quadrature the mean value of this at time of greatest velocity 
IS found to be about [f ] ^ 

so that the whole mechamcal energy of pulsation of the star is 

(134 5) 

By (134 4) and (134 5) the tune of decay is 

(134 6) 


The following numerical results are obtained for S Cephei* We have 

Ki]c= 05 
If = 1 75 10®* gm 
i = 2 80 10®® ergs per sec 
e = LjM = 160 ergs per gm per sec 
Negative potential energy, Q = 8 65 10** ergs per gm 


* The values of a and ^ on which (134 3) depends only roughly fit S Cephei 
but the formula is only mtended to give the order of magnitude probably the most 
serious inaccuracy is the use of a mean value for e 
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Heat content, X + (P = 1 55)* = 6 75 10^^ ergs per gm 

= 134 000 years supply of radiation 
Mechanical energy of pulsation =13 10^^ ergs per gm 
Dissipation of mechanical energy =05 ergs per gm per sec 
Time of decay = 8000 years 

Mmntenance of the Pulsahon 

135 It has sometimes been supposed that the pulsation is started by 
some accident — ^possibly the near approach of another star The frequent 
occurrence of Cepheids in star clusters where the stars are closer together 
might be held to favour this view But we see that a pulsation so originated 
would decay in about 8000 years Accordmg to present views this is so 
small a fraction of the life of the star, that we should rarely observe a star 
in this condition It would scarcely be possible to account for the observed 
abundance of Cepheids on this hypothesis 

The alternative hypothesis is that there are causes at work within the 
star tending to increase and mamtain a pulsation If these are stronger 
than the dissipative causes discussed above, any infinitesimal pulsation 
will grow until either it reaches the natural limit explained in § 131 or 
it reaches an amplitude for which the dissipative forces balance the 
assisting forces If we are right in believing that for many of the observed 
Cepheids the amplitude reaches the natural limit this view is supported 
Since it IS only at a certain stage of the evolution of a star that Cepheid 
pulsation occurs we must suppose that at this stage the maintaining cause 
IS especially strong but that during most of the life of a star (and in stars 
of small mass) it is too weak to overcome the dissipation 

The heat that is continually being liberated in the star is an abundant 
source from which the energy required to keep up the pulsation might 
be derived Thus in S Cephei 160 ergs per gm is liberated and only 0 5 ergs 
per gm is required to maintain the pulsation But this heat can only be 
made available as mechanical work if the star behaves as a thermodynamic 
engine, that is to say excess heat must be added to matter when at a 
high temperature and withdrawn at a low temperature We require in 
fact something corresponding to the valve mechanism of a heat engine 

136 We first consider the obvious position for placing the ‘"valve,” 
VIZ at the point of entrance of the subatomic energy into the engine 
On the steady supply €q there must then be superposed a periodic supply 
€ 0 ^ 1 , representing positive supply at high temperature and negative supply 
or withdrawal of heat at low temperature Since the liberation of sub 
atomic energy is likely to be stimulated by increased temperature, and 

* A comparatively high V is adopted here because the low value used for the 
pulsations refers only to diJferenUal changes of heat content at the temperature of 
the Cepheids 
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perhaps also by increased density the requirement that shall have the 
same phase with is naturally fulfilled 

The mode of operation is easily realised At the time of greatest 
compression heat is bemg generated m a star at more than the average 
rate needed to replace loss, this strengthens the ensumg expansion At 
the time of greatest expansion there is a net loss of heat which dimimshes 
the opposition to the ensumg compression 

The condition for an exact balance ]ust maintainmg the pulsation is* 

eoe, + § = 0 (136 1) 

Thus for a mean region we have by (134 25) 

= — 2 2 cos nt (136 2) 

which may be compared with 

= cos nt, = - 1 2 cos nt 

The rate of Uberation of subatomic energy must increase nearly pro 
portionately to the square of the temperature or to the two thirds power of the 
density in order to keep the pulsations going 

There seems to be no possible cause for decay of a mechamcal pulsation 
other than the leakage of heat There are practically no viscous forces 
operating in a symmetrical pulsation It would seem that if c increases 
faster than T^ pulsation must occur This condition of the star may be 
described as one of “ over stability ” In the usual kinds of instability a slight 
displacement provokes forces tending away from equilibrium m over 
stability it provokes restoring forces so strong as to overshoot the corre 
spending position on the other side of equilibrium and set up an increasmg 
oscillation 

The brmting condition = 2^1 IS slightly modified accordmg to the 
values chosen for )3 and T, but no very substantial alteration is possible 
except in stars of small mass I think we can safely say that if e increases as 
fast as p or as T® every star of mass greater than Sinus will be set pulsating 
The application of this condition to non pulsating stars is quite as 
interesting as its application to pulsating stars It gives an upper limit 
to the rate of variation of e with p and T in ordinary non Cepheid stars 
and limits the kind of method by which subatomic energy may be liberated 
Tor example if the liberation depends on encounters of two agents 
(electrons and atomic nuclei) the number of such encounters per unit mass 
will be proportional to the density and presumably the simultaneous 
increase of temperature will also stimulate the liberation of energy But 
we see that this increase with density and temperature is too rapid to be 
admissible Our result seems to favour the view that the energy is liberated 
by spontaneous disintegration of single atoms and is not dependent on 

* More strictly the condition is that the integral of Tj (eoei + dQldt) over the 
whole star is zero but it is sufficient for our purpose to consider an average region 
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the density, hut in that case it is difficult to see how such emission coaid 
be stimulated by temperature unless the temperature were very much 
higher than it is in the Cepheids We are on the horns of a dilemma , any 
plausible theory that makes e dependent on the compression of a star makes 
it vary so rapidly as to set every star pulsating 

I think that there are other grounds that compel us to admit that 
€ does depend on p or T and it is difficult to suppose that the variation is 
slow enough to avoid over stability A suggestion which would meet the 
immediate difficulty is that the change of e is delayed — that increase of 
p and T accelerates the formation of a source of energy which only yields 
up its energy after months or perhaps many years Then long continued 
changes would affect €, but for short period pulsations e would be constant 
In that case we have to seek another source of maintenance of Cepheid 
pulsations 

137 We now consider another position of the ' valve’’ — ^fantastic in 
an ordinary engine but not necessarily so in the star Suppose that the 
cylinder of the engine leaks heat and that the leakage is made good by a 
steady supply of heat The ordinary method of settmg the engine going 
is to vary the supply of heat, mcreasmg it during compression and diminish 
ing it durmg expansion That is the first alternative we considered But it 
would come to the same thing if we varied the leak, stopping the leak 
during compression and increasing it during expansion To apply this 
method we must make the star more heat tight when compressed than 
when expanded , in other words, the opacity must increase with compression 

The obvious objection arises that according to our formula (132 41) 

= 1)- l}Pi, 

the opacity decreases with compression and the engine will not work 
But this IS not altogether unsatisfactory in most stars the engine does 
not work, and it is right that our standard formulae should show this 
S^ppos® possible that in the exceptional conditions occurrmg in the 
Cepheids the law of absorption is modified to 

k oc p/T^ 

Taking as before y' = 1 355 (1 ~ j8) = 385, we obtain + 114pi and 
the values run — 


io 

■Fi 

1 Pm > 1 

3 ft 
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Here the dissipation — T-y^dQ is negative for the inner part of the star 
up to about lo = 2 5 and positive beyond and it is touch and go whether 
the integrated dissipation is positive or negative I think that, if allowance 
were made for the increase of € towards the centre an actual integration 
for this example would show the dissipation to be negative so that the 
pulsations would increase up to the natural limit 

This method of accounting for Cepheid variation seems hopeful because 
it at the same time accounts for its rarity It definitely requires a deviation, 
but not a very extravagant deviation, from the state of thmgs found in 
the more typical stars 

A point of some importance has been urged by S Shinjo^and by J H 
Jeans in criticism of the pulsation theory of Cepheids We have considered 
only the fundamental vibration of the gas sphere, but harmonics, with 
one or more nodes in the interior are also possible If these are excited 
the light curves and velocity curves of the Cepheids will contain a number 
of incommensurable periods superposed Ho such harmonics have been 
observed To meet this criticism we ought to show that for reasonable 
values of the constants the fundamental pulsation is maintained and the 
harmonic pulsations are dissipated The lengthy calculations necessary to 
investigate this have not been tackled* 

138 Up to a certain point the suggestion made in the last section can 
be supported The necessary reversal of phase of the opacity variation is 
brought about by reduction of the exponent in the absorption law from 
^ to below 3 combined with a low value of y' , low y' results either from 
low r or high (1 — j8) 

A high value of 1 — j8 corresponds to large mass Cepheid variation 
IS not found in stars of low mass and the typical Cepheids of types F and 
Q are super giants This is in favour of the theory 

But in addition we must find some cause for the reduced exponent in 
the absorption law Even for high mass it must be brought down to a 
value not much above | Lowering of T is comparatively unimportant, 
though as a matter of fact any cause tending to reduce the exponent of 
the absorption law abnormally would be likely at the same time to reduce F 

Consider a star say of mass 10 There is only one stage of its evolution 
at which it can be a Cepheid owing to the empirical luminosity period 
relation (§ 123) Since the luminosity depends mainly on the mass, and 

* [Dr J Woltjer has shown me some interesting calculations relating to the first 
overtone which correspond to those in Table 26 for the fundamental It appears 
that the amplitude remains relatively small between the centre and the first node 
and becomes very large between the first and second nodes Whether we follow the 
theory of § 136 or § 137 the motor part of the star is near the centre and the dis 
sipatmg part tow ards the outside It seems therefore that the dissipation is relatively 
greater for the overtones so that their absence is accounted for ] 
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the period depends mainly on the density, there is a particular density 
at which this star becomes a Cepheid at higher or lower densities it is 
static The close agreement of all stars with the period luminosity curve 
(checked especially m the star clusters) shows that the range of density 
IS a rather narrow one but I daresay the density may change in the ratio 
1 to 3 or 4 and the internal temperature by 50 per cent between the 
beginning and end of the Cepheid stage 

This suggests that the lowermg of the exponent is a transitory feature 
in the development of the star synchronising with some important change 
in the internal condition The only kind of change that we have been able 
to think of IS a step in the ionisation of some element predominating in the 
constitution of the star If this is the explanation the step must almost 
certainly be the loss of the L electrons reducing the element from a neon 
like to a helium like ion This ionisation is rather sudden and the tempera 
ture range required for its completion corresponds roughly to the probable 
duration of the Cepheid stage 

Undoubtedly there would be an abnormal change of absorption with 
temperature during this ionisation — that is to say, the reduction with tern 
perature would be less than normal But so far as we can see it would not 
be great enough for our purpose There are extra electrons to be captured 
and captures occur at the deeper levels now vacant so that emission is 
increased and absorption must keep pace with it But not much of this 
increase is reflected in the opacity coefficient when account is taken 
of Rosseland’s correction The mcreased absorption is chiefly of high 
frequency radiation forming an mconsiderable part of the whole 

It IS evidently necessary that the predominant element should be in 
a critical stage of ionisation for all the Cepheids or at least all those which 
seem to fall into continuous series Since temperature is the main factor in 
determining ionisation the Cepheids should have nearly the same internal 
temperature There would be a slight increase of central temperature (to 
counteract the increased density) as we pass down the list in Table 25, 
but not nearly so much as is shown in that Table Various sources of 
systematic error may render the progression of with temperature in 
Table 25 rather unreliable and probably as there shown it is a little 
exaggerated But we do not feel able to make such changes in the data 
as would give the practically constant central temperature that the theory 
demands 

If the central temperature were strictly constant we should have 
by (99 2) 

r/oc Jf^(l-^)i 
so that Tq <x (1 — jS)^^ 

Accordingly the effective temperature should increase slightly with 
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the mass The observed progression of spectral type with mass is m the 
opposite direction 

Our conclusion is that the suggestions in § 136 and § 137 both lead to 
serious difficulties On the whole, the difficulties of the former seem to be 
of the more fundamental kind , whereas the difficulties of the latter may 
perhaps be set down as numerical misfits natural to an early stage m the 
development of a complex theory 

Miscellaneous Problems 

139 In the investigation of § 127 the square of the amphtude has 
been neglected In typical Cepheids may amount to ^ and P^ to nearly 
I , so that the second order terms are quite considerable these will give 
rise to terms containing cos 2nt 

For a treatment of the theory with retention of terms of the second 
order reference may be made to Monthly Notices^ 79, p 183 The com 
putations are there carried far enough to show that the complete formula 
for will be of the form 

= (Xi cos nt — ^2 <50S 2nty 

where ai and are both positive Hence the velocity of recession has the 

V hi sin nt — sin 2nt 

with bi and b^ positive This represents a velocity curve having the general 
characteristics of the observed velocity curves of Cepheids, viz a sharp 
decrease from maximum to minimum receding velocity and a slower 
return to maximum with indications of a hump in the curve The equivalent 
elliptic orbit has its periastron at = 90° 

The close similarity of the light curve and velocity curve and the 
relation of phase between them has not as yet received adequate theoretical 
explanation It is not that any opposition of theory and observation has 
been found but the difficulty of the mathematics has hitherto proved too 
great an obstacle We have found that in the adiabatic region of the star 
the outward flow of radiation is greatest at the time of maximum com 
pression, this is true for the whole region (§ 133) or, at any rate, for the 
outer part of it (§ 137) But the greatest outward flow from the surface 
IS observed to occur simultaneously with maximum velocity of approach, 
that IS to say, a quarter period later Presumably the retardation occurs 
in the non adiabatic region near the surface The leakage wave discussed 
in § 133 IS 90° behind the adiabatic wave in phase and it grows in import 
ance as we approach the surface It would however, be too crude a de 
duction to attribute the 90° retardation of flux to the leakage wave 
supplanting the adiabatic wave Undoubtedly there will be some re 
tardation m the non adiabatic region, but no definite prediction of the 
amount of retardation can yet be made 
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If the pulsation theory is correct there should be a broadening of the 
spectral lines by the Doppler effect as well as an average displacement 
of them at times of maximum and mmimum velocity, since different 
points of the surface have different velocities in the line of sight Owing 
to the darkening at the hmb ’ of a star the broadening of the lines is 
considerably less than would be predicted for a disc of uniform brightness 
and perhaps we can scarcely expect the effect to be observable It has 
escaped detection hitherto* 


Lods’g-Period Variables 

14s0 Variables of this class have, with few exceptions periods ranging 
from 100 to 500 days with a strong preference for periods near 300 days 
The light range is comparatively large, averaging about 4 8 magnitudes, 
it IS seldom if ever less than 3 magnitudes The stars are all of type M 
or of the closely allied rare types 8 (zirconium type) and N (carbon type) 
Great changes in the spectrum occur between minimum and maximum and 
bright emission lines of hydrogen and other elements appear The periodicity 
IS imperfect and the star may be some weeks behind or ahead of the pre- 
dicted phase the amplitude of the variation is not always the same in 
successive periodsf 

There is growing evidence that long period variation and Cepheid 
variation are essentially the same phenomenon The very low density 
and temperature of the long period variables exaggerates and renders 
more erratic the effects of the same kind of pulsation as in the Cepheids 
This IS still a very speculative conclusion but we shall consider the evidence 
pointing m this direction 

It has been shown by Pettit and Nicholson J that the range of variation 
in heat is very much less than the light range P or example, ^ Cygni gives 
1300 times as much light at maximum as at minimum, but only 1 7 times 
as much heat The following results were obtained from direct measure- 
ments of the heat received from o Ceti§ — 

Near minimum, visual magnitude 8 9, bolometric magnitude 1 6 
Near maximum, visual magnitude 4 5 bolometric magnitude 0 2 

The heat range is generally about 1 magnitude so that in this respect the 
variation is quite similar to that of the Cepheids 


Acad Sc% 5 

P 417 (1919) A curious feature of the observations is that the lines at minimum 
light are much broader than at maximum although the Doppler broadening should 
be the same at both times ^ 


t Collected data are given by T E R Philhps Journal BAA 27 p 2 
t Mount Wilson Report 1924 p 101 ^ 

Wilson Report 1922 p 238 we have applied a correction of - 0”“ 3 
to reduce to the standard of bolometric magnitude used in this book 
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The tinptmctuahty of the variation is strongly suggestive of an intrinsic 
period rather than a forced oscillation caused by external agency For an 
extraneous cause could scarcely fail to be strictly periodic and although 
the response of the star might be nregular there would be no cumulaUve 
deviation from a periodic ephemeris But the long period variables show 
httle or no tendency to recover in phase after an irregularity, and the 
deviations pile up in the manner to be expected of an uncontrolled 
accumulation of accidental delays and accelerations 

It has been suggested that at the low surface temperature (mdicated 
by the great difEerence between visual and bolometric magmtude) the 
material cannot remam gaseous and that condensations wdl occur These 
might obstruct the regular flow of energy from the interior which would 
be dammed back until it had sufficient strength to volatilise or to blow 
away the obstacle After this rehef the clouds would form again and the 
whole process would be roughly periodic like the spirts from a kettle 
boihng over It is likely that something of this kind occurs and is a feature 
of the variation absent in ordinary Cepheids but it is doubtful whether 
it would in itself impose a periodicity It seems more likely that if no 
other cause of variation were present a balance would be reached between 
the amount of cloud formed and the power of the obstructed radiation to 
disperse it The alternative is that the period is primarily determined by 
the pulsation of the star as a whole and the above mentioned skin effect 
IS a consequence of this pulsation The catastrophic skm effect reacts on 
the mtemal conditions and causes irregularity in the period that is to 
say, in these extreme conditions of pulsation “the tail wags the dog” to 
some extent We may test the pulsation hypothesis by examinmg whether 
the mean period is consistent with what we know of the mternal condition 
of these stars It is first necessary to estimate the mass 

141 From mean parallactic motions and mean cross motions the 
average absolute magnitude is found to range from - 0“ 6 to + 0“ 6 
accordmg to the division of type from iHl to iH 8* Confirmation is 
obtamed from the star X Ophiuchi which has a non variable companion 
of type K 0 Using the spectroscopic parallax of the companion, the 
absolute magnitude of X Ophiuchi is + 0» 3 as compared with the average 
for its class {M 6) of + 0“ 5 The heat measurements show that even at 
maYiTyrnTn the reduction to bolometric magnitude is large the effective 
temperature being well below 3000° The absolute bolometric magnitude 
IS about — 3“ This refers to maximum and the mean rate of radiation 
may be taken to correspond to — 2“ 5 Assuming an effective temperature 

♦ P W Merrill and G Stromberg Astrophys Joum 59 p 105 W Gyllenberg 
finds the average absolute magnitude - 0“ 7 ArUv for Math Astr och Fysih 14 
No 6 his result refers to the extreme maxima whereas that of Merrill and Stromberg 
refers to the meain maxima of th© stars 
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2200° the mass by Table 14 is 14 O But the conditions in such a star are 
so far from typical that there is risk in applying our theory , at any rate, 
the molecular weight m the interior may be greater than 2 1 owmg to 
the low temperature, and 1 — j8 will be mcreased Probably 10 O is a fair 
estimate of the mass of a typical long period variable 

Let us now consider what must be the radius of the star for a pulsation 
period of 300 days We may take (ya)^ = 0 4, then by (130 4) the mean 
density IS 11 10“'^ From the mass and mean density the required radius is 
350,000 000 km =23 astronomical units 

Direct measurements of the angular diameter of o Ceti made by 
P G Pease with the mterferometer give a diameter 0' 06 or somewhat 
larger if allowance is made for darkenmg at the hmb The probable 
parallax accordmg to the foregomg discussion of absolute magnitude is 

0 020 This gives a radius of at least 1 5 astronomical units Alternatively 
from the bolometric magmtude at maximum combmed with an effective 
temperature 2200° (estimated from the heat mdex) we obtam a radius of 

1 3 astronomical units Por such a rough calculation the agreement is as 
close as could be expected and the dimensions are accordingly consistent 
with the hypothesis that the period of about 300 days is that of the natural 
pulsations of the star 

As regards spectral type the long period variables fit on to the Cepheids 
m natural sequence In the Cepheids the type reddens as the period 
increases, so that a very red t 3 q)e is anticipated for a 300 day period 

Eclipsing- Variables 

142 The adaptation of our theory of the mass luminosity relation to 
calculations for eclipsmg variables has been illustrated by the example of 
V Puppis and echpsmg variables which have known orbits for both com 
ponents have been used to check the theory Some further apphcations 
may be noted here 

Theoretically it is possible to check the theory by stars with only one 
component observed spectroscopically but it is difficult to find an example 
with data accurate enough to hold out any hope of success 

The hght curve furmshes amongst other data the ratio J^jJ^ of the 
surface lummosities of the components Hence if the spectral type or 
effective temperature of the primary is observed the effective temperature 
of the secondary can be found from Table 16 The light curve gives also 
the ratio of the luminosities and this will suggest an approximation to the 
mass ratio M 2 IM 1 

Assume for trial an arbitrary value of M^IM^ then we can work out 
L for each component m the manner explamed for V Puppis (§ 105), 
firstly from the calculated radius of each star, and secondly from the 
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caloTilated mass — ^thus obtammg a residual for each star If the theory is 
correct it should be possible to find a mass ratio which makes both residuals 
vamsh simultaneously If not we vary the mass ratio until the two 
residuals become equal and their common value measures the discrepancy 
between theory and observation 

It IS I thmk, an accident that no suitable example for discussion 
presents itself* We desire to illustrate the method but have to use an 
unsuitable star ^ Persei (Algol) The photometnc orbit of Algol was obtamed 
by J Stebbrnsf by selemum photometry but we shall (imjustifiably) treat 
the results as though they were visual observations 

The ratio of surface brightness of the primary to the famt hemisphere 
of the secondary IS /i/J 2 = 20, or a difference of 3“ 26 Adopting Ti= 13,000° 
for the effective temperature of the primary (observed type B 8) we find 
= 5350° by Table 16 

From Stebbms’s results the ratio of the radii is = 1 14 Hence 

the difference of bolometric magnitude (reduced to standard for direct 
comparison with Table 14) is 

= - 5 log 1 14 + 8 log (13000/5350) = 2™ 80 
We expect a star of t 3 rpe B 8 to have a mass about 4 Examples of 
pairs of masses m Table 14 with magnitude difference 2“ 80 are 5 67, 2 20 
and 3 44 1 50, the mass ratios bemg 0 39, 0 43 respectively Hence we 
adopt provisionally = 0 41 

The observational data give 

= 1,700 000 km 

hence the above ratio gives 

a = ai + ai = 5 850,000 km 

Combming this with the peiiod 2 867 days we find the mass of the system 

Afj + 3^2 — 0 97, 

so that Mi = 0 69, Afa = 0 28 

The photometric data also give = 0 21a, = 0 24a, so that 

= 1 230,000, B 2 == 1,400,000 

We can now calculate the bolometric magnitude from the M’s and 
R’s respectively, but it is clear that there will be a hopeless discordance 
since the masses are much too small We cannot therefore pursue the 
calculation further 

Smce much mterest has been taken m the dimensions of the system of 
^ Persei on account of its celebrated history, we may give the conclusions 

* Excellent photometric orbits are known for a number of eclipsing variables 
(enumerated, in Table 28 a below) but only two besides 13 Rersei have spectrographic 
orbits and for them the orbits of both components have been measured 
)• Astrophys Jouin 32 p 186 
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of the radiative theory on this point The dimensions that have usually 
been given are very improbable on general grounds We now abandon 
the hopeless task of utilising the hght measurements of the faint com 
ponent, and without testing the theory apply it to the bright component 
alone After some trials a mass ratio == is found to fit satisfactorily 

This gives ^ 10,200 000 km , 

whence M-^ = 4 30, = 0 86 

J?! == 2 140,000 km , i ?2 = 2,450 000 km 

The absolute magnitude of the bright star predicted from the mass is 
then — 1“^ 21 and from the radius and effective temperature is — l’^ 14 
The absolute visual magmtude would be — 0“^ 45, and the parallax O'' 028 
Referrmg to Table 23 we notice that the mass 4 3 is just right for a B 8 
star on the mam series — a fact which mcreases our confidence in the result 
The f amt component is a giant as m most echpsmg variables^ 


Reflection Effects 

143 In a number of eclipsing variables the components are so close 
that the reflection by the famt component of the light of the bright 
component is conspicuous m the light curve , superposed on the eclipse 
effects there is a brightening of the star as the famt component changes 
from ‘ new” to full’ Another cause of continuous variation is the 
spheroidal form of the stars , but this can be disentangled from the reflec 
tion effect by the difference of phase It is usual to investigate and allow 

* [When this was sent to press I was unaware that a trustworthy determination 
of the dimensions of the Algol system had been made by an interesting new observa 
tional method (D B McLaughlin Astrophys Journ 60 p 22) which gives the radius 
jRi =2 180 000 km During the progress of the echpse different portions of the disc 
remain unobscured so that differential radial velocities between portions of the disc 
can be measured hence the equatorial speed of rotation is found Multiplying by 
the rotation period (which can be assumed to be the same as the revolution period 
when the components are so close together) we obtain the circumference of the star 
and hence is found As the differential velocity amounted to 35 km per sec the 
determination is presumably satisfactory indeed it is probable that the radius of 
Algol is now more accurately known than that of any other star except the sun 
McLaughlin determined from this the mass ratio = 5 0 in agreement with 

our result above 

It has also transpired that our failure to determine the correct mass ratio from 
the hght of the faint star is not the fault either of the photometric data or of the mass 
luminosity relation The Algol system contams a third distant component with 
period 1 885 years Light is coming from this at the time of deepest eclipse and 
this has been falsely attributed to the famt hemisphere of the secondary The mass 
ratio 0 41 determined above is presumably the ratio of the tertiary to the primary 
and the secondary may well be extremely faint as the value MJM^ = 5 would require 

This IS a rather striking confirmation of the theory by a star which at first seemed 
unfavourable to it ] 
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for both effects when the light curv'e is analysed and interpreted by the 
method of Russell and Shapley 

For the moment we pass over the difficulty of translating a light curve 
into a heat curve, and suppose that the reflection efiect can be determined 
in energy units The theory is then very simple A star necessarily re emits 
the radiation incident on it 

The solution for the interior of a star is determined by the difierential 
equations together with a boundary condition and we have seen (§ 93) 
that the latter is expressed with sufficient accuracy m the form and 
both become less than 10^ dynes per sq cm ’’ The incident light from 
the companion star may contribute a radiation pressure of about 1 dyne 
per sq cm at the boundary This gentle pat on the surface does not alter 
the boundary condition within the limits of accuracy required Con 
sequently the solution for the interior is unaltered, in particular, the 
ordinary radiation L streams out from the interior unmodified 

Accordingly, if we draw a sphere surrounding the star, there must be a 
net flow L outwards across the sphere If a quantity from another star 
is flowing into the sphere, the gross outward flow must be i + Thus 
the radiation from the star is increased by precisely the amount of the 
radiation incident on it It is convenient to speak of the extra radiation 
as reflected^ although the actual process is absorption with re emission 
In this sense a star is a perfect reflector of heat 

It IS probable that in these close binaries the components keep the 
same hemispheres turned towards each other The state is then steady and 
the re emission occurs from the hemisphere that is receiving the radiation 
A relative rotation would introduce a lag between the incidence and the 
re emission time being needed for the newly exposed surface to be heated 
up to the temperature required for the extra emission but I do not thmk 
that the lag would be appreciable, since the changed conditions affect 
only a thin outer shell which has small heat capacity 

144 The foregoing conclusion may be stated m the form that the heat 
albedo of a star is 1 It is interestmg to examine whether the observed 
reflection coefficients are in agreement with this result* 

Let Li , be the ordinary heat emissions of the two stars , S^, and 
let be the additional emission of the second star due to reflection Let 
, i ?2 be the radu and a the distance between the centres The radiation 
of S-i intercepted by is approximately 

Ljl4^a^ (144 1) 

if B^/a IS not too large Since this falls on one hemisphere only it has 
sometimes been assumed that (for albedo 1) JS^ is brightened at full phase 

* It would be inappropriate here to give a full discussion of the geometrical 
problem Details will be found in Monthly Notices 86 p 320 
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in. the ratio This, however, is not true A globe 

illnmmated from without does not present a uniformly bright disc, and 
the formula (144 1) tells us nothmg about the bnghtness as seen m a 
specified direction AUowmg for this, the simple geometrical theory gives 
the ratio + (144 2) 

In addition, there is a small efEect due to ‘ darkening at the limb’’ 
which affects both the ordinary emission and the re emission (§227) 
At full phase the reflected radiation has an advantage, since it comes 
mainly from the centre of the disc and avoids the darkenmg This is found 
to increase the albedo in the ratio the increased brightness for the 
observer who sees the full phase bemg at the expense of reduced brightness 
in other directions 

Since R^ja is often rather large it is well to retain higher powers A 
more accurate expression for the increase is then 

{sm^ </) + (2 + cos® ^ — 3 cos ^)/sm 4>} (144 3), 

where sm (f> == R^la 

It may be added that the variation of this added brightness with phase 
IS proportional to - (sin i/j — tft cos ^), the phase angle i/j bemg reckoned 

7T 

from zero at new ” The observed reflection coefficients have been cal 
culated on the assumption that the variation is proportional to ^ (1 — cos tp) 
It so happens that this mtroduces no error m the reflection coefficient, but 
it makes an appreciable difference in the calculation of the elhpsoidal 
elongation of the stars Determmations of the elongation of the stars 
under each other’s attraction must ultimately 3 ueld important information 
for the development of our theory, but at present the treatment is too 
crude for our purposes 

145 Results for those variables in which the reflection effect has been 
thoroughly studied are collected m Table 28 a 

The t 3 ^e given is that of the brighter component the type of the 
famter can be estimated from the ratio of the surface lummosities J JJ ^ 
by reference to Table 16 (where J is measured in magnitudes) The unit 
of heat mtensity used for Li and is the mammum for the system 
1 e Li + L 2 + Lr = 1 The calculated value of is found from (144 3), 
and the observed value is taken directly from the pubhshed discussions of 
the photometric data the probable error assigned by the mvestigator is 
given m the last column (The L’s m the table refer to the hght or heat 
m the duection towards the observer, and seen by him except in so far as 
the echpse mterferes ) No 9 depends on selenium photometry , the others 
depend on visual observations 
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For 6 stars the agreement of is excellent 4 give large positive re- 
siduals and 1 a negative residual It is difficult to base any conclusion 
on the table without examining the strength of the determination for each 
star in detail The probable errors refer only to (obs ) but (calc ) is 
also subject to uncertamty arismg in the determination of In some 

cases the circumstances of the eclipse are more favourable for a determina- 
tion of the elements than in others We discuss below the question whether 
the calculated and observed values ought to agree without further cor 
rection , tentatively we are inclined to think that they should agree nearly , 
and we must hope that the 5 outstanding residuals will be reduced when 
improved data are obtained 


Table 28 a 


ReflecUon Effect in Eclipsing Variables 


No 

Star 

Type 

jjj 

EJa 

E Ja 


L 

{calc ) 

X 

(obs ) 

C 

-0 

PE 

1 

SZ Her 

_ 

43 

318 

331 

800 

078 

030 

+ 

048 

— 

2 

U Cep 

4 

13 5 

191 

308 

838 

069 

043 

+ 

026 

± 009 

3 

TV Cas 

R9 

6 9 

275 

302 

849 

068 

074 

- 

006 

± 008 

4 

RZ Cas 

A 

12 2 

253 

288 

902 

064 

063 

-1- 

001 

± 008 

5 

RT Per 



4 8 

309 

269 

863 

053 

022 

+ 

031 

± 009 

6 

Z Dia 



12 8 

238 

263 

911 

053 

040 

-h 

013 

± 006 

7 

RS Vul 

58 

7 0 

201 

202 

804 

048 

078 

- 

030 

— 

8 

R CMa 

F 

13 2 

245 

236 

934 

046 

015 

+ 

031 

— 

9 

^ Per 

B 8 

11 6 

210 

239 

895 

043 

045 

- 

002 

— 

10 

YCam 

A-F 

20 0 

236 

225 

955 

041 

041 


000 

— 

11 

RV Oph 

A 

12 2 

125 

200 

825 

027 

018 

+ 

009 

i 006 


In this comparison we have made no discrimination between heat 
reflection and light reflection If a residual such as that in No 5 is not 
due to observational error it signifies that the secondary in reflecting 
the heat of the primary reduces its luminous efiiciency to less than 60 per 
cent But in typical eclipsing variables we expect an increase rather than 
a decrease of luminous efficiency The primary is usually of type B ox A 
so that the original efficiency corresponds to a temperature above 10 000°, 
it is reflected from a star of lower surface brightness corresponding (as 
judged from ^ temperature near 6000° Not unless the tempera 

ture of re-emission is below 4500° is there a loss of luminous efficiency 
Moreover even if the temperature is below 4500° there is a compensating 
gain, since the original radiation is now emitted at a higher temperature 
We should expect the residuals C-0 to be in general negative as in No 7 , 
the puzzling thing about No 7 is that it is the solitary exception and not 
the general rule 

I think the fact that we have only one important negative residual 
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must be taken to indicate that the incident light is re emitted without 
much change of quality — ^that it never really mixes with the ordinary 
radiation Take as a tjrpical case T-^ = 12 000° Tg = 6,000° The high 
frequency radiation of will be able to do things m the atmosphere of 
which the latter’s own radiation cannot do , and it will do them vigorously 
because it finds virgin material It is for this reason absorbed rapidly in 
the upper atmosphere of — ^more rapidly than in the atmosphere of 
because the conditions are further from thermodynamical equilibrium 
By keeping its mechanism of absorption and emission distinct from that 
of the general radiation of and by the great departure from conditions 
of thermodynamical equilibrium it seems likely that the reflected radiation 
will, to a large extent, preserve its original constitution 

This seems to be confirmed by spectroscopic observations In many 
cases the spectrum of the faint component is measured for radial velocity 
Sometimes it is explicitly stated that the two spectra are nearly the same , 
more often no remark is made — a silence which is equally significant 
since a difference of type corresponding to the known values of JijJ^ 
would scarcely pass without comment 

We may suggest further that the spectrum of the hemisphere of 
turned towards a component 8 ^ at higher temperature is likely to approxi 
mate to the spectrum of 8 -^ even when the reflected radiation is relatively 
weak The reflected radiation has the strategic advantage of attacking 
the material of 82 , from the outside, so that the conditions caused by it 
imprint their spectrum last of all on the radiation flowmg out from 8 ^, 
and the lines cannot be blurred out by subsequent experiences of the 
radiation 

These suggestions however require a more detailed consideration than 
I have been able to give, and I am by no means confident that they will 
be found tenable 

The star TV Cassiopeiae is among those treated in Table 19 It appears 
from Table 28 a that it is well behaved as regards reflection effect and the 
circumstances seem to be favourable for a more mtensive treatment 
Using the most recent data viz Plaskett’s orbits {Pub Dom Obs V%ctona, 
2, p 141) and McDiarmid’s photometric solution {Princeton Pub No 7) 
we have 

Jfi = 1 74, Jfg = 1 02, i?i/a = 279, = 306, 

jRi = 2 45 X Rq, jRg = 2 68 X J^o J 1 IJ 2 = 13 6, 

Ti = 10 500, T 2 = 5,200, 

the former temperature being estimated from the observed type B 9 and 
the latter from The results are — 

Bol Mag (from U) Bol Mag (from M) Residual 
+ 0 34 + 1 86 + 1 62 

82 + 3 18 Hr 4 68 + 1 40 
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The agreement is not good, but there seems to be a simple explanation 
of this The illuminated hemisphere is twice as bright as the dark hemi 
sphere so that the spectroscopic measurements of the secondary do not 
refer to the centre of the disc Plaskett does not note any difference of 
type, so that the lines which he measured could presumably only be 
produced in the illuminated hemisphere Since B = 306a the displace 
ment may well amount to 08a and the radius of the relative orbit is to 
be increased in the ratio 100 to 92 This gives 

M Bol Mag (from B) Bol Mag (from M) Residual 

Si 2 35 + 0 16 + 0 81 + 0 65 

1 20 + 3 00 + 3 91 + 0 91 

and the accordance is now tolerable The faults which remain are probably 
due to the roughness of the data (photometric and spectrographic) for the 
secondary To reduce the residual for to zero we must further increase 
MijM^ and the revised value of will then be about 3 0 The primary 
then falls on the central line of the mam series, and the secondary is a 
giant star as in ^ Persei 

We have had two instances where, by expurgating the less reliable 
data and trusting to the radiative theory, the primary has been brought 
on to the line of the mam series , and I believe that other examples confirm 
this though less definitely We might perhaps take the risk of assuming 
m the treatment of eclipsing variables that one of the conditions to be 
fulfilled is that the central temperature of the primary is 40 000 000° If 
it is true that eclipsing binaries (i e very close binaries) are only formed 
by stars of this class, the fact must have some fundamental significance 
which we cannot yet understand 
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THE COEFFICIENT OF OPACITY 

146 Results reached in the present Chapter have been used in an 
bicipation from § 89 onwards We must therefore return and take up the 
problem of the absorption coef&cient as it presented itself in § 88 At that 
stage we were occupied with our first astronomical result of importance 
VIZ that for the series of giant stars from type M to type A the opacity 
IS nearly constant although the internal temperature mcreases twelvefold 
between the beginnmg and end of the series This suggested (but, as we 
now see wrongly) that the opacity might tend to a constant value at high 
temperatures and so be the same for all stars Actually however the 
constancy of the opacity was a statistical result appl3ung to groups of 
stars presumed to be of the same average mass, and there was no test 
whether the constancy contmued for stars of a different mass 

The radiation m the mam mtenor of a star consists of X rays, and 
comparison is invited with measurements of absorption of X rays made 
in the laboratory In § 1G5 we have found the absorption coefficient at 
the centre of Capella to be 49 o G s units This is of the general order of 
magnitude of the measured coefficients of most elements for hard X rays 
for example, it agrees with the coefficient for iron for wave length about 
0 8 A It must however be noted that the radiation at the centre of 
Capella is of much greater wave length the maximum intensity being at 
3 2 A 

According to laboratory determmations h mcreases very rapidly with 
the wave length Subject to certain discontmmties it vanes as A® This 
brmgs about a double discrepancy with astronomical observation, firstly, 
it makes the laboratory coefficients much greater than the astronomical 
coefficient for the same wave length* secondly it is at vanance with the 
astronomical result that stars differmg widely m temperature show little 
change of h 

It IS clear that there is something which invalidates the direct com 
panson of astronomical and terrestrial determmations That which stands 
m the way of the companson is lomsaUon, strong m the stars but almost 
absent in terrestrial experiments 

* The difference is even wider than would at first appear for the companson 
would more fairly be made at an average temperature of Capella (to which the 
astronomical coefficient must be supposed to refer) mstead of with values extra 
polated for the central temperature 
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147 There can be little doubt that the principal process ot absorption 
in the stars is the photoelectric effect A quantum of radiation is absorbed 
and its energy is employed m removmg an electron from the atom and 
endowing it with kmetic energy Other processes of absorption are known, 
but these contribute relatively httle to the stellar opacity lomsation 
reduces the absorption because it leaves fewer electrons capable of per 
forming the photoelectric process The decrease may also be described — 
but perhaps less accurately — as a saturation effect , the atoms cannot deal 
efficiently with a verj large quantity of radiation which removes their 
electrons faster than they can be replaced The lomsation is the sign of 
overwoik We said less accurately because ionisation can also be caused 
by coUisions of atoms and electrons so that in certain circumstances the 
decrease of the coefficient might occur without implying great intensity 
of the radiation but on the other hand the principle of detailed balancing 
in thermodynamical equihbnum permits us to deal with the photoelectric 
effect and its converse as if these were the only processes occumng m the 
stellar interior so that the small absorption coefficient in the stars is 
directly attributable to the intensity of the radiation 

The practical effect of ionisation on the absorption coefficient will be 
seen from the following numerical results which have been calculated for 
iron at the temperature and density of the centre of Capella* If X rays 
of similar wave length but of ordinary laboratory intensity were directed 
on iron m a terrestnal experiment they would be very strongly absorbed 
The absorption is mainly performed by the L group of 8 electrons As 
each quantum is absorbed an L electron is expelled but m terrestrial 
expenments the L group is completed again by the falling in of an outer 
electron or by capture of a wandering electron before the atom’s turn for 
another absorption The coefficient of absorption by the L electrons alone 
is found experimentally to be 2950 cos umts Now let the intensity of 
the X rays be raised to the actual strength in Capella The L electrons will 
be wrenched away almost immediately they take their places so that they 
are not usually present in the atom At any moment only 1 out of 1200 
places for L electrons is filled, that is to say, instead of each atom havmg 
eight L electrons only 1 atom in 150 has even a solitary L electron The 
L absorption coefficient has therefore only of its laboratory value 
and IS reduced to 2 5 Actually more absorption in Capella is performed 
by the two K electrons In the laboratory these do relatively httle work, 
because most of the radiation has a frequency too low to operate the 
K mechanism , the laboratory absorption coefficient is 8 3 But m 
Capella about 70 per cent of the K electrons are in their places at any 

* Monthly NoUces 84 p 113 Corresponding results for other elements are also 
given 



218 


THE COEFFICIENT OF OPACITY 


moment so that this coefficient is reduced to 5 9 Thus 
comparison 

Laboratory 


Absorption coefficient due to L electrons 2950 

K ^ 

Total 2958 


we obtain the 

Capella 
2 5 
5 9 

84 


148 In the stars the absorption is equal to the emission of radiation, 
so that we may if we prefer, proceed by calculatmg the emission The 
converse process to the expulsion of an electron is the capture of an electron, 
and the capture accordingly gives the emission coirespondmg to the 
absorption which we have been discussing This cannot he studied directly 
by laboratory experiment because it is not possible in terrestrial conditions 
to obtain ions with vacant places for capture in the K and L groups but 
the problem can be studied theoretically Here again we shall have two 
coefficients to consider first the ideal coefficient of emission when all the 
ions have their full capturing power , second, the coefficient as reduced by 
lack of %omsaUon In proportion as the places for electrons are filled up so 
the chance of capture is dmiinished 

The ideal (or laboratory) absorption coefficient and the ideal emission 
coefficient (not realised m the laboratory or the stars) are each reduced 
the one by ionisation and the other by lack of ionisation The ionisation, 
in fact reaches the value required to brmg them to a balance and the 
ionisation formula (47 1) was obtained from this balance as expressed by 
Einstein s equation 

The ideal absorption coefficient is independent of the density Each 
complete atom is an absorbing mechanism which works independently of 
othei atoms and it makes no difference whether a given mass of material 
occupies a large thickness or a small 

The ideal emission coefficient is approximately proportional to the 
density or more nearly to p//!, A stripped ion emits by capturmg electrons, 
and, other things bemg equal, the number of captures by it will be pro' 
portional to the number of free electrons in given volume The total number 
of particles per cu cm is equal to pjjx (p, bemg here measured in grams) 
In stellar conditions the number of ions is small compared to the number of 
free electrons so that the number of free electrons per cu cm is nearly 
equal to p/p 

Thus we approach the problem of stellar opacity with the idea that it 
IS hkely to be (a) independent of density, (6) proportional to density, 
according as we begin with absorption or emission Whichever hue we 
follow there wiU he a modification when account is taken of the effect of 
density on ionisation It is a question of expediency and not of prmciple 
which end we should begin from, depending on which of the two ideal 
coefficients undergoes least modification 
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149 Preliminary calculations show that whereas in all cases the ideal 
absorption coefficient is enormously modified the modification of the 
emission coefficient is small in most stars, and in any case it can be left 
to be attended to in a second approximation At first sight it seems that 
the figures given for iron in § 147 are in contradiction to this since it 
appears that 70 per cent of the K electrons are in their places and only 
30 per cent of the ideal K emission for iron is operative But the calcula 
tion of § 147 referred to the true absorption coefficient and we now have 
in mind the astronomical opacity (§ 77), which is less dependent on the 
K processes'^ However, we do not msist here that the modification of the 
emission coefficient is negligible but that it is small in comparison with the 
modification of the absorption coefficient by a factor Accordingly 

the stellar opacity will approximate to the law kcc p hi and not to k 
independent of p 

Now consider the effect of temperature The number of electrons v Inch 
m given time encounter a particular ion besides bemg proportional to the 
electron density will be proportional to their mean velocity V and there 
fore to Purther, granting an encounter the chance of capture wiU 
depend on the speed of the electron Presumably fast electrons will be 
more elusive than slow ones, we therefore set the chance of capture 
proportional to y-x 

or to We can only determme x by following up some special theory 

of capture, so for the present we leave it indefinite When a capture 
occurs the emission of energy is equal to the difference between the energy 
of the free electron and the negative energy of the level which it will 
occupy in the atom The free energy is proportional to T and the energy 
of the level is presumably roughly proportional to Tf Combming these 
temperature factors, the emission per ion will be proportional to 

and the absorption per ion is the same To obtain fc we must divide the 
absorbed energy by the total energy traversing the material, which is 
proportional to iT* Hence (149 1) 

The astronomical result that h is nearly constant for a series of stars 
of constant mass reqmres that approximately k must be a function of 

* In § 79 we showed that it was not important to consider frequencies greater 
TBTIh Hence in a star in which the atoms are lomsed down to an energy- 
level - 7i?r there will be no appreciable modification of the ideal emission coefficient 
t Alternatively the captures chiefly contributing to the opacity are those yielding 
radiation of frequency 2 6BTIh to IBT/h {§ 79) The corresponding quantum is 
therefore proportional to T 
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pIimT^ since tins combination of density and temperature depends only 
on the mass Comparmg with (149 1) we obtain x = 1 and 

k cc plf^T^ 

We decided that owing to the uncertainties of observation an additional 
factor or T~^ was admissible, so that the variation of k is between 

pIimT^ and pIimT^ This corresponds to (149 1) with values of x between 
0 and 2 

Experiments by E Rutherford on the capture of electrons by a 
particles have been shown by him to correspond to a probability of capture 
varying as the inverse fifth power of the velocity The law x = 6 is far 
outside the above limits and could not be reconciled with the uniformity 
of magnitude of giant stars We must mfer that Rutherford’s experiments 
relate to a different process of capture It has been shown by Fowler 
that they are radiationless captures analogous to the capture of comets 
by the combined efforts of the sun and a planet Captures of this kind 
no doubt occur in the stars but by the principle of detailed balancmg 
they do not affect our study of the absorption problem, since they are not 
accompanied by radiation 

150 It IS interesting that we should be able to get so far with the 
determination of the law of opacity without having come to grips with 
the problem of the mechanism of capture or expulsion of electrons We 
might perhaps narrow the limits a little more because it is scarcely con 
ceivable that x should be less than 1 The choice between exponents 3 and 
I-, or even between f and does not make a great difference in practical 
calculations of the luminosities of the stars But there are certain theoretical 
considerations which make it important to decide on which side of 3 
the exponent really falls One illustration of this has already arisen in 
considering Cepheid pulsations the pulsations can maintain themselves 
automatically when the exponent is a little less than 3 (§ 137) This is in 
itself an argument against an exponent as low as 2 5 for ordmary (non 
pulsating) stars but if the normal exponent were, say, 3 there would be 
less difficulty m admittmg the shghtly lower value required in the Cepheids 
Another problem for which the value 3 is critical will arise in § 211 

Since the value x = 2is given by what is now considered to be the best 
physical theory of electron capture we have adopted h oc plfiT^ But the 
theory is scarcely an adequate guide and it is desirable to see whether there 
is observational support for the odd half power of T We obtained good 
agreement between theory and observation by using it in Fig 2 , but it is 
necessary to consider how far this agreement depends on the power of T 
Most of the stars represented belong to the main senes which is charac 
tensed bj constant internal temperature (§ 122) these afford no scope 
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for testing a variation of h with T There remain Capella and the Cepheids 
which are not on the mam senes Capella has an mternal temperature 
I of that of the mam series If the exponent is 3 mstead of 3i we have 
assigned to the mam senes half its proper opacity compared with CapeUa 
and have therefore predicted a magnitude 0“^ 75 too bnght The sun 
Sinus and a Centauri are actually 0“^ 3 famter than the origmal prediction, 
so that they he about half way between the results for the two assumptions 
It seems then scarcely possible to decide from the observations whether 
pjliT^ or pjpT^ IS nearer to the true law but pjp-T'^ seems to be defimtely 
ruled out and there is considerable probabihty that the exponent is above 
rather than below 3 


The Target for Electron Capture 

151 We first make some numerical calculations as to the number of 
captures and expulsions concerned m the stellar absorption and emission 
Consider the conditions at the centre of Capella as given m § 13 
T =1 2 10«, |0 = 0 0547, /i. = 2 1 

The value of aTc^ found from the mass and absolute magmtude is 133 
which for a = 2 5 gives h = 5Z 

This IS strictly the opacity coefficient and not the absorption coefficient, 
but we shall not here trouble about the difference The emission per gm 
per second is (74 5) hacT^ = 3 25 10^® ergs (151 1) 

By (40 93) the average energy of a quantum of radiation at temperature 
T IS 2 70 jBT', where R is Boltzmann’s constant The average quantum 

IS thus 2 67 10-9 ergs (151 2) 

Hence by division the number of quanta emitted per gm per sec is 

1 22 109« (151 3) 

A correctmg factor may be necessary smce the average quantum concerned 
m k may not be equal to the average quantum present in the radiation, but 

this will not affect the order of magnitude 

The number of hydrogen atoms m a gram is 6 02 lO^® hence thenumber 

of particles of average weight 2 1 h is 

2 87 10*9 

Allowmg about 1 ion to every 20 free electrons, this makes the number 
of free electrons per gm 2 74 10’® (151 4) 

By (151 3) and (151 4) each free electron is responsible for the emission of 
4 45 lO’-® quanta per second (151 5) 
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Sach. emission results from a capture, so that each free electron is captured 
4 45 IQi® times per second The reciprocal of this gives the time of free 

2 25 10-11 geos (151 

The average speed of an electron at the temperature 7 2 10® is 

F = 1 67 10® cm per sec (151 7 ) 

Multiplying by the time of free path the length of free path is 

A = 0375 cm (151 g) 

Here agam an averagmg factor will shghtly modify the result since the 
slower moving electrons are likely to be the more easily captured 

The free path ’ m the sense of the theory of gases i e from collision 
to collision is much less than 0375 cm The electron hits a large number 
of atoms before it meets one in such a way as to be captured— or at least 
it hits what would have been the atom if the atom had not been reduced to 
smaU dimensions by ionisation We introduce the idea of a target in the 
atom, 1 e a sphere of size such that the probabihty of capture is equal to 
the probability of hittmg the sphere This representation is primarily 
mtended to be statistical and leaves open the question whether capture 
is actually determmed by hittmg such a target If a is the radius of the 
target and N the number of targets per cu cm it is shown in the theory 
of gases that 


ttNg^ 


(151 91), 


the paths being treated as rectilinear 

We have N ^ pjAn (15192), 

where A is the atomic weight and b the mass of a hydrogen atom For 
iron (A = 56) at the density of the centre of Capella this gives 

iV = 5 88 10®» (151 93)^ 

so that by (151 91) and (151 8) 

o- = 1 20 10-“ cm (151 94 ) 

This IS a little less than the radius of the X rmg m iron, which at the 
centre of CapeUa is all that is left of the system of sateUite electrons But 
there is no special importance to be attached to this coincidence In 
( 1 5 1 9 1 ) the paths are treated as rectihnear so that the target is the apparent 
target aimed at by the electrons Owing to the attraction of the nucleus 
the true target, or target actually hit, may be much smaller 

mates no allowance for the time spent m the captured state 
but this IS compensated because if each electron spent one tenth of its time m a 
captured state the ni^ber of electrons concerned m the emission would be ten mnths 
of the number (151 4) free at a given moment 
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152 It seems natural to assume that the target is an actual sphere 
round the centre of the atom which the electron track must intersect as 
the condition for capture This idea is the basis of the theory of nuclear 
capture investigated in § 170 But there are certam considerations which 
weigh strongly agamst this assumption The frequency of the X ray 
emitted when an electron changes its velocity is presumably dependent 
on the abruptness of the stoppage Electrons aimed to pass within a 
distance a of the nucleus suffer an extremely rapid change of velocity as 
they swing round at pericentron It appears that the corresponding 
X rays would have a frequency much greater than the range 2 5BTjh to 
lETIh to winch the stellar opacity corresponds It is now generally 
believed that radiation from these close penetrating electrons is mhibited, 
but it IS not very important for us to decide here whether that is so or 
not If we are right in concludmg that they would yield radiation of 
frequency considerably above iRTjh, then clearly these are not the captures 
calculated in the last section as responsible for the astronomical opacity 
To give radiation in the required frequency range the stoppage of the 
electron must be not too abrupt and not too slow This points to a target 
of annular section 

The theory of emission and absorption, which seems to be in close 
accordance with laboratory experiment and expresses the most modern 
ideas on the subject, is due to H A Kramers* We regard this as likely 
to be correct, at least in its mam essentials There are some subtleties m 
Kramers’ theory, vital for its application to terrestrial experiments but 
only of subsidiary importance m the determination of stellar opacity 
As sim plified for stellar applications, Kramers’ theory really amounts to 
this we may calculate the stellar opacity just as if all electrons radiated 
according to the laws of the classical electromagnetic theory 

For this reason we take as our first problem the determination of stellar 
opacity according to classical theory This is not a preliminary exercise 
it IS the quickest route to the formulae which we accept as definitive 
Afterwards Kramers’ theory will be invoked to explain why so antiquated 
a procedure is justified notwithstanding the advent of the quantum theory, 
and to introduce those subtleties which are needed m order to check the 
theory by laboratory experiment 

Classical Theory of Emission 

153 According to the electromagnetic theory an accelerated electron 
radiates energy If F is the acceleration, the energy radiated m time dt is 

l-TMt (163 1 ) 


* PM Mag 46 p 836 (1923) 
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Consider an electron with initial velocity F which would if undisturbed, 
pass at a distance a from a nucleus of atomic number Z Under the attrac 
tion of the nucleus it will describe an orbit which will be a hyperbola — 
unless the approach is so close as to make it necessary to allow for change 
of mass with velocity 

The acceleration will be 


r = fi = Ze jm 

(153 2) 

Let the equation of the hyperbola be 

- = 1 + € cos d 
r 

(153 3) 

If h IS the constant of areas 

dd , 

r = ^ = 0-7 

dt 

(153 4), 

and by the usual astronomical equation 

^272 = 

(153 5) 


Also by the well known property that a (the perpendicular from the focus 
on the asymptote) is equal to the mmor axis of the hjqierbola 


l=iycT^ = aW*lf,^ (153 6), 

and if 2^ is the angle between the asymptotes 

tan 0 = - 1) = aV^/fx, (153 7) 

By (153 3) and (153 4) 


3 c3 ^ “ 3 


e^/u,^ dt 

qZ ^4 


= I (1 + e cos 6>)2 (153 75) 

Hence the total radiation dunng the encounter is 

2 jJL^ 

"" 3 ~ ?!> + 2) + 3 tan 9^} (153 8) 

where e has been replaced by its value sec ^ 

Tor not too large values of o-F®, (f> is a, small angle, that is to say, the 
orbits are practically parabolas The result then reduces to 

^ _ 27re^/i* _ ^ 

cH% cW c^m^a (153 9) 


154 As a slight digression we may notice that if Q is greater than 
JmF® the electron loses more than its free energy and must be captured 
Thus there is an apparent target for capture with radius <j given by 


^mF* = 


c®m*a®F 
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Or, writing b = = 2 81 cm , this reduces to 

a ^ b (47r)^ (15^ 1) 

For iron at the centre of Capella this gives 

(7 = 36 10~^® cm 

about three times the target radius and nine times the target area found 
from the observations (151 94) Thus the crude classical theory gives an 
emission coefficient nine times too high — ^to say nothing of the additional 
emission by electrons which are not captured 

155 It turns out that much of the classical radiation is of high 
frequency beyond the range chiefly concerned in the astronomical opacity 
It IS therefore not sufficient to determine the total amount of emission 
we must And its distribution in frequency — ^in fact we must apply a spectro 
scope to it 

For this purpose F is first resolved into two rectangular components 
Ffl, Ty along the major and minor axes of the orbit Each component is 
expressed as a Fourier integral viz 

rOO /•OO 

Fa; = A OS cos {2Trvt) dv, = / Ay sin {27rvt) dv, 

Jo 10 

where A^. and Ay are functions of v The energy of the radiated wave being 
proportional to F^ (153 1) its amplitude is proportional to F, the Fourier 
analysis accordingly separates out the amplitude corresponding to periodic 
components of F of frequency v to v dv The energy radiated between 

V and V + dv will be proportional to {A^ + -^v^) 

The analysis is difficult, but it has been carried out by Kramers* with 
the following result — the classical radiation of frequency between v and 

V + dv emitted during an encounter isf 



(165 1), 

where y = 2'TTvaW^m^lZH^ 

and P is a certain function possessing the properties 

(155 2), 

f P (y) = 1 

J 0 

(155 31), 


(165 32) 


The function P, of which a rough graph is given in Kramers’ paper, is 
zero at y = 0, rises to a maximum of about 0 23 near y = 1 5, and then fall" 
more slowly, reachmg 0 05 near y = 6 


Phil Mag 46 p 845 

f This IS the result for parabolic orbits which is the important practical case 
Kramers also gives a result for rectangular hyperbolas 


E 


15 
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By (155 31) we find 





in agreement with (153 9) 

Suppose that n electrons encounter normally a thin sheet of material 
containing a nuclei per sq cm To pass at a distance between a and o ^ da 
from a nucleus an electron must strike one of 5 annuli covering a total area 
s 27radorper sq cm Thus the number of encounters made within these 
limits is ns Mirada and the total radiation from them m the frequency 


range dv is by (155 1) 


nsdv 




P{y) 


da 

a 


This must now be integrated for all values of a By (155 2) 

dy da 


Hence the radiation of frequency vtov-^dviB 

, V r .dy 


= nsdv 


3277^ 

3V3 cWV^ 


(155 41) 


(155 42) 


by (155 32) . 

The striking feature of this result is that it is independent of v If 
we used a spectroscope which spread out the spectrum proportionately 
to V the spectrum of the radiation would be of uniform intensity 

The result (155 1) refers to orbits which can be treated as parabolic 
Orbits of higher eccentricity have also been investigated by Kramers and 
the correcting factor to (155 42) can be approximately determined when 
it IS necessary to take account of the hyperbolic eccentricity Using 
(153 6) we can write (155 2) in the form 


27rv — 1)^ 


(155 51) 


For material at temperature T the mean value of mV^ is SET, so that 


he ^ (v) HT 
^ 411 (t}w ~ 


(155 52) 


For a temperature of 20 milhon degrees c/V = 11 The values of livjRT 
which are concerned m the stellar opacity are in the neighbourhood of 4 
We may take Z = 20 for average material With these values 

y = 2 (e“ - 1)* 
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The range of y which contributes chiefly to the integral in (155 41) is m 
the neighbourhood of y = 1 and the corresponding eccentricity is e = 1 27 
It thus appears that in astronomical applications we shall be concerned 
with orbits which are beginning to be appreciably hvperbolic but not to 
such an extent as to require any large correcting factor 


156 In the material of a star the direction of motion of an electron 
makes no difference to the probability of an encounter, we may therefore 
simplify the calculation by considermg them to be all moving in the same 
direction normal to a certain surface A column of electrons of height 
F cm will pass through each sq cm per second and the number n of 
electrons in a volume V cu cm is 


% 


(156 1) 


+/) 

where /is the ratio of the number of ions to the number of electrons (We 
can usually neglect / ) The number of ions in a thickness dx will be per 
sq cm 

(156 2), 

where A is the atomic weight Inserting these values of n and s in (155 42) 
we obtain the emission per second from a volume dx Setting dx === Ijp 
the emission per gram per second is 

p 327r2 


■rdv 


(156 3) 


hV- 4 (1 +/) 3 V3 c^m^F 
The contributions of electrons with different speeds F are additive , hence 
in (156 3) we must use the mean value of 1/F By Maxwell’s law if Fq is 
the arithmetic mean speed, the harmonic mean speed is JttFq Hence m 
a star the emission per gram per second of radiation between v and v dv 
IS where ^ ^ 

^ “ h^IxA (1 +/) 3 a/ 3 c^m^Fo ^ 

So far as the chemical constitution is concerned this is proportional to 
Z^/A which IS roughly proportional to Z 


157 Wecannow calculate the opacity Inequation (77 15) the emission 
there represented by dj is now equal to Qdv Hence (77 15) becomes 

Qdv == cl I (v) dv, 

Q 


so that 


k = 


cl{v) 


By (77 4) the coefficient of opacity k^ is given by 
1 c f j. ^ ^dl {v) ^ f 07 (i/) 7 

J dT 


(157 1) 

(157 16) 
(157 2) 


X5 2 
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By Planck’s Law 

, , , , CvHv OR^T^ xHx 
1 (^) = i rim -zri - - I T - e-x- i ri’ 

r T / \i 2 ^ C^R'^T’^ x^dx 

{/«}•* 

where a: = 7iv jRT Hence (157 2) becomes 


We have 

where 


2 ^ 7 CR^T^ 

2Q 4 
xHx 


p x^dx p 

Jo (e^ 1)2 -Jo 


xHx 

I 


I ^ x^dx 

j — 1 ~ j + cc®e~^® + ) 


(Za; 


6ff, 


a = 

p ajfic^a: 
lo (e*- 1) 


(157 3) 


1-4 + 2-4 +3-^4- = 1 0823, 

roo 

= 4- ) dx 

Jo 


=1^^’ 


wkere ^ = 2 ^ (2-’ + 23-7 + 34-’+ ) = 1 151 

Also by Stefan’s Law 


aT^ = fl (v) dp = 6aOE*T*lh^ 

J 


SO that 

^ ah^ 

^ ~ 6aR^ 

(157 4) 

Hence (157 3) gives 

l-lll±acT^ 


so that 

k^acT* = (7 ‘LiRTjh) Q 

(157 5) 


By comparing this with the simple formula (74 5) 

emission = JcacT^, 

which takes no account of the variation of Jc with frequency, we can see 
the effect of Rosseland’s correction It is as though the spectrum of 
uniform intensity Q were limited to a frequency range 


8v = 7 ^iRTjh (167 6) 

The emission and absorption in a range of this extent gives us a ^partial 
absorption coefficient which is equal to the full opacity coefficient 


158 Insertmg the value of Q from (156 4) m (157 5) we now have 
(!+/)_„,, 12877 e« RT 

P 3V3AH%mVAFo 

If Uq (= (8i?/7rm)^) IS the arithmetic mean speed of an electron at 1° 
absolute „ , 

Vo = UoTi 
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Hence 


p 3-v/3 a 

„ . , 128ir Mb^c e2 
7 44 

3 V3 ^ hc^ 


(158 1) 


where b = = | x conventional radms of electron 


= 0 668 


u^auQ A 


(158 2) 


since hcje^ is 861 (a pure number) 

Neglecting possible variations in the small correction f and assuming 
uniform chemical composition {Z^jA) we obtain the lav 


fik^T^lp = const 


which IS the law of opacity adopted in our investigations The constant, 
however is not in good agreement with the value derived from Capella 
For iron at the centre of Capella 


Z = 26, -4 = 56, /a = 2 1, p = 0547, T = 7 20 10^ f = 05, 
we find by (158 2) ^2 = ^ 

as compared with the astronomical result i = 53 

At a later stage we shall have to discuss this discrepancy which amounts 
to a factor 10 


Kramers^ Theory of Emission 


159 It must now be explained why the results obtained according to 
the classical theory of emission are expected to be valid although the 
theory itself is not accepted 

According to the quantum theory any transfer of energy between 
matter and radiation must occur in quanta An electron accelerated under 
the attraction of the nucleus must if it radiates at all, radiate a quantum 
Consider electrons with initial velocity V and let vq be a frequency 
such that 


hvQ = 


(159 1) 


A quantum of frequency less than vq contains less than the free energy 
of an electron, hence the electron radiating it will remain free But an 
electron radiating a quantum of frequency greater than will be left 
with negative energy, that is to say, it is captured Hence the spectrum 
of the radiation is divided into two stretches — 


(a) Frequencies from 0 to vq due to electrons which are not captured, 
but are switched into new hyperbolic orbits of less energy 
(j8) Frequencies greater than Vq due to capture of electrons 
We discuss first the spectrum (a) Out of a large number of electrons 
encountering ions some will radiate quanta of one frequency, some of 
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another, and some perhaps will escape without radiating It is in accord 
ance with the general idea of the Correspondence Principle that the 
statistical average of these quantum radiations will amount to the radiation 
given by the classical theory To put it another way the Fourier terms in 
the classical radiation are interpreted not as representing actual radiation 
of that frequency fiom an accelerated electron, but as probabilities of 
radiation of that frequency With a large number of electrons it makes 
no difference whether each electron radiates of a quantum or has a 
chance of radiating a whole quantum so the classical theory should 
give the total radiation of a large number of electrons correctly 

Turning to the spectrum ()S) the new point arises that the electron 
after capture must be in one of the quantised orbits within the atom, so 
that its final negative energy must have one of a discrete series of values 
Thus the electrons can emit only frequencies forming a discrete series, 
t'k , given by 


hvK ^ ifjK, hvL = i'inV^-\‘tljL, Jivm ^ + iIsm > (159 2) 

where — i/j^: ~ energies of the K, L M orbits 

in which it can find a resting place 

Thus the quantum theory predicts a line spectrum whilst the classical 
theory predicts a continuous spectrum 

In discussmg the theory of weights of states ’ m § 48 we have seen 
that as the periodicity becomes more perfect the weight of each unit cell 
becomes more and more strongly concentrated into the single quantised 
orbit contained in that cell We are scarcely going beyond this principle 
if we suppose that the captured electrons which in the absence of periodicity 
would have been distributed over the cell, are, when periodicity is present, 
to be found concentrated on the quantised orbit which has drained the 
weight of the cell If the electron had been captured by a very complicated 
system in which the orbits had little or no periodicity so that no quantisa 
tion occurred we should have had no reason to anticipate a breakdown of 
the treatment adopted for spectrum a It is therefore likely that we may 
apply the same principle to spectrum j8, but with the addition that the 
classical radiation correspondmg to each cell is heaped up into a single line 
corresponding to the quantised orbit in that cell 

If it IS a question of capture of an electron by an isolated nucleus, the 
dividing lines of the cells are presumably as follows If (= — is the 
energy in a one quantum orbit the energy in an n quantum orbit is 
Hence 


the K line corresponds to the stretch XiHW Xi/(f)^l 

>3 ^ 53 33 Xl/(f)^ >3 Xlli^y I 

33 3 33 


33 


J3 


(159 3), 
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and so on We have no great confidence that the proper limits are precisely 
at the half way mark — more especially as regards the first limit for the 
K line but fortunately this imcertamty does not matter much in astro 
nomical applications 

If this view IS right the classical radiation wiH cease altogether at a 
frequency given by 

/iv, = 

since beyond this it is not heaped up into any line If however the tw o 
K orbits are already occupied captures at the K level are impossible, and 
the K line cannot be emitted The guillotme then falls at 

= imv^ + 

or rather (smce the simple theory of the hydrogen atom no longer applies 
strictly) at some pomt about half way between the K and L Imes which 
cannot be very defimtely specified If the eight L orbits are occupied the 
limit IS between the L and M lines Presumably if some of the L orbits 
are occupied the stretch of spectrum corresponding to L is emitted but 
with proportionately reduced intensity 

Havmg duly placed the guillotme frequency accordmg to the 
ionisation, Kramers theory asserts that the total emission is equal to the 
classical radiation up to frequency vj but between vq and vj it is emitted 
m line spectrum mstead of continuous spectrum 

When we are dealing with electrons having a Maxwellian distribution 
of velocities the varying value of the initial energy spreads the Imcs 
mto bands Thus the Maxwellian spread of the initial energies to a large 
extent undoes the quantum concentration of the final energies When, 
moreover, we have to do with a mixture of elements having their spectral 
lines in different places there can be very little trace left of concentration 
to particular values of v It appears then that in the end the classical 
continuous spectrum is re established practically unchanged all that 
remains of Kramers’ modifications is the “guillotine ’ cutting off the 
radiation beyond a frequency determmed by the state of ionisation of 
the atoms — or determined by a half quantum orbit if they are completely 
ionised 

Even the guillotine will not concern us in astronomy if it is placed 
beyond the range of frequencies contributing sensibly to the opacity If it 
IS not placed so high it will reduce the opacity and consequently increase 
the discordance between theory and observation reached m § 168 It will 
be found that for Capella vi is so high that there is very little correction 
required but there are other stars (mcludmg the sun) which should suffer 
a considerable reduction of opacity 

Apart from the guillotine effect the astronomical results obtained from 
the classical theory m § 168 equally represent Kramers’ theory 
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160 We shall now try to calculate the reduction of the coefficient of 
opacity when the guillotine is placed at too low a frequency to be neg 
lected 

We have agreed that the emission consists of the classical spectrum 
Qdv extendmg from Av = 0 to 


Iv = fmF" + tfj (160 1), 

where in an ordmary mixture of elements iff may generally be taken to 
represent the average energy level down to which the atoms are ionised’*' 
We could substitute RT for since this is its mean value allowing for 
the greater frequency of capture of the slower electrons This approxima 
tion gives the emission and absorption quantitatively quahtatively there 
IS a certain amount of shifting of the frequencies, but in a mixture of 
elements this cancels out to a large extent and for most purposes it is a 
fair approximation qualitatively But if we use this representation to 
calculate the opacity, its quahtative defect becomes conspicuous It 
leaves a region of the spectrum perfectly transparent , and if any region is 
transparent the mean opacity of the whole is zero There is, of course, no 
danger in actual stars of very high transparency for any frequency, even 
if Ejramers’ absorption left a wmdow, electron scattering would prevent 
the transparency exceeding a moderate limit However, by treating 
Kramers’ absorption a little more carefully we can avoid introducing this 
spurious high transparency 

II X = the number of free electrons with energy between x 

X + cZx IS proportional to dx Remembering that the emission per 

electron in a range dv is proportional to 1/F the emission from electrons 
between X and x + is proportional to e-^l^^dx This gives the relative 

intensity of the partial spectrum contributed by electrons of energy x, and 
in accordance with the previous discussion we take it to extend with this 
umform intensity up to frequency (x + ifj)lh and there termmate The 
total intensity at (x -f- ^)/A is obtamed by mtegratmg over those partial 
spectra which extend up to or beyond this frequency, the result is pro- 
portional to ^ 

•'x 

or to e Hence, instead of taking the spectrum to continue with 

uniform intensity Q to BT + ifi and there termmate abruptly we must 
take It to have uniform mtensity Q up to and afterwards to have 
intensity at ^ This gives the same total intensity 

It IS easily seen that all Kramers’ lines give rise to bands starting 


* This may be modified when there is ionisation of the K electrons 
apphcations a low position of the guillotine accompanies loi 
SO tliat the modiacation does not arise 


but in the 
ionisation 
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abruptly and shaded off according to this law on the high frequency side 
It cannot be pretended that the continuous representation now proposed 
gives a very accurate summation of these effects for individual lines But 
it serves the mam purpose of avoidmg a failure of the representation at 
very high frequencies which would have led to our integrals diverging 
Introducing this modification into the investigation of § 157 we have 
in place of (157 15) 


l^c 
h<^ Q 



(v) 

dT 


dv ■ 





dUy) 

dT 


dv 


roc 
*/ 0 


dl {v) 


dv 


dT 
(160 2), 


where v^ is the frequency corresponding to tfj Brom this it is deduced that 
the opacity is decreased in the ratio 


{I — dx ^ e-^ {I — dx {I — dx 

Jo Jx Jo 

(160 3), 

where x^ = t/f/BT 

The reducing factors calculated from (160 3) are — 


Table 29 

GmlloUne Factors 

ipIBT Factor 

8 1 025 

6 1 33 

4 4 61 

2 30 8 

When ^ < QRT the guillotine begins to have a serious effect on the opacity 
and the luminosity of the star should be multiplied by the factor here 
given 

An alternative (but very crude) way of allowing for the guillotine is to 
suppose that the opacity is cut down so as to be proportional to the weight 
of the region of the spectrum which survives i e a spectrum occupying 
a domain of only half the total weight is considered equivalent to a 
spectrum of half the intensity occupying the whole domain By Table 8 
the factors for the above 4 values of il/jBT are then 1 10, 1 36, 2 42 11 9 
This procedure involves an incongruous mixture of harmonic and arith- 
metic means , but it confirms the rapidly increasing factor found by the 
other method which is possibly more accurate 

It may be stated at once that the observational evidence does not 
support these factors (§179) Stars for which ijj/BT is small appear to 
agree with the uncorrected law k oc pjT^ There is perhaps a small reduction 
of opacity, but it is not at all comparable with the large reductions 
here predicted This is not altogether surprising Whilst Kramers’ theory 
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undoubtedly contains a great deal of truth, the details are as yet somewhat 
tentative and moreover in its present form, it accounts for only a small 
part of the stellar opacity 

Companson with Laboratory Experiments 

161 If Kramers’ theory were merely a speculation as to the manner 
in which classical laws pass over into quantum laws it would not greatly 
disturb us to find astronomical results partly discordant with it But the 
theory has been compared with laboratory experiments and found satis 
factory, so that astronomical conflict with Kramers’ theory is virtually 
a conflict with laboratory experiment 

In an X ray tube a stream of electrons, all with the same velocity F 
acquired under a known fall of potential falls on the material of the anti 
cathode In this case the atoms have their full complement of electrons 
so that there is no opportunity for capture, and only spectrum a can be 
emitted Withm the anticathode the electrons gradually lose their energy 
chiefly by other dissipative causes and only to a small extent by the radia 
tion of spectrum a The total spectrum is therefore due to electrons with 
all velocities from 0 to F We can measure the radiation J dv corre 
spondmg to an initial velocity F and {J + A/ ) dv coiresponding to an 
mitial velocity F 4- AF, then (AJ ) dv represents the spectrum emitted 
by the electrons whilst their velocity falls from F + AF to F — after which 
fall they are in a position to radiate J just as if they were first entering 
the anticathode* Hence the spectrum due to electrons of the same 
v^elocity F is of intensity Q dv where 

e=AJ=^AF ( 1611 ), 

and Q should be given by (155 42) provided that s represents the number 
of atoms per sq cm m a thickness of anticathode such that the average 
electron velocity diminishes by A F in traversing it 

The best experimental determmations of J appear to be those of 
H Kulenkampfiff Due correction has been made for the absorption by 
the anticathode of the radiation emitted within it Denvmg Q by (161 1) 
these experiments show that the spectrum Q is of umform mtensity up 
to Vo and ceases abruptly at vo Further dJ jdv^ is proportional to Z and 
independent of Vo so that dJ /dF is proportional to 2 F According to the 
Thomson Whiddington law the decrease of velocity AF m a sheet contain 
mg a constant number of atoms s is proportional to ZjV^ hence by 

* This IS only true because the proportion of electrons concerned in radiating 
spectrum a is small the electrons radiatmg AJ have their velocities suddenly 
reduced by a large amount and can take little part in the further radiation J„ 

I Ann d Physik 69 p 648 (1922) 
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(161 1) Q IS proportional to (ZV) x {ZjV^) = Z^jV^ in agreement with 
(155 42) Kramers’ result is thus confirmed in every detail 

It remains to test the absolute value of Q This is more difficult since 
it depends on absolute instead of differential experiments According to 
a direct comparison the experiments give about twice as much radiation 
as the theory but as Kramers points out they are not strictly comparable 
and the actual agreement is probably closer In any case the experimental 
confirmation of this part of Kramers’ theory is so close as to constitute 
a remarkable triumph for the theory 

162 One doubtful point remains which may conceivably have astro 
nomical importance In addition to the radiation here described Kulen 
kampff found a considerable emission at or very near to the limiting 
frequency vq that is to say J does not rise uniformly from zero value 
at Vq but starts almost abruptly at a finite value This radiation, which he 
calls spectrum B, must be emitted by electrons which ]ust lose their whole 
energy Presumably they may be considered as captured in high quantum 
orbits, if so, the atoms capturmg them become negatively charged-^ 
But there is no provision for the corresponding radiation in either spectrum 
a or spectrum /3 of the classical theoryf It may be that capture in ordmary 
orbits being blocked the spectrum jS heaps itself up at the limit vq but 
this IS not in accordance with Kramers ideas The slight reference to 
spectrum B in Kramers’ paper (loc cit p 870) does not seem to elucidate 
the phenomenon We cannot foresee what will happen to this radiation 
when we are dealing with ions instead of complete atoms so it is impossible 
to say what part (if any) it will play in stellar opacity 

163 The spectrum between vq and is not emitted under laboratory 
conditions , and the theoretical predictions cannot be tested directly But 
since coefficients of emission and absorption are connected by Einstein’s 
relation (38 4) we may make equivalent tests on the corresponding ab 
sorption spectrum Consider the emission and absorption of a line which 
replaces a stretch of continuous spectrum of extent fijj^ in energy units 
or m frequency units (cf (159 3)) Here is the negative 

energy of a 1 quantum orbit To calculate the emission for this line dv 
must be replaced by m (155 42) Consider a cubic centimetre of 
material containing s fully ionised atoms and n' free electrons of velocity 
V to V dV In unit time n' Y electrons will traverse the cubic centimetre 
so that the emission per cu cm per second is by (155 42) 

sr^Vfisi 327t2 

h 3a/3cWF2 

* It IS 1 nown from positive ray experiments that atoms can become negatively- 
charged 

t The part of spectrum ^ assignable to the high quantum orbits is extremely small 
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Dividing this by the energy of a quantiini hv we obtain the number of 
captures per second ^ jgvo f 


sn 




(163 1), 


where we have inserted the value i/fj = from (42 62) 

An ionised atom and a free electron will be regarded as a system in 
state 2 in the argument of § 36 The total number of such systems in the 
cubic centimetre is i e there are sn' combinations each having a certain 
chance of transformation to a system in state 1 Hence the coefficient 
621 giving the probability of a single system returning to state 1 in unit time 
by the capture process is 0^^4 




3V^ 


(163 2) 


By (40 63) the atomic absorption coefficient is 

g 2 <^21 
Sttv^ dv 


Also by (45 6 ) 




since dxdydz is here 1 cu cm Agam, for a change of F 

hdv = mV dV 


__ m^^F , 

Hence 

_3^^/ 24A3 
“ 3V3 fficW 

where A = c/v == the wave length of the radiation absorbed 
Insertmg numerical values we have 

a= 0052 1 


(163 3), 


(163 4) 


The proportionality of a to Z^X^ agrees with a well known experimental 
law so that this prediction is confirmed in a highly satisfactory manner 
To evaluate further the numerical ccejSScient, consider, for example, the 
ionisation of a -K electron Smce the system in state 2 consists of a fully 
ionised atom and a free electron, our calculation of a applies to an atom 
in state 1 containing ]ust 1 electron in a Z orbit As an approximation 
we shall neglect the interference of the electrons with one another and 
suppose that each K electron in a complete atom gives the absorption 
coefficient (163 4) We have gi = 2 and by (159 3) / = - (1)“^ == 

including a factor 2 to allow for the two K electrons in each atom the 

as = 0 0185Z*A3 (163 5) 
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Similarly for the L absorption, Jx = except 

m very light elements the result must be multiplied by 8 on account of 
the 8 L electrons in each atom Hence 

ax = 0 0020Z4A3 (163 6) 

These formulae apply to wave lengths short enough to effect the K 
and L ionisations respectively, there are abrupt absorption edges at the 
limits where the K and L ionisations suddenly cease 

The experimental value of the constant for is about 0 020 and for 
oix about 0 003, so that the agreement of the theory is entirely satisfactory 
It will be seen that the stellar opacity can be predicted from laboratoiy 
data without appeal to Kramers’ theory or any other theory of absorption 
The laws = 020Z^A^, ax = 003-Z^A^ were discovered empirically before 
any theory was suggested To apply them to stellar absorption we have to 
discover first what proportion of the K and L electrons are retained — how 
much of the absorption indicated by these laws is still in working order m 
the stellar conditions but that is found by the ionisation formula which 
rests on general thermodynamics and has no reference to Kramers’ oi 
any other theory of the absorption processes The small additional absorp 
tion corresponding to spectrum a can also be calculated from laboratory 
measurements of the continuous X ray spectrum 

Evidently these experimental laws will give practically the same value 
of the stellar opacity as the theoretical laws with which they approximately 
agree They will load to the result k oc but with values of k approxi 

mately of those found in the stars 

164 The question may be raised whether the material of a star may 
not have a refractive index for the radiation traversing it, which should 
be taken into account in the calculations As the crude macroscopic con 
ceptions of refractive index and dielectric constant are liable to be mis 
leading, it may be well first to insist on two points (1) the speed of 
propagation of radiant energy is c whatever the refractive index of the 
material, (2) the density of the radiant energy in thermodynamic equi 
librium IS given by Stefan’s and Planck’s Laws whatever the dielectric 
constant of the material The macroscopic formulae appear to contradict 
these statements, because (by a fiction which is sometimes convenient) 
they include energy of polarisation of the atoms and molecules in the 
radiant energy 

Clearly we must not combine a macroscopic theory of wave propagation 
with a microscopic theory of absorption, and the investigation is more or 
less at a deadlock because the quantum theory of refraction, polarisation, 
etc IS scarcely far enough advanced to help us 

It IS unlikely that there can be much effect on the absorption coefficient 
from this cause In any case, the change of refractive index will cetens 



238 


THE COEFFICIENT OF OPACITY 


paribus be proportional to the density, so that it will give rise to differences 
between dense and rarefied stars, hence the discrepant factor 10 which 
affects dense and diffuse stars alike cannot be accounted for in this way 

Other sources of Opacity 

165 The success of the correspondence principle as applied in Kramers’ 
theory seems to be greater than we could have expected The general idea 
of the principle is that the results of the classical and the quantum theory 
will converge but, for example in dealing with K absorption from a 1 
quantum orbit we are as far as possible from the convergence point and it 
IS fortunate that the difference is no greater The discussion has shown 
that the use of Kramers’ theory (or of the classical theory) to calculate 
astronomical opacity is practically equivalent to using the laws ascertained 
by terrestrial experiment Consequently the discordance found in § 158 
IS a matter of very serious concern 

It is not as though any wide extrapolation were required in applying 
experimental results to the interior of a star The approximate treatment 
of the electron orbits as parabolic is as satisfactory in the stars as m 
laboratory conditions* The main pomt of difference is that in the stars 
the outer part of the electron system is missing and this may conceivably 
make some difference to the ease of expelling an inner electron by radia 
tion We should also like to know more about Kulenkampff ’s spectrum B 
Does it remam at frequency vq when the atoms are ionised or does it 
move on to correspond with the last occupied leveD 

166 We must consider whether there are any further sources of 
absorption responsible for an appreciable part of the stellar opacity This 
brings us to the question of line absorption due to excitation of the atoms 
Rosseland in pointing out the distinction between opacity and absorption, 
suggested that this could be disregarded since fine absorption lines can 
have no appreciable effect on opacity We dare not trust to this because, 
as J Woltjerf has urged the lines may be broadened in the stellar interior 
and effectively screen the whole spectrum As before we attack this 
problem by calculating emission rather than absorption 

If we are dealing with a large number of excited electrons, a certain 
proportion will relapse and emit quanta within a given time, so that there 
will be an average rate of emission of energy per excited electron Not 
very much is known about this emission for deep lying electrons since 
experimental values have only been obtained for the outermost electrons 
But accordmg to the general prmciples of the quantum theory the emission 

* Some further discussion of the applicability of Kramers formulae to stellar 
conditions will be found m Monthly Notices 84 p 115 

•j* Bull Aatr Inst Netherlands No 82 
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should not exceed that given by the classical theory Presumably the 
classical emission is guillotined at a frequency determined by the occupied 
orbits below the excited electron or by the half quantum limit just as the 
classical radiation from a free electron is guillotined There should be no 
discontinuity in behaviour between electrons in high quantum orbits and 
free electrons Indeed, Kramers’ theory of radiation from electrons in 
hyperbolic orbits seems to have been a generalisation of the ideas originally 
developed in connection with elliptic orbits 

Consider first circular orbits and let the energy of the orbit be — ^ 
then the acceleration is p _ ^^ 2 jZe^m 


and by (153 1) the classical radiation per second is 

__ 32 ^^ 


(166 1) 


Consider electrons normally in an % quantum orbit excited into an n 
quantum orbit the energies of the orbits will be — {njn^^ ifj^ ^\js respec 
tively and by Boltzmann’s Law the proportion of excited electrons will be 

where ^ — 1 


Let X measure the ionisation »of the % electrons so that (1 — a:;) is the 
proportion retained Then the number of electrons excited into n orbits 


pergm is 




Ah 


(166 2), 


where p === 2 for K electrons, 8 for L electrons, etc We have neglected 
weight factors 

The emission per gm per sec is obtained by multiplying (166 1) and 
(166 2) Equating this to the absorption hacT^, we have 


hacT^ = 


32 

Ah BZ^ehn^c^ 


(166 3) 


where y = di/j/BT The function has a maximum value 4 69 at y = 4 
(If the energy emission is m the imdst of the range of frequency which 
contributes most to the opacity y will he near 4 ) Hence 


/ < 4 69 


p(1- x) 
Bum d^e^a d^Z A 


(166 4) 


< 9340000 


(1 - 
d^Z^A 


For K electrons excited mto 2 quantum orbits p = 2 0 = 3 and hence 
Ic < 230 000 (1 - x)/Z^A 

When the atomic number is below 20 the K ionisation is nearly com 
plete (in Capella and stars of the mam series) and (1 — tc) is small For 
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elements above 20, is greater than 16,000, so that h is less than 14 
Remembering that we are dealing with an extreme upper limit, that some 
at least of the classical radiation is likely to be guillotined, and that not 
all the matter will be of the atomic number giving greatest efficiency the 
actual value of h will probably be considerably smaller Moreover, this 
limit 14 applies to all stars and is therefore to be compared not only with 
the astronomical opacity 53 at the centre of Capella but with much higher 
opacities in the sun and Krueger 60 

If we took account of weight factors the hmit would be increased a 
httle but not so much as we might be inclined to suppose The selection 
principle gives only a small number of n orbits from which a direct 
transition can be made to a particular % orbit, and we need not take 
account of excited electrons unable to make the required transition 

The classical radiation in an elliptic orbit is greater than in the corre 
spending circular orbit being proportional (cf (153 75)) to 

(1 - e®)-^ (1-6 COS 61)2 <10 = 27r (1 + |e2)/(l - 

Thus the classical radiation m a 2^ orbit is 40 times that in a 2^ orbit 
But there is no need to multiply our upper hmit for i by this factor, 
because we know that the actual emission from these elliptic mbits is not 
faster than from circular orbits The eTidence for this has been given in 
§ 51 The fact is that the enhanced classical emission m the eUiptic 
orbit occurs durmg the (juiok passage round pericentron and is of too 
high frequency to be connected with any possible transition of the 
electron 

For heavier elements there may be Ime absorption due to L electrons 
excited into 3 quantum orbits Then p = 8 0 = | , so that the limit of 
k IS 133 times higher This however, must be whittled down for several 
reasons If all the 8 L electrons are to be present Z must be at least 60 
so that the divisor Z^A is mcreased in the ratio 16 Also the greater part 
of the classical radiation is now associated with a fall to the £ level, and 
does not concern the transition under consideration Moreover it seems 
unlikely that elements above Z = 60 will be abundant Thus so far as 
we can judge, line absorption by L electrons is likely to be wealier if 
anythmg than that by K electrons 

It has been pomted out to me by J Woltjer that the foregomg argument 
IS insufficient to exclude the possibihty of large emission from electrons 
excited mto orbits of high quantum number By the selection prmciple 
transitions to a (1, 1) orbit can be made from (4, 2), (5, 2) (6, 2), orbits 
Smee these are highly eccentric them classical emission is large, and al 
though we anticipate that most of this emission will be mrelevant to the 
transitions concerned, we cannot deal with it by the foregomg calculation 
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of upper limits We shall therefore attempt to calculate more closely the 
hue emission from electrons in high quantum orbits 

By the correspondence prmciple there is contmmty between free 
electrons and electrons m high quantum orbits Kramers’ theory of 
emission from free electrons can therefore be pushed beyond the zero 
mark so as to mclude electrons of small negative energy The investigation 
of § 1 55 refers strictly to parabohc orbits but we may use it for eccentricities 
rather less than 1 as we have already used it for eccentricities rather 
greater than 1 By (165 1) and (155 2) Q is given as a function of the 
angular momentum maV In quantised orbits the angular momentum is 
given by the second quantum number n', so that we have the eqmvalence 

maV = nTil'2aT (166 6) 

Consider a particular orbit {n, n' n") The number of electrons per atom 
m this state is rt 

where —Kjn^ is the energy and B is expressed m terms of the density oq 
of the free electrons by (46 2), viz 


j,m® _ m _ 

The period of the orbit is %®A/2K Hence the number of pencentron 
passages per atom per second is 


Keepmg n' fixed we sum this for the values of n belon ging to the Vng>< 
quantum orbits under consideration, say from to oo, where ng'^n 
Replacmg the summation by integration, the number of ‘ encounters ’ 
(i e penhehon passages) becomes 


RT 

h 




ur.l) 


To each value of n' there correspond (?i + 1) values of n" We replace 
{n' + 1) by n' (thereby mtroducmg an error not greater than a factor 2) 
and write the number of encounters per atom per second for all orbits m 
a range n' to n' + dn' equal to 

f ""-I)’**' 


By (155 1) and (166 6) the correspondmg emission per atom is 

„ lQn*ZH^ RT f ¥■ Y , Tri„ -prr ,, ,7 ,T./ , , 

“ c®»®A® h \2 ^Rt) l)ndnPiY) (166 7) 


E 


i6 
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By (155 2) and (166 5) 


dn _dja dy 
n o* 3 y 

so that treating as constant and integrating from 7?.' = 0 to oo , we 

obtam by (155 32) 


Q = 


3277 ^ ( m 


i Wcto 
3V3 \2ttRT) cHn,^ 


1) 


The harmonic mean velocity F of the free electrons is {^RTjm)^, so that 
this becomes 


Q 


1677^ WgQ 

3 VS c^rrfiV 




RT . 


1 ) 


(166 8) 


Comparmg with (165 42), where » = cr, F, we find the ratio of the emission 
from the bound electrons to the emission from the free electrons is 

= (166 9) 

where — i/tq is the energy of an quantum orbit 

We apply this to the electrons m orbits of quantum number 4 or 
greater Then throughout the mtegration Wo is 4 or greater, and i/ff, oorre 
spends to the energy of the N group or higher groups of electrons At 
10 000 000° RT corresponds to 14 3 A, and by Table 30 the factor e'^ 
must be practically umty even for the heaviest elements Hence it appears 
that Kramers absorption is mcreased by a very small fraction when 
we take mto account the hne absorption due to excitation into orbits 
beyond n. = 3 It is true that we have rather dimimshed the result by 
substitutmg n' for n' + I but on the other hand we have probably 
exaggerated it considerably by integratmg from n' = 0 and by neglectmg 
the shielding of the nucleus for the distant orbits 

For the fighter elements up to about 2? = 30 the 3 quantum orbits can 
be mcluded without altermg the conclusion For heavier elements the 
3 quantum orbits should be examined separately, but I tViink it is not 
difficult to convince oneself that these do not add very much to the 
emission 

It appears therefore that hne absorption cannot be responsible for any 
large part of the observed stellar opacity 

It IS mstructive to look at the problem from another pomt of view 
also We found (151 6) that in Capella each free electron was responsible 
for the emission of 4 5 lO^® quanta per second If now we propose to 
transfer the duty to bound electrons we must recall that whereas about 
20 free electrons are allowed to each ion an allowance of 1 excited electron 
per ion is excessive So that each excited electron must emit 10^^ quanta 
per second or rather must emit its quantum in lO-^® sec and make room 
for another to take its place m the steady average This is between 1000 
and 10,000 times shorter life than that of electrons excited in optical 
orbits, and I beheve it is contrary to the views generally held by physicists 
to admit anythmg bke so great a speedmg up at X ray levels 
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167 I have considered elsewhere* the emission and absorption of 
radiation at encounters of free electrons with one another For Capella 
the absorption coefficient due to this process was found to be = 038 
so that the contribution is negligible My investigation, however, did not 
take account of the interference of the waves from the two accelerated 
electrons Kosseland has pointed out that this interference reduces the 
emission almost to zero The algebraic sum of the accelerations of the two 
charges is zero, and it is well known in classical theory that this is the 
condition for the absence of radiation 

Scattering of radiation by the free electrons must be included in the 
opacity It IS shown in (53 5) that the contribution from this source is 
only 0 2 

Complex processes such as the simultaneous encounter of three bodies 
(ions or electrons) could be considered but these would give an absorption 
varymg as the square of the density, and cannot constitute an important 
pait of the astronomical absorption which is found to be proportional to 
the first power of the density 

The possible radiation from ions encountering one another will not be 
important The velocities of the ions are comparatively small, their high 
charges ward off collisions, and they can scarcely come close enough to 
disturb the remnants of their electron systems 

It seems that we cannot discover any other important source of 
absorption to supplement that of which Kramers theory claims to be a 
full treatment 


Effect of Chemical Constitution 

168 Denote the opacity calculated from the observed mass and 
luminosity by ha and the opacity calculated by Kramers’ theory by h^. 
As the comparison stands at present ha = lOh^ By combining (158 2) 
(87 1) and (90 1) we obtain 


^ = 0 0443 ~~ — — ^ ^ 

ha Ormo A M {I- (i Ti 


(168 1) 


where a has been taken as 2 5 in the numerical factor 

By taking an element heavier than iron the factor Z^jA is increased 
It might seem that the discrepancy between h^ and ha could be partly 
accounted for by supposing that the stars are composed mainly of the 
heaviest elements This hypothesis turns out to be useless because the 
assumption of heavier elements involves consequential changes in ^ which 
neutralise the improvement 

For example if Capella were made of gold Z^/A would be 2 6 times 
greater than for iron But the molecular weight for completely ionised 


* Monthly Notices 84 p 117 
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gold IS 2 46 In Capella gold would retain at least the 10 inner electrons 
and perhaps some of the M electrons as well this raises p. to at least 2 8 
Changmg /i from 2 1 to 2 8 increases 1 - j8 from 0 28 to 0 41 and reduces 
from 9 2 to 3 5 This precisely cancels the increase in Z^jA* 


169 There is one way m which and can he reconciled by an 
assumed chemical composition of the star, namely by -miyiTig a consider 
able proportion of hydrogen with a heavier element, say iron Hydrogen 
alone would be comparatively transparent to steUar radiation smce its K 
Ime IS of comparatively low frequency The actual k^ would be much less 
than the value given by (158 2) smce the guiUotme cuts off most of the 
classical radiation capable of affectmg the opacity But a mixture of 
hydrogen and iron may be more opaque than either element separately 
Suppose that we have a mixture containing 15 hydrogen atoms 
(^ = 1 2 = 1) to 1 iron atom {A = 56, Z = 26) The hydrogen atoms will 
be lomsed, and the iron atom (m Capella) will have lost 24 electrons, 
hence the weight 71 corresponds to 16 ions and 39 electrons We have 


/i = |^=129, /= 1^ = 0 41 

In applymg (158 2) A should be taken as 71 mstead of 56 since the number 
of iron ions per gram is now 1/7 1 h, and the hydrogen ions are ineffective 
We must also recalculate T with the new value of ya We find that (1 - jS) 

IS now 0 100 and the central temperature of Capella is reduced in the ratio 
1 30 

By these changes in (158 2) the absorption of the iron is increased in 
the ratio 2 38 so that 

= 11 8 


The absorption by the hydrogen ions is neghgible The chief function of 
the hydrogen is to lower the molecular weight but m addition it nearly 

pays for its own mactivity by providmg more numerous electrons for the 
iron, to capture 

The astronomical coeficient is reduced m proportion to 1 - ^ and 
now becomes 

k ^=18 1 


which IS m good enough agreement with k^ 

Por any star of small mass such as the sun the above mixture would 
mcrease kfjk^ 37 times so that the ongmal discordance would be very 
much over corrected About half the quantity of hydrogen (7 atoms to 
1 iron atom) is needed in order to obtam the same agreement as for Capella 
It may be urged that this would be in keepmg with the view that the star« 


* The adopted moleotilar weight 2 1 was not intended to correspond strictly 

admixture of hghter elements so that by taking 
/j /A for iron we have rather minimised the discrepancy 
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of small mass are older stars, and the hydrogen has been gradually used 
to form heavier elements 

Hydrogen is the only element which can make these changes admixture 
of helium would give very little increase of 

Some writers have thought that hydrogen is unable to remam in the 
interior of a star and necessarily rises to the surface This would be fatal 
to the foregoing suggestion It seems, however that there is no such 
separation of the hydrogen (§ 195) 

I was formerly attracted to the view that stars especially in the giant 
stage contain a large proportion of hydrogen — the idea being that the 
stars are the mam if not the only seat of the manufacture of the higher 
elements from protons and electrons, the star’s heat being incidentally 
provided by the process But the low molecular weight involved is out 
of keeping with the general trend of astronomical evidence It upsets 
altogether the relation which we have found between the masses of the 
stars and the critical values of 1 — jS And it leaves room for haphazard 
fluctuations dependmg on how much hydrogen is left which seems contrary 
to the general uniformity of the mass luminosity diagram I would much 
prefer to find some other explanation of the discordance between and / ^ 


The Theory of Nuclear Capture 

170 Before Kramers’ theory of electron capture was put forward 
I had proposed a theory of nuclear capture The interest of this theory is 
that it gives full agreement with astronomical observation That almost 
automatically brings it into conflict with laboratory experiment, since we 
have seen that the discordance really lies between the two classes of 
observation A brief account of this theory may be given here, although 
I do not think it can be accepted 

We return to the apparent target for iron at the centre of Capella 

cr = 1 20 10-i« cm , 

and follow up the first idea that this is an actual sphere at the centre of 
the atom The electron tracks which if undisturbed would have just grazed 
the apparent target will curve towards the nucleus and envelope a much 
smaller true target 

Since these tracks approach close to the nucleus it is necessary to take 
account of change of mass with velocity Let an electron of initial mass 
m and velocity F be aimed at the edge of the apparent target so that its 
angul a r momentum is mFo- Let the pencentron distance be a and the 
mass and velocity there be m , V Then o' will be the radius of the true 
target 
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Conservation of angular momentum gives 

mcrV = ma'V (170 11) 

Conservation of energy gives 

m'c^ = mc^ + Ze^/cr' (170 12), 

smce Ze^a is the loss of potential energy The law of change of mass with 
velocity gives ^ 

(170 13) 

Ehminatmg m' and V' between these three equations we obtain 

0-2 = a'2 + Zb (Zb + 2a') c^jV^ (170 2), 

where b = e^jmc Prehmmary trials show that a is very small compared 
with a so that a'^ can be neglected Hence 


1 + ^' = 
^ Zb 

Insertmg numerical values this gives 


F_ 
c Zb 


(170 3) 


l+g = 084 


Formally this makes a negative, but allowing a reasonable margm 
for the errors of the data the actual conclusion is that 2a'/26 is, say, less 
than 1 or a' is less than 3 lO-i® cm Thus it suggests itself that the true 
target is the nucleus which has a radius of the order 10 -^^ qj, perhaps 
a fairly full hit on the nucleus may be necessary correspondmg to a' = 0 
The precise value of a' (if of nuclear dimensions) makes httle difference 
to a so we shall take a = 0 Then by (170 3) 


Zbo 

V 


(170 4) 


Hence by (161 91) A = -4^ = 1 

^ ’ nNcr^ IT p Z^b^c^ 

The total distance travelled by all the free electrons per gram per second is 

7 

MH(1+/) 

Hence dividing by A, the number of captures is 

nZ^b^C^p 

ApsW (1 +/) 

Multiplymg (170 5) by the average energy of a quantum 2 IRT we obtam 
the total emission, which is equal to the absorption kacT* per gm per sec 
Also 7 must be replaced by its harmomc mean value \itVq = The 

result IS 


p-kT^ (I +/) _ 
P 


= 10 8 


Rb^c Z^ 
H%M(, A 


(170 6) 
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which agrees precisely with the result of Kramers’ theory (158 2) except 
that the numerical coefficient is 10 8 instead of 0 668 Thus the nuclear 
theory of capture gives an absorption 16 2 times greater For example at 
the centre of Capella the result is i = 80 which is satisfactorily close to 
the astronomical value 53 The nuclear theory predicts the absolute 
brightness of CapeUa to within half a magnitude and smce it also gives 
the recognised law h oc pjT^ the agreement for other stars will be equally 
good 

As already stated it appears to be impossible to accept the nuclear 
theory in spite of this agreement It is however, instructive to find an 
entirely different theory leadmg to the same formula for stellar absorp 
tion as Kramers theory except for a purely numerical factor It serves 
to emphasize the very general basis of an absorption law approximating 
to pjT^ 

171 The case for the hypothesis of nuclear capture is that, although 
Kramers’ theory is presumed to be right so far as it goes, it apparently 
needs supplementmg since it leaves of the absorption unaccounted 
for — ^if our figures are correct Now Kramers never refers to those electron 
tracks which are mterrupted by a collision with the nucleus His target 
IS an annulus as we go inwards from the annulus and the orbits become 
sharper and sharper the frequency of capture becomes rarer his theory 
gives good reason for this decline But it is possible that there might be 
a recrudescence of capture when the tracks strike the nucleus and so 
introduce a state of things not discussed by him According to mechanical 
ideas an electron would not rebound with perfect elasticity from a cushion 
composed of 86 protons and electrons (the iron nucleus) The kinetic 
energy at the impact is so enormous that the loss of would 

leave the electron with negative total energy and so unable to escape 
Unfortunately for the theory, mechanical ideas are not to be trusted, and 
according to quantum ideas capture is less probable Our impression is 
that the impact would be of such brief duration that there would not be 
enough low frequency radiation to effect capture , the classical radiation 
would be on the wrong side of the guillotine 

We have assumed in the calculation that the energy emitted on capture 
is the mean quantum of the stellar radiation 2 IBT This will not be exact 
but we are bound to assume that the emission is in this region for other 
wise Rosseland’s argument (§ 77) shows that the corresponding absorption 
would not be equivalent to opacity This means that the captures are 
required at the K level m light elements and at the L level in heavy 
elements We at once encounter the difficulty that owing to the thermo 
dynamical relation between absorption and emission coefficients there 
would have to be a correspondmg K and L absorption m un ionised 
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atoms Laboratory experiments show no such additional absorption 
beyond that given by Kramers’ theory 

This last difficulty could be met by supposing that the loss of energy 
at the nuclear collision is slight and the electron is first captured in a high 
quantum orbit Then (if it is not at once ionised away) it will drop to the 
lowest vacant level this second step giving the mam emission of energy 
By this device laboratory tests are eluded, because in the emission and in 
the converse absorption the electron requires an intermediate resting place 
which is not afforded in the un ionised atoms of laboratory experiment 
But whilst this suggestion seems not unreasonable when we think only of 
the emission it becomes I think, entirely incredible when we consider the 
reverse steps in the absorption 

The last remark reveals the essentially weak point in the idea of capture 
by collision with the nucleus — ^that its plausibihty does not survive re 
versal To suppose that when absorbing the electron retraces its steps — 
descends to the nucleus and then bounds off into a hyperbolic orbit — ^is 
not particularly plausible Agam, the exact formula for emission on a 
nuclear capture theory must involve the radius of the nucleus but it 
seems impossible that this can play any part m the corresponding absorp 
tion 

172 A summary of the position reached with regard to the coefficient 
of absorption divides itself into two parts (1) the law fcoc and 

(2) the absolute value of k 

(1) The law Aoc plfxT^ or something sufficiently near to it for most 
stellar applications is given by — 

(а) The most general theoretical considerations of absorption and 
emission coupled with the observed approximate constancy of brightness 
from type M to type A m the giant series 

(б) Kramers’ theory or equivalently the classical theory of emission 

(c) Laboratory data as to absorption of X rays coupled with the 
thermodynamic theory of ionisation 

(d) The theory of nuclear capture 

(e) The observed agreement of the luminosities of stars with the 
mass luminosity curve based on this law 

We do not lay overmuch stress on the half power of T, nor exclude 
corrections varying with the level of ionisation of the atoms, but the 
''guillotme corrections” suggested by Kramers’ theory seem to be 
defimtely too large 

(2) The predicted opacity from (6) or (c) is only of the observed 
opacity of the stars , and no satisfactory explanation of the discordance 
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can be given Other sources of opacity have been examined without 
success The field of inquiry is narrowed down to sources of emission of 
frequency between 2 6RTIh and iRTjh By assuming that the stars 
contain a large proportion of hydrogen the discrepancy would be removed 
but this hypothesis would be in disagreement with earlier conclusions as 
to the intensity of radiation pressure Other changes of chemical constitu 
tion make no important difference 

At present the only suggestion of a possible reconciliation lies in the 
mysterious emission of Kulenkampff’s spectrum B, which is not accounted 
for by Kramers theory We may also await developments of the new 
quantum mechamcs of Heisenberg 



CHAPTER X 


IONISATION, DIFFUSION, ROTATION 
lomsaUon 

173 Tlie determination of tlie degree of ionisation of the atoms under 
the conditions of temperature and density found m the stars is important 
in connection with the followmg applications — 

(a) We derive from it the molecular weight fi which is required for 
nearly all numerical calculations Accuracy is important since jx is often 
raised to a rather high power m the formulae We have to find — 

(1) What IS the most probable value of [x for the stars in general^ 
(The standard value adopted by us is 2 1 ) 

(2) What is the magnitude of the differential effects (more par 
tioularly as affectmg the mass luminosity relation) caused by differences 
of [x between different stars ^ 

(3) What IS the change of [x between the centre and the outer parts 
of a star ^ 

(b) A knowledge of the ionisation is required in connection with theories 
of absorption, smce each ionisation destroys an absorbing mechanism , in 
particular, it determmes the ‘'guillotine ’ correction to the opacity on 
Kramers’ theory 

(c) It determines the energy of ionisation of a star and hence the ratio 
of specific heats y, which is important in the study of the pulsations of 
Cepheids 

Another subject appropriately treated m connection with ionisation 
IS the determmation of the deviation of stellar material from the laws of 
a perfect gas 

The results generally depend appreciably on the chemical constitution 
of a star The dependence on the chemical element is of two kmds, viz a 
progressive change from the light to the heavy elements and exceptional 
phenomena for a small group of consecutive elements which are in a critical 
stage of them K or L lomsation at the temperature and density chosen 
It may be expected that the latter effects will be largely smoothed out 
m any reasonable mixture of elements 

In discussmg numerical results we have in mind as the most likely 
constitution of the material a predominance of elements in the neighbour 
hood of iron with some admixture of lighter flon metalhc elements we do 
not think it necessary to allow for more than ten per cent of elements 
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above Z = 50 Of course, we give some attention to the changes required 
if this assumed composition is considerably in error 

174 The fundamental formula for determining the degree of ionisation 
of an element at given temperature and density is (47 1) Since a large 
number of possible stages of lomsation and degrees of excitation may have 
to be considered simultaneously the apphcation of the formula may become 
very comphcated in practice We give first a simplified discussion which 
may, or may not, be accurate enough for actual computation but will m 
any case exhibit some of the more essential features of the problem 

The series of terms on the right hand side of (47 1) corresponds to 
atoms with successive degrees of excitation We shall here suppose that 
excitation is rare and that only the first term corresponding to unexcited 
atoms need be considered Further, we drop the weight factors g Consider 
the pth lomsation and letip(= — x) be the energy reqmred to remove the 
pth electron Then the ratio of the number of atoms with p — 1 electrons 
missmg to the number with p electrons missmg is by (47 1) 



where a is the number of free electrons per unit v olum e, so that 


/j.a (1 -f /) 

Neglectmg as usual the small correction/, we have 
1 ~ ^ ^ 

or log = + log ^, + 8 3925 (174 2), 

the logarithms being to the base 10 

For example, if T = 10^, p = 02, = 2, 

conditions corresponding roughly to the centre of Capella, we have by 
a; = 0 1, 0 6, 0 9, 

for .^ = 11 IRT, 9 5BT, 7 ZRT, 

and A = 1 22 A, 1 51 1, 1 96 A, 

where the wave length A corresponds to the energy ^ accordmg to the 
quantum relation ^ ^ (174 3) 

For brevity we often speak of an energy A, 1 e describe the quantity of 
energy by the wave length of the radiation havmg a quantum of this 
amount 



252 


IONISATION DIFFUSION ROTATION 


This IS an example of conditions giving a rather clean ionisation since 
the ionisations in progress are mostly confined to a narrow range of energy 
A=12to 19A The removal of electrons from deeper energy levels has 
scarcely begun and removal from higher levels is nearly complete Only 
those electrons if any at an energy level within these limits require 
detailed consideration How this affects the atoms of different elements 
will be seen from Table 30 For titanium {Z = 22) the last K electron is 
detached at A = 1 9 so that for titanium and lighter elements the final 
ionisation is very far advanced and the ions are mostly bare nuclei After 
titanium there will be a short sequence of elements in critical condition 
as regards K ionisation and retainmg mostly 1 or 2 Z electrons the sequence 
ends at zinc (Z = 30) for which the first Z ionisation requires 1 3 A so that 
X IS not much more than ^ Then follows a much longer sequence 
Z = 31—45 for which the range A = 1 2—1 9 falls in the gap between 
the Z and L ionisations these will be practically all helium like ions 
retainmg two Z but no L electrons For rhodium {Z = 45) the last L 
ionisation is complete Elements from 45 to 7 3 are m various stages of 
L ionisation for tantalum {Z = 73) the first L ionisation is only com 
plete Here we reach the gap between L and M ionisation and the ions 
are neon like retammg 10 electrons The heaviest elements may retain 
two or three M electrons* 


Table 30 

Energy Levels Wave lengths in Angstroms 


z 

Elem 


K 

K 

A 

L 



M 


Z 

+ 1 2 

3 

13 

A1 

7 

95 

5 39 

175 

30 




___ 


Si 

P 

s 

17 

Cl 

4 

38 

3 16 

62 0 

16 

2 

— 




A 

K 

Ca 

21 

Sc 

2 

75 

2 07 

30 4 

10 

1 

— 





Ti 

V 

Cr 

25 

Mn 

1 

89 

1 46 

19 05 

6 

89 

— 

— 



Fe 

Co 

Ni 

29 

Cu 

1 

38 

1 08 

13 05 

5 

00 

— 




Zn 

Ga 

Ge 

33 

As 

1 

04 

84 

— 

3 

79 

— 

— 



Se 

Br 

Kr 

37 

Rb 


814 

666 

— 

2 

97 

— 

— 



Sr 

Y 

Zr 

41 

Nb 


650 

542 

5 22 

2 

40 

61 1 

8 5 



Mo 


Ru 

45 

Rh 


533 

450 

4 13 

1 

97 

41 0 

— 



Pd 

Aff 

Cd 

49 

In 


443 

— 

3 30 

1 

65 

— 

— 



Sn 

Sb 

Te 

53 

I 


373 

— 

2 71 

1 

40 

21 5 

4 44 



X 

Cs 

Ba 

57 

La 


319 

— 

2 25 

1 

20 

14 8 

3 71 



Ce 

Pr 

Nd 

61 

— 


274 

— 

1 91 

1 

04 

11 9 

3 15 



Sm 

Eu 

Gd 

65 

Tb 


238 

— 

164 


92 

9 96 

2 71 



Ds 

Ho 

Er 

69 

Tm 


208 

— 

1 43 

- 


8 40 

2 35 



Yb 

Lu 

Hf 

73 

Ta 


184 

— 

125 

- 

- 

7 14 

2 07 

415 

W 


Os 

77 

81 

Ir 

T1 


163 

143 



1 10 
98 

: 

: 

6 08 

5 16 

1 83 

1 63 

95 

Pt 

Pb 

Au 

Hg 

if 

Bi 


136 

— 

92 


- 

4 76 

1 54 

70 0 

Po 


Nt 

92 

U 


107 

107 

1 

72 


45 

3 49 

1 22 

33 0 

— 



* These conclusions being based on a first approximation are subject to revision 
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Table 30 gives the energy levels as far as possible for every fourth 
element The columns Z: Ifi, are observed values obtamed either 

from measurements of the absorption edges or from the terms of the spectral 
series in a few cases where the element itself has not been measured the 
value given is an interpolation between the elements next before and after 
These values are considered to give the energy of removal of the first electron 
of the group though there may be an appreciable difference between the 
energy of removal from a complete atom and from an ion with the outer 
groups missing The columns K L , JH' are the theoretical energies of 
removal of the last electron of the group calculated from (42 62) For 
calculation of L' the two K electrons are considered to comcide with the 
nucleus and for calculating M the ten mner electrons are considered to 
coincide with the nucleus For reference the mtermediate elements are 
named in the last column , and values for them can readily be mterpolated 

175 We denote the values of ijj and A which correspond to a: = 0 5 by 
and Ai When there is not too much overlappmg of the different stages 
of ionisation we may take the atoms to be all ionised down to the energy 
level i/ti Even if there is overlappmg this is generally the best average 
level to adopt But it is quite possible for to be negative, that is to say, 
no ionisation is as much as half completed, nevertheless if T is large a 
great number of successive ionisations may be partially accomplished so 
that there is on the whole a fair amount of lomsation 

The cleanness of the ionisation depends on fixjBT If this is large a 
small percentage change of ip will make a big change m a: It is when the 
conditions are such that pxIBT is less than 2 or 3 that we may expect 
most trouble from overlapping Moreover, when ipxIBT is large excited 
atoms are rare and our neglect of them m this discussion is justifiable 
To excite a> K ot L electron to a higher orbit more than half the energy of 
lomsation is reqmred so that by Boltzmann’s Law the proportion of 
excited systems is of the order If ^ < lAi the excitation is fore 

stalled by ionisation and if i/r > the proportion of excited atoms is 
small provided that ipx/BT is large 

176 We now examine what value of the molecular weight corresponds 
to the ionisation found at the centre of Capella Roughly, the elements 
up to Z = 22 retain no electrons from 30-50 they retain 2 electrons and 
from 50-70 from 2 to 10 electrons This gives the following results for 
typical elements — 

Element C 0 A1 D Fe As Zr Ag Ba Sm Ta Pb 

Z 6 8 13 22 26 33 40 47 56 62 73 82 

fx 1 7 1 8 1 9 2 1 2 2 23 2 3 2 3 2 6 27 29 29 

* The suffix 1 indicates the uppermost level of a group — corresponding to 
greatest A 
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The adoption of a mean value must necessarily be a matter of judgment 
Having regard to the rarity of the elements heavier than Ag and the 
cosmical abundance of Fe and some hghter elements we have adopted 2 1 
We do not think this is likely to be in error by as much as 0 2 

177 next seek to obtam an idea of the variation of in stars of 
different mass and spectral type Since 

_ m{l- jg) 

P CiP 

we have from (174 2) 

0 4:3^3ip^{ItT - 14 1182 - log ^/(l - ^8) - f log ^ 

For stars of the main senes the central temperature is approximately 
40 million degrees We shall calculate the ionisation conditions at a point 
where the temperature is 26 milhon degrees in accordance with § 94 
Malang use of Table 23 the results are — 

Table 31 a 


lomsaUon Stars of the Mmn Senes 


l-)3 

Mas3 

T 

rjiJRT 


Examples 

002 

182 

2600 

0 69 

80 

Faintest red dwarfs 

004 

258 

3200 

1 40 

39 

Krueger 60 

016 

512 

4600 

2 72 

20 


05 

1 00 

6300 

3 96 

1 4 

Sun 

10 

1 68 

8200 

4 71 

1 2 

Procyon 

18 

2 56 

10600 

6 40 

1 0 

Sinus 

30 

4 53 

13300 

6 07 

0 9 

1 , 

50 

11 46 

17600 

6 92 

0 8 

y Eclipsing variables 

80 

90 6 

26000 

8 31 

07 

Plaskett s star 


Table 31 b contams some examples of giant stars also calculated for 
a point where the temperature is | of the central temperature 

Table 31 b 


lomsaUon %n Giant Stars 


l-;8 

Mass 

T 

10-6 27 

•PxIST 

Ax 

Examples 

283 

283 

50 

50 

75 

4 18 

4 18 

11 46 

11 46 

56 15 

5200 

3000 

6200 

3000 

3000 

6 06 

2 61 

3 73 

1 56 

0 92 

8 17 

9 49 

9 84 

11 16 

13 03 

2 9 

6 0 

3 9 

8 3 

11 9 

Capella 

Cepheids 

Betelgeuse 


The stars given under the headmg ‘'Examples do not accurately 
correspond to the data of mass and but will call to mmd the kind of 
star to which the tabulated results relate 
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178 With these results before us we can consider two questions which 
have been reserved from our earher work for discussion here 

(1) How far are we justified m adoptmg a constant molecular weight 
for all stars * 

(2) Is the opacity appreciably reduced by the ‘ guiUotme” (§ 160) so 
as to fall below that given by the approximate law k oc pjT^ used m our 
discussions ^ 

The molecular weight depends on the degree of ionisation and therefore 
mainly on although some attention should be paid to iftijBT which 
determmes the cleanness of the lomsation We are chiefly mterested m 
those stars for which a comparison of theory and observation has been 
made m Fig 2, so that the more extreme values of Aj m Table 31 do not 
concern us For aU comparison stars Ai falls withm the range 0 8-4 0 A 
whilst the most accurate comparisons are covered by the range 1-3 A 

For elements of atomic number about 60-60 the L ionisation falls m 
this range and, for example, lodme (^ = 63 A = 127) might perhaps lose 
the eight L electrons in passing from Capella to Sirius, thereby reducmg 
its molecular weight from 2 89 to 2 44 A long series of elements below 
60 will be unaffected, and then we come to a few elements m the neighbour 
hood of titanium {Z — 22, A = 48) which lose their two K electrons, the 
molecular weight for titanium will change from 2 28 to 2 OSbetween Capella 
and Sinus The lighter elements will be fuUy lomsed m both stars Smce 
the change amounts to 0 2-0 4 for a few of the elements only, and is much 
smaller for the majority it seems clear that the difference of molecular 
weight between the various stars used in our comparisons is unlikely to 
exceed 0 1 

The effect of a change Aja in the adopted molecular weight on the pre 
dieted bolometric magmtude m of a star can be calculated from (84 4) and 
(99 2) We find 98 + 8, 

Table 32 gives the increase of brightness {— Ato) for an mcrease of 0 1 m 
the molecular weight — 


Table 32 


Effect of Increase of Q I %n the Molecular Weight 


l-jS 

Mass 

~ Am 

1-13 

Mass 

— Am 

00 

00 

m 

0 35 

0 3 

4 5 

m 

0 16 

0 05 

1 0 

0 30 

04 

7 1 

0 13 

0 1 

1 6 

0 25 

06 

19 6 

0 09 

0 2 

2 8 

0 20 

08 

90 6 

0 06 
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We conclude that the effect on the brightness of the stars of the 
difference of molecular weight arismg from differences of internal condition 
IS inconsiderable, amountmg at the outside to or of a magnitude* 

We can also find from Table 32 the effect of an error of 0 1 in the 
adopted average molecular weight for all stars Since the comparisons are 
differential with respect to Capella we have m that case to subtract 0^^ 16 
from the column — Am 

179 The reduction of opacity caused by the ‘^guillotme ’ (according 

to Kramers theory) depends on ijj-^jRT , the corresponding reduction 
factors have been found in § 160 For CapeUa = 8 and there is no 

appreciable effect But for the sun ^ijJRT — 4 and the opacity is reduced 
in the ratio 4 5 this would make it 1^ 6 brighter The guiUotine coirection 
would accordmgly upset the good accordance between theory and obseiva 
tion For Krueger 60 the brightness would be increased by 4 or 5 mag 
nitudes it is true that this stai is somewhat brighter than the original 
prediction but this may be accounted for in another way and the guillotine 
correction is much too large 

If the guillotme correction had been applied m Fig 2 the accordance 
of theory and observation would have been far from satisfactory 

The values of ifj^jRT in Tables 31 a and 31 b have been calculated in 
a very provisional way and it may perhaps be suggested that more 
accurate computation would remove this difficulty I do not think this 
IS so the more obvious corrections needed for a second approximation 
tend to reduce the values of ^ijRT 

This seems to affect very seriously the position of Kramers’ theory of 
absorption as applied to the stars An absorption law approximating to 
pjT'^ IS suggested (as we have seen) by extremely general considerations, 
and the fact that the stars seem to obey it cannot be regarded as favouring 
Kramers’ theory in particulai When we turn to the features more especially 
characteristic of his theory we meet with failure the absolute constant 
m the formula is considerably too small, and the peculiar modification 
caused by the cutting off of high frequency radiation seems to be decisively 
contradicted 

180 The foregomg discussion aimed at a general survey of the problem 
without attemptmg high accuracy It may be supplemented by the 
numerical results of Fowler and Gruggenheim*!' who have made extensive 
calculations for typical stars and typical elements taking mto account 
many refinements of the theory of ionisation 

* Some reservation should be made m the case of stars of mass less than half 
that of the sim owing to the low value of ipJRT 

t Monthly NoUces 85 p 939 (1925) 
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The chief points m which they improve on our crude discussion are as 
follows — 

(а) The weight factor q in the ionisation formula has been attended 
to and the formulae have been adapted to treat symmetrical groups of 
electrons The reason for the latter modification is that at the j)th lomsa 
tion it IS usually not one particular electron which is marked down as the 
next to be detached but one of a symmetrical group 

(б) A so called “electrostatic correction” is introduced In (174 1) ^ 
represents the energy required to detach the electron m the actual circum 
stances of the atom in the star But we usually prefer to regard i/r as a 
constant of the atom determmed by experiment and theory In that case 
an electrostatic correction must be apphed on account of the disturbance 
of the ion by the ions and electrons around it the ion tends to surround 
itself with negative charge smce it repels other positive charges from its 
vicinity This shields the outer part of the field of the nucleus and therefore 
less work is done m removing a bound electron to infinity 

(c) Attention is paid to the careful calculation of successive ionisation 
potentials f ollowmg the method of D B Hartree By X ray experiments 
we can only find the ionisation potentials for removmg an electron from 
an orbit in a complete atom this must be supplemented by theory to 
obtain the lomsation potential of an ion from which the outer electrons 
have already been removed The following table for iron* giving the 
energy of removal of the ^ith electron m volts and m Angstroms will show 
the nature of the results — 

Table 33 


Successive lomsation Potentials for Iron 


p 

Volts 

A 

P 

Volts 

A 

P 

Volts 

A 

26 

9150 

1 35 

19 

1360 

9 16 

12 

300 

41 1 

26 

8650 

1 43 

18 

1260 

9 89 

11 

280 

44 1 

21 

2010 

6 15 

17 

1150 

10 72 

10 

250 

49 5 

23 

1880 

6 57 

16 

480 

25 8 

9 

220 

66 1 

22 

1730 

7 15 

15 

435 

28 4 

8 

150 

82 

21 

1590 

7 77 

14 

390 

31 7 

7~2 

(80) 

(160) 

20 

1490 

8 29 

13 

350 

35 3 

1 

8 16 

1520 


Id) Due account is taken of overlappmg of successive ionisations 
(e) The terms representing excited states of the atom are included f 

* Haxtree Proc Comb Phil Soo 22 p 473 (1924) Siimlar tables for oxygen 
and silver are there given Tables for zinc and bromine are given in Fowler and 

Guggenheim s paper 

t Mr Fowler informs me that the treatment of excitation is incomplete and ho 
hopes to improve it When account is taken of atoms with more than one excited 
electron the molecular weight in stars of small mass will probably be increased 
E 17 




258 


IONISATION DIFFUSION ROTATION 


Table 34 contains Fowler and G-nggenheiin’s results for a typical star 
at various distances from the centre The star chosen is of mass 2 13 and 
mean density 002, that is to say a rather faint giant star of about type G 
The first column gives the distance from the centre m terms of Emden’s 
umt ii/6 9 

Table 34 


VanaUon of Molecular Weight m a Star 


z 

T X lO-fi 

P 

Molecular weight for 

Oxygen 

Iron 

Silver 

0 

6 59 

1085 

1 95 

2 33 

2 87 

1 

5 64 

0678 

— 

2 33 



2 

3 84 

0215 

1 93 

2 34 

2 94 

3 

2 37 

0060 

1 92 

2 53 

3 37 

4 

1 38 

0010 

1 95 

3 16 

40 

Main senes 

26 4 

6 95 

1 97 

2 18 

j 2 40 


It -will be noticed that n is rather higher than appeared from the crude 
calculation Iron even at the centre of the star retains 3 electrons whereas 
we have previously allowed it 1^ electrons this is a rather large difference 
since there is a big gap m ionisation potential between the second and 
third electrons Oxygen retams | of an electron against ml on the crude 
theory These changes are mamly due to the corrections (a) to (e) and not 
to the difference m the temperature and density 

Judgmg from these figures the formula /a oc T~^ used in § 13 (see also 
§94) will if anythmg overcorrect the variation of molecular weight 
within a star 

In the last hne of the table we give the mean molecular weight (i e at 
a place where T is f the central temperature) for a star of the same mass 
which has reached the mam series It happens that both Ag and Fe are 
critical elements for this change, and most elements would have shown a 
much smaller difference There appears to be no reason to amend our 
former conclusion that the range of mean molecular weight between Capella 
and Sums Sun conditions is not likely to exceed 0 1 

Table 35 extends the comparison to stars of different mass on the mam 
series Of particular interest are the results for stars of small mass We 
felt some hesitation m appl3ang the crude theory to these owing to the 
lack of cleanness in the lomsation 

The increasing overlapping of the lomsation is exhibited m the last 
columns of the table, which shows the percentages of iron atoms retainmg 
respectively 1, 2 3, 4 electrons The change of ju. is remarkably small 
but that IS partly because the elements chosen are not m a critical state 
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in this range (They had jnst completed then* critical range in passing 
from Capella to the first star of the Table ) 

Fowler and Guggenheim comment on the very small effect of change 
of density on the ionisation and give other examples of this For Fe at 
5 6 10® degrees a change of density from 0 5 to 0 0004 alters ^ only 2 per 
cent This is an extreme case The other extreme is represented by Br 
which undergoes L ionisation in this range and yct increases 25 per cent 
The slightness of dependence on density (i e electron density) justifies us 
in calculating the molecular weight for any element independently of 
other elements which may be present for the degree of ionisation of the 
other elements affects the electron density by a factor which is evidently 
unimportant 


Table 35 

Average molecular weight in stars of the Main Series 
2^=26 36 10® 


M 

P 

Molecular weight for 

Electrons retained bv Iron 
(percentages) 

Oxygen 

Iron 

Silver 

1 

2 

3 

4 

2 13 

6 95 

1 97 

2 18 

2 40 

67 

37 





1 27 

15 2 

1 98 

2 21 

2 40 

40 

48 

10 

— 

0 75 

38 4 

2 00 

2 24 

2 40 

23 

53 

22 



0 54 

71 6 

— 

2 26 

2 40 

15 

50 

31 



0 36 

156 

2 06 

2 26 

2 40 

10 

44 

38 

6 

0 22 

392 

2 14 

2 28 

2 40 

9 

41 

41 

7 5 


181 Before leaving the subject of molecular weight reference should 
be made to ‘Hhe correction for excluded volumes ” This is treated by 
Fowler and Guggenheim as a deviation from the laws of a perfect gas and 
discussed in that connection in their paper but it is convenient here to 
amalgamate it with the molecular weight Whilst the electrons and un 
excited ions can be treated as of infinitesimal volume m all stars except 
white dwarfs the volume of the excited ions should be taken into account 
Finite size of the atoms has the effect of increasing P for given p and T 
(in accordance with Van der Waals’ equation) this is equivalent to a 
decrease of the molecular weight or to an addition to the number of 
independent molecules It is found that the volumes of the excited atoms 
have an effect on the pressure equivalent to the addition of phantom 
molecules in the proportion of f of a molecule per atom (or according to 
another, perhaps better theory 4 a molecule per atom) This constant 
limit IS practically reached in all stars Since it does not vary from star 
to star it can conveniently be taken account of in the molecular weight 
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This treatment is specially appropriate m the present discussion because 
Fowler and Guggenheim have slightly increased the molecular weights 
found in our crude theory and we can now reduce them again Under 
sufficiently similar conditions they make the oxygen atom retain f of an 
electron against 0 accordmg to us We lose | of a free electron but gam 
I of a phantom molecule so there is not much change Iron retains 
3 electrons agamst IJ the loss of free electrons is partly balanced by 
the I of a molecule gained 

We have thus the satisfaction of taking account of this subtle correction 
whilst altering our original estimate of molecular weight less than at first 
seemed necessary 

This correction for ‘ excluded volume” has a theoretical interest, 
because it amends our first judgment that the volumes of stellar atoms are 
roughly one millionth of those of terrestrial atoms This is true of the 
normal atoms, but a considerable proportion contain excited electrons 
and the total volume of these brings up the average, although not to an 
extent sufficient to affect stellar problems appreciably But since the 
excitation is highly variable with temperature and density, this temporary 
volume does not behave like the constant h m Van der Waals’ equation 
It IS always on the verge of importance but eludes any attempt to enhance 
its importance by itself dimimshmg It vanes in such a way that the 
perfect gas law p cc pT obeyed 


Deviations from a Perfect Gas 

183 Before investigating deviations from the gas laws m stellar 
material we shall review the theory of these deviations m terrestrial gases 
If X, r, Z are the components of force actmg on a molecule of mass m 
the equations of motion are 

d^x ~ 
m^=X,ete 


Hence 


m 


!\2 

•j 


dP' 


mx 


d^x 


SO that \mY^ = -f — J {xX + yJ zZ) 


Summmg over all the molecules in unit volume 

= 1 5^ ~ iS (182 1), 

where I is the moment of inertia of the molecules about the origin, and 
— JS {xX + yY + zZ) is called the virial 
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If the volume is enclosed by actual walls I remams constant on the 
average, so that {xX + yY + zZ) (182 2), 

but we must include in (X Y, Z) the forces on the molecules when they 
are reflected from the walls, viz the external pressure If the walls are 
fictitious, we replace each escaping molecule by a molecule entering at the 
same spot so that I is kept constant the transfer of momentum involved 
in these replacements is still represented by the pressure at the boundarj^ 
The pressures on the 6 faces of a centimetre cube give a contribution 
— 3^ to S {xX + y Y + zZ) The remaining part of the expression is easily 
shown to amount to where is the force (positive if repulsive) 

between two molecules at a distance r and the summation extends over 
each pair of molecules (counted once) Hence (182 2) becomes 

p = (182 3) 

Consider molecules which repel one another and let <f> be the potential 
of the field of force so that mcj) is the potential energy of a molecule If 
cTo IS the number of molecules per cu cm in regions where 0 is zero, the 
number at any other point is (46 1) 

<7 = 1“ +m«/Kr 4^V^dV (182 41) 

= (182 42) 

From (182 41) we also see that the mean value of is independent of 

cf) and equal to ^RT Hence by (182 3) 

p = (T iJY + (182 43), 

where o' is the actual number of molecules per cu cm 

Suppose that the molecules are rigid and of diameter d so that the 
centres of two molecules cannot approach within distance d We may 
regard them as kept apart by a repulsive force of enormous intensity at 
distance d, with <j> increasing from 0 to oo in an infinitesimal range at the 
value r — d 

Let us calculate the contribution of one rigid molecule to the virial 
The average number of other molecules within a distance r to r + is 
u 4:7rrHr, and for these R^^r = (— md<j>jdr)r Hence, using (182 42), the 
contribution to is 

- AtrrHr oo e (1 82 44) 

so that the first summation of RiT gives 

— 4:77 O^m [ 

Jo 

= 4:7TOod^RT, 

since dcl> only differs from zero at r = d 

* The suffix IS used to distinguish it from Boltzmann s constant 
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Multiplying by the whole number of molecules or' and dividing by 2, 
since each pair of molecules has then been counted twice over, we have 

= 27Tcx'crQd^ItTy 

and by (182 43) p == a^RT (1 + (182 45) 

Now ^nd^cr IS the constant b of Van der Waals’ equation and is equal 
to ^ the volume effectively occupied by the molecules, i e such that the 
centre of no other molecule can lie within it 

Smce <f) is infinite in a volume 26 and zero elsewhere, o* = 0 in a volume 
26 and a = uq elsewhere by (182 42) , hence it would appear that 

0-' =: (To (1 — 26) 


But this IS not a fair way of using the equation The formula (182 42) 

rejects every molecule which would come within distance d of another 

molecule and smce every molecule is tested in this way m turn both the 

mterfermg molecules are rejected mstead of only one The correct result 

is thus , ,, , . 

a = (To (1 — 6) 

Hence (182 45) becomes 


p = a RT (1 -f- 6(To/a ) = (T RT (1 + 6/(1 — 6)) 
or ^ (1 — 6) = aRT (182 5), 

which IS the usual formula for excluded volume It breaks down when 
the square of 6 is not negligible so that mterferences of more than 2 
molecules have to be considered 

For extended fields of repulsive force we have to return to equation 
(182 44) A repulsion always increases the pressure for given temperature 
and density just as the finite volume of the molecules does, and this 
deviation is the ordinary characteristic of an imperfect gas 


183 We might hastily suppose that the foregoing treatment would 
also apply to molecules attracting mstead of repelling one another, the 
necessary changes of sign bemg made But attractive forces introduce 
a new consideration We have to replace (182 41) by 

= I” ( 2^7 4^VH7 (183 1), 

where Vq is given by 

<f) now bemg negative* The reason for the lower limit is that when F < Fq 
the total energy of the molecule is negative it is bound to other molecules 
and the combined system has to be regarded as a single molecule according 
to the theory of gases 

* The convention as to the sign of the potential here followed is that the sign is 
positive for a field of repulsive force — as in electrostatics It will be remembered 
that gravitation potential follows the opposite convention 
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Owing to the limit of the integral it is no longer true that 

a = 

This amendment is especially important when we consider free electrons 
under attractive forces due to an ion If i/s is the electric potential the 
potential energy — eifj replaces m(j> in (183 I) Writing 

= eifsjET (183 2) 

P = ImV^jRT, 

(183 1) reduces to cr = -4- 

V'^ Jx 

= A 0-0 (a: + e» J e-* dij (183 3) 

Table 36 shows the course of a/uo accordmg to this formula compared 
with the uncorrected Boltzmann formula a/o-Q = 

% 

Table 36 

Distribution Density of Free Electrons 


eiPIJRjO 

alaQ 

^e^JRT 

0 

1 00 

1 00 

i 

1 32 

1 65 

1 

1 56 

2 72 

2 

1 93 

7 39 

3 

2 24 

20 09 

4 

2 51 

54 60 


For large values of x (183 3) approximates to = 2xj\/TT so that 
near a nucleus o- becomes mfinite like or r~^ but the number of electrons 
near the nucleus will be finite The concentration of free electrons round 
a nucleus is remarkably small compared with expectations based on 
Boltzmann’s formula 

By contmuing the integral below its lower limit Fq we should obtam 
the captured electrons accordmg to the classical theory , and it might be 
suggested that Boltzmann’s formula will give the density of free and 
captured electrons together Up to a certain point this is true (by the 
Correspondence Principle) but the quantum theory and classical theory 
afterwards part company and the enormous concentration at the nucleus 
given by Boltzmann’s formula is wholly fictitious 

184 We turn now to the ionised gas in a star Here the forces between 
the molecules are the electrostatic attractions and repulsions of their 
charges These are inverse square forces, and for them is equal to 

the potential energy Hence by (182 43) 

p = NET + 


(184 1) 
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where N is the number of ions and free electrons per on cm and U is the 
electrostatic energy per cu cm 

The problem of determinmg V when it is sufficiently small compared 
with p has been treated by S Rosseland* followmg the theory developed 
by Debye and Huckelf for lomsed solutions Consider material consisting 
of positive ions of charge Ze with the requisite number of free electrons 
to make it neutral Let Sq be the number of ions and the number of 
electrons per cu cm at regions where the potential is zero then at a 
place where the potential is tfi Boltzmann’s formula gives the respective 
densities g^^-zemT^ 


If ^ IS positive the first expression is correct, but the second needs amend 
ment as explained in § 183 However for the present we leave it uncor 
rected The average charge density is accordingly 


p = ZeSoe-^^l^*— e (184 21) 

We set ffo = Zsa the correct equation for neutrahty of the material is 
a' = Zs' but the two equations are the same to a fairly high approximation 
Expandmg the exponentials in (184 21) and neglectmg the square of 
ZeipjBT, we have 


P = Zeso (1 - Ze4,IRT) - Zes^ (1 + e4>/BT) 
==-Z{Z+l) e%tjijBT 
Hence by Poisson’s equation 


vv = 


47rZ {Z + 1) e% , 
BT 


(184 22) 
(184 23) 

(184 3) 


It is to be remarked that (184 3) is only true of a time average since 
the Boltzmann formula refers to probabilities or time averages Purther 
it IS obtained from two relations between p and ijt, one of which is exponential 
and the other hnear so that an averaging factor wiU be mtroduced The 
effect of the fluctuations requires fuUer mvestigation but it seems probable 
that the averaging factor is not important 

Let us apply (184 3) to the time average of the fleld around a particular 
ion The average field will be symmetrical about the ion, so we must take 
the well known symmetrical solution of (184 3) 



*- f 

(184 41), 

where 

_ ^e^Z {Z + 1) So 
^ BT 

(184 42) 

The charge within 

a sphere of radius r is then 



e' = 0 {1 + yr) e-y^ 

(184 43) 


* Monthly Notices 84 p 720 


T Phys Zeits 24 p 1 (1923) 
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This IS itself responsible for a potential at r 

f (184 44) 

Hence the material outside r produces a potential 

tf, — tj,' = — Cye-^^ (184 45) 

at r, and therefore at all points within r By (184 43) 

^ — tfj' = — e'yj{\ + yr) (184 46), 

and the mutual potential energy of the charges inside and outside r is 
accordingly _ ^ yr) (184 47) 


185 If we take r very small e becomes the charge Ze of the positive 
ion Then by (184 47) the potential energy of the ion due to the matter 
around it becomes m the limit 

- ZH^y (185 1) 

Similarly the energy of an electron in the field around it is 

- eV 

Hence (neglecting the difference between and s') 

217 = So (- (- eV) 

= - s^Z (Z + 1) e“y (185 2), 

the factor 2 being required because the mutual energy of two charges is 
ascribed to both charges in turn Insertmg the value of y 

(185 3) 

We shall presently criticise the mconsistency of takmg r very small 
although a previous approximation (neglecting the square of ZetfilBT) 
required that r should be moderately large Meanwhile we can consider 
the results of using this value of ?7 m (184 1) 


Smee 


So oc p. 


U oo p^/T^ oc pT {pIT^f 


Since ^17 IS 
have 


the mcrement of pressure A^> due to 



electrostatic forces, we 
(185 4), 


and therefore depends on the mass of the star only and not on the density , 
moreover it is constant throughout the star This property of the electro- 
static forces was noted in § 116 
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This change of jpQ m a constant ratio is equivalent to multiplying the 
molecular weight by a factor constant in any one star and for all stars of 
the same mass We adopt a fictitious molecular weight such that 


Pcf + = , pT, 


SO that 


^ Pa 
p. Pa + ^p 


(185 5) 


We can then perform all astronomical calculations according to the usual 
theory usmg this fictitious value of the molecular weight* 


186 Table 37 contams numerical results calculated by Fowler and 
Guggenhemi on the basis of equation (185 3) The results, although 
calculated primarily for stars of the mam senes (chosen as m Table 35), 
are apphcable to all stars of the same mass and to all parts of the interior 
of these stars For reasons which we shall presently develop we do not 
accept Table 37 as defimtive 


Table 37 


Electrostatic Correction to the Pressure (first theory) 


Mass 

Percentage decrease of pq. 

Iron 

Silver 

0 

Pe 

Ag 

if + AiW 

-Am 

m+am 

-Am 

2 13 
127 

0 75 

0 54 

0 36 

0 22 

08 

13 

1 9 

3 5 
52 

5 0 

7 2 

11 2 

14 9 

21 9 

34 4 

11 4 

17 4 

27 4 

34 4 

55 0 
' 87 5 

199 

1 143 

0 627 

0 421 

0 248 

0 120 

m 

0 20 

0 36 

0 72 

0 95 

1 51 

2 61 

0 974 

0 288 

m 

0 93 

2 52 


The last four columns are obtamed from Fowler and Guggenheim’s 
figures as foUows In conjunction with (185 5) the last line shows that 
for a certam value of T^jp (corresponding to a perfect gas of mass 0 22 
and given exphcitly m Table 35) the molecular weight in an Fe star is 
effectively mcreased from 2 11 to 2 11/0 656 = 3 22 With the new value of 
p we find 1 — ^ by (87 1) and a corrected mass M + AJf by (84 6) The 
value of 1 - ^ correspondmg to if + Ailf and to = 2 11 is also found 
by (84 6) The increase of brightness - Am of a star of mass M + AM 
due to change from the perfect gas (^ = 2 1 1) to the actual state (/x = 3 22) 
IS then found, since Lee (I- by (99 2) The correction mdicated 

m the footnote changes this to Lk (1 — p~^ 


* An exception should he made for the absorption coefficient the true value of 
p still occurring m the law k « pjpTl This could be set right by multiplying the 

final luminosities by I have attended to this correction in Tables 37 and 38 
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Note that there is an increase of brightness the material being a super 
perfect gas 

187 In (184 22) the density of the ions has been set equal to 

5o (1 - ZciIjIRT), 

which becomes negative for large values of \fj When we come to examme 
the figures we find that this nonsensical minus quantity of ions is responsible 
for a great part of the electrostatic energy calculated in (185 3) Clearly 
it will be a better approximation (though still imperfect) if we sweep 
away this absurd negative density and adopt zero density when 

ZeiPIET > 1 

Let Tq be the value of r for which the potential i/jq is given by 

ZeiPoIRT = 1 (187 1) 

Outside ro we leave the previous approximation undisturbed Inside Tq 
we set the density of the ions zero — as an improvement on the previous 
approximation which makes it negative We further suppose the negative 
electrons to have uniform density <jq = Zsq The justification for neglecting 
the concentration of the negative electrons about the ions is that in the 
previous approximation when the concentration 1 + eifjjRT was adopted 
this merely changed Z to Z + 1 in (184 23) so that the contribution to U 
was quite unimportant Reference to Table 36 shows that the actual 
concentration of the electrons is less than 1 + eipIRT, and the contribution 
to U IS even smaller 

Accordingly the charge within Tq is 

Ze ^TTTQ^SQZe ^ 6q 

— C7 (1 + yr^) by (184 43) 

= ^0^0 (1 + 2/^o) by (184 41) 

= ^{1 + yr,) by (187 1) 

We use the results of the previous discussion which are valid for r 

z = yro o = ZH^ylBT, b = y^j^nSo (187 2) 
Then we have the following cubic for z 

^ + !ldli=i (187 3) 

0 a 

After solving for z we find the charge of the negative electrons inside ro 

- iirrXZe = - Zez^/b (187 4) 

These form a uniform spherical distribution and the potential at their 
centre is _ ^Zez^jbr^ ^Zez^yjb (187 5) 
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To this must be added the potential withm Tq due to charges outside 
which by (184 46) is 

"" ®oV/(l + 2/^o) = ““ BTzfZe = — Zeyzja (187 6) 
Hence the potential energy of the ion is 

instead of the value — Z^e^y in the previous approximation (185 1) 

188 For an example, take the star m the fifth hne of Table 37 which 
corresponds to the values (Table 35) 

p == 156, = 26 36 10® 

We have for iron So = pjAa = 1 68 10 * 

For Z = 24 (iron retaining its two K electrons) we find from (184 42) 

2/ = 8 93 10», 

and by (187 2) a = 32 4, 6 = 101 3 

The.ol«t.ono£ ,^3 + ' 

IS 2 = 3 65 By (187 4) the charge of the negative electrons mside is 

- 0 480Ze 

The number of electrons inside ro is 11| The potential at the centre is 
then found from (187 5) and (187 6) to be 

— 0 1982(62/ from the electrons mside 

— 0 \l2Zey from the matter outside j-q 
T he total — 0 ZlZey gives a potential energy of the ion 

- 0 ZlZ^e^y, 

or less than one third of the result of the previous approximation Ac- 
cordmgly the 21 9 per cent reduction of pressure given in Fowler and 
GrTrgg®D.heim’s table now becomes 6 8 per cent , and we must proceed to 
calculate the new values of if + Aif and the lummosity of the star with 
this value 

We notice that r^ = zly= 4,1 10-» cm 

This IS about 20 times the radius of the Fe ion with two electrons, so that 
the fimte size of the ion is not a comphcatmg consideration 

In Table 38 we give the results for this and three other masses 
Improvement of the approximation may still further reduce these 
corrections because the formulae stiU exaggerate the power of the ion 
to keep away other ions from its neighbourhood, but we think that the 
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most glaring faults have been removed The corrections are already reduced 
to the verge of observability If the corrections m Table 38 are apphed 
to the mass lummosity curve they improve the accordance of theory and 
observation for the faint stars to an appreciable extent, but the main 
conclusion is that deviations from the laws of a perfect gas are not 
sufficient even m the smallest stars to affect the luminosity by more than 
about half a magnitude 


Table 38 

Electrostatic Correction to the Pressure {improved theory) 
(Iron stars ) 


m+am 

— Aw 

- Apa (per cent ) 

1 04 

m 

0 17 

3 3 

0 70 

0 24 

43 

0 32 

0 42 

6 8 

0 205 

0 58 

89 


Energy of Ionisation 

189 From a table of ionisation potentials such as that given for iron 
in Table 33 we can obtain the energy of ionisation of an atom stripped 
to a given level Summing over the atoms in different stages of ionisation 
the total ionisation energy I per cu cm at given T and p can be 
calculated 

Knowledge of I is chiefly important m connection with the theory of 
the pulsations of Cepheid variables Fortunately in these stars the lonisa 
tion IS very clean, ifjJET being about 10 (Table 31 b) There will generally 
be not more than one degree of ionisation in progress and excitation will 
be rare, so that the calculation is simplified Energy of excitation if 
appreciable should be estimated and added to I which is intended to denote 
the whole internal energy of the matter As the Cepheids are ver j massive 
stars the electrostatic energy (considered in §§ 184r~188) is insignificant 

The total energy per unit volume is 

E = l-pT + aT* + I (189 11), 

2 pb 

and tlie total pressure P = —pT + ^aT* (189 12) 

Hence when we have sufficiently tabulated I and p, as functions of p and 
T we can find dE and dP in the forms 

dE = CidT + c^dp, dP = c dT + c^dp 


(189 2) 
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It was pointed out by Fowler that we must take account of the variation 
of as well as of I, because the change of I is due almost entirely to 
liberation of additional free electrons and these take up kinetic energy of 
amount comparable to their energy of ionisation besides exercising ad- 
ditional pressure 

The adiabatic condition is 

d (EV) -h PdV = 0, 

OT d (E/p) + Pd (l/p) - 0 (189 3) 

By elimmatmg dE and dT between (189 2) and (189 3) we find dP m terms 
of dp and hence determine the coefficient y in the equation 



The calculation is numerical and the resulting value of y applies only to 
small variations from the particular values of p and T under discussion 
A valuable series of calculations of y has been made by Fowler and 
Guggenheim We give a selection from their results but for convenience 
of comparison with the theory of Cepheids in Chapter vin we have con 
verted their y into corresponding values of V by (129 6) A star composed 
of ideal undissociating material with a ratio of specific heats F (together 
with the necessary radiant energy) would pulsate m the same way as the 
actual star 


Table 39 
Values of F 


Star 


10-6 JT 

YOph 

Centre 

4 24 


Mean 

2 82 

7j Aqu 

Centre 

6 00 


Mean 

4 00 

RT Aur 

Centre 

8 76 


Mean 

5 85 

RR Lyr 

Centre 

18 3 


Mean 

12 2 

Giant 

Centre 

6 59 


z = 1 

5 64 


2 = 2 

3 84 


2 = 3 

2 37 


2 = 4 

1 38 


P 

0(8) 

Fe (26) 

0029 

1 75 

1 61 

0009 

1 69 

1 61 

015 

1 75 

1 68 

0047 

1 83 

1 68 

0657 

1 71 

1 475 

0208 

1 71 

1 66 

18 

1 72 

1 55 

372 

1 70 

1 50 

1085 

1 70 

1 68 

0678 

— 

1 65 

0215 

1 68 

1 49 

0050 

1 70 

1 31 

0010 

1 66 

1 295 


7n (30) 

Br ( 55) 

H (47) 

— 



1 51 

1 30 

1 28 

1 49 

— 

— 

1 405 

1 62 

1 255 

1 57 

— 

— 

1 335 

— 

— 

1 41 


— 

1 65 

— 

— 

1 58 

164 

1 57 

1 50 

1 38 

1 33 

1 64 

1 35 

1 50 

1 39 

1 50 

— 

<1 


190 It will be seen that some values of F, particularly those for oxygen 
are slightly above | This has no physical significance It arises because 
Towler and Guggenheim’s results were calculated for a star composed 
wholly of oxygen and therefore with molecular weight rather below 2 
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which we have replaced by undissociating material of standard molecular 
weight 2 11* 

It will be remembered that it is the excess of T above | that is of chief 
significance At first sight the results appear entirely irregular Under 
ordinary circumstances T is not much different from | but for any 
element the value drops when T and p are such that the atoms are in the 
midst of their L ionisation and it may even fall below J Another dip occurs 
at the K ionisation but it is not so deep The low value for silver in the 
last example corresponds to the M ionisation 

If either of the first two stars m the table were composed wholly of 
bromine they would probably be unstable, since T < | in a mean region 
at least Ordinarily if a star is suddenly compressed its temperature and 
pressure rise so much as to provide a restoring force , but in the bromme 
star the rise of temperature is insufficient because most of the energy of 
contraction is used in tearing the L electrons from the atom and there is 
not much energy left over The bromme star would collapse still further 
until the L electrons were finally got rid of, after that it would become 
stable at a much higher density 

The first example shows that zinc and bromine can be in this critical 
state simultaneously Fowler and Guggenheim estimate that not more 
than 8 consecutive elements can be in the critical condition of L ionisation 
simultaneously further, the critical condition will not extend throughout 
the whole star 

Naturally the examples in the table have to some extent been selected 
to show the more peculiar features so that a simple mean of all the values 
of r there given would not necessarily be a suitable estimate of the likely 
average value So far as we can judge a reasonable mixture of elements 
would in general, give a value well over 16 It is conceivable, however 
that a range of eight consecutive elements might include the greater part 
of the mass of stellar material in that case we might obtain low resultant 
values of F in stars of appropriate temperature and density 

The stars for which we particularly wish to know F — the Cepheids — 
are not necessarily unselected average stars The theory of the maintenance 
of pulsations has rather suggested that the Cepheid phenomenon may be 
a symptom of unusually low F But if so we ought to obtain the series 
of Cepheids by keeping one preponderant element or group of elements 
in a ciitical stage of ionisation Table 39 is scarcely extensive enough to 
test this, but it gives no sign of persistence of low values of F for any 
element in all four Cepheids The question can be settled by reference to 
the general ionisation formulae The middle of the L ionisation of an element 
will occur at a temperature which is nearly constant but increases a little 

* This was done because our primary purpose is to obtain the most likely value 
of r for use m investigations in which ju = 2 1 1 has already been adopted 
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with increasing density the actual change of temperature shown in 
Table 25 is much too rapid 

If it IS considered that this sufficiently disproves the association of 
exceptional values of T with the Cepheids we may presumably adopt for 
them a value about 1 55 This brings the Cepheids as nearly as possible 
onto the theoretical mass lummosity curve (p 153) We do not, however, 
attach importance to the lucky agreement 

Electnc Charge in the Interior 

191 In a gas maintained at uniform temperature in a gravitational 
field the molecules sort themselves out to some extent, the lighter molecules 
preponderating at the top and the heavier at the bottom This is an 
immediate conseq.uence of the Maxwell Boltzmann distribution law (46 1) 
If there are two sorts of molecules of masses m 2 the numbers in a 
velocity range dudvdw and volume dxdydz are 

dudvdwdxdydz\ , 

dudvdwdxdydz ) 

where (f> is the gravitation potential Integrating for all velocities the 
densities are 

= {2TTRTImif s = {^rrETIm ) (191 2), 

so that sjs 2 changes with ^ according to the law 

sjs^oc (191 3) 

If mi > m 2 this dimmishes as we go upwards to smaller values of ^ 

In ionised material the electrons are far lighter than the ions and tend 
to rise to the top in accordance with (1913) But this separation is stopped 
almost before it has begun, because the minutest inequality creates a 
large electrostatic field which stops any further diffusion 

Let ijj be the potential of the field set up to prevent the separation, 
m, — e, the mass and charge of the electron, A, Ze the mass and charge 
of the ion Then the potential energies (gravitational and electrical) are* 
— m<j> — etjf, — A<l> + Zei/jy 

and as in (191 2) the densities vary proportionately to 

Q(m<i>+e^)lRT ^ Q(A(!>-Ze^)fRT^ 

The ratio of these densities must remam sensibly constant since not more 
than the minutest separation of the charges can occur Hence 

m(f) eijj = A<j) — Zeijj^ 

so that ~ ^ (191 4) 


♦ The convention as to sign is opposite for gravitational and electrical potentials 
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The average molecular weight /x (m grams) is 

^ + Zm)l{Z + 1) 

Hence ^ ^ (1915), 

or very nearly ^ 

The density a of the volume charge can now be found since 
4^a = - VV = — 

SO that a = Gpf^/e (191 6) 

Setting /X = 2 2H = 3 7 lO^^^gm the charge is 5 10 10“^^ electrostatic 
units per gram This corresponds to a deficiency of 1 electron m every 
million tons of matter Our provisional assumption that there is no ap 
preciable separation of the charges is thus veiified The charge per gram 
IS independent of everything except the molecular weight, and is a 
practically universal property of hot material at uniform temperature* 

The theory can be applied to the stars although their temperatures 
are not uniform provided that the effects of thermal diffusion (§194) can 
be neglected This would, at any rate, not alter the order of magnitude 

Applying the result to the sun, the total charge is 1 01 lO^^ electro- 
static units The potential near the surface is 14 6 units or 4370 volts and 
the electric force near the surface is 6 3 lO-® volts per cm The electric 
force, which varies in proportion to gravity in the interior, is absurdly 
weak, but it stops any diffusion of the electrons outwards 

From (191 5) we obtain 

m<l> + eili ^ Acl> - Zeifs = /x^i (101 7), 

so that the resultant force on every particle, whether ion or electron, is 
the same, viz [judcj^ldz The acceleration of the electron is of course, 
enormously greater than the acceleration of the ion under the same 
mechanical force 

If radiation pressure is considerable a correction is needed Since the 
effect is as though gravitation were reduced m the ratio jS (so far as the 
ions are concerned) we take account of it by writing j8c/> for (f> Thus 

iff = /xi39S/e (191 8), 

and a is reduced in the same ratio 

192 Consider next material contammg two kinds of ions Ai, Z-^ and 
J. 2 , Z^ If s-i, are their densities (number per cu cm ) at zero potential, 
the densities at other points will be 

e^)lRT^ ^2^^^ e4i)IRT^ 

* The first investigation of this volume charge appears to have been made by 
A Pannekoek Bull Astr Inst Netherlands No 19 (1922) 
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and the density of the electrons will be 
By differentiation we find the density gradients at ^ 

and the gradient of the total charge density is 


^ = 0 to be 

(192 1), 


gZ'j^ 




dz 


o 


+ ■ 


'ET 


A. 


d<j> 


dijj' 


^ dz dz 


') 


e {Z^Si + Z^s^) f^d4 dijj' 


ET 




Since the resultant charge is insignificant this must vanish the condition 

dijs jZi^i {A^ - m) + [A^ — m) dcf> 

{ Z ^ 4 - 1 ) + -^ 2^2 (^2 + 1 ) 


' dz 


dz 


[Z-^Si (2i + 1) /z-i 4- Z<^S2, {Z^ + 1) 1^2 ] ^4^ /^qo ON 

= i /7 « /r7~ri\ ^ rr . //7 “"l" ^ ^ 


Z-i^i {Z-i 4 “ 1 ) + Zj<^s^ (Z^ + 1 ) 
where /z-i, jUg are the average molecular weights for the two kmds of ion 

A^ 4“ Z^TYb -^2 H“ Z^'Yfl 


fll 


Z^ + 1 ^ 
We can write (192 2) m the form 


1^2 


,^2 4* 1 


e^- 

dz 


(Mo “ 


d4 

dz 


(192 25) 


(192 3) 


where is a mean between fx^ and jx ^ , each ion being weighted proportion 
ately to Z {Z + 1) This is not quite the same weighting as in the average 
molecular weight of the material [x, the weightmg being then proportional 
to (2? + 1) Evidently fXQ> [x 
Hence by (192 1) and (192 3) 


( A 

dz ~ BT ■ 


Zi ifxo - m)} 


d4 

dz 


or 


d (log ^i) 
dz 




(192 35), 
(192 4) 


by (192 25) 

If s IS the number of free electrons, we find by settmg Ai = m = — 1 

djlogs) iM,d4, 
dz ET dz 

Hence by (192 4) and (192 5) 


(192 5) 


(192 6) 


It can easily be shown that this formula applies however many sorts of 
ions may be present, bemg the properly weighted mean for them all 
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Neglecting thermal diffusion we apply (192 6) to a star Then by (5S ]) 

= rnThi (192 7), 

radiation pressure being neglected for the present since we have not taken 
account of it in (192 6) We have been reckoning in grams but it is 
convenient at this stage to pass to the usual reckoning in terms of the 
hydrogen atom, accordingly 91 replaces i2 in (192 6) Then 




[x dz 


Hence by integration 


log -' = 4 + 1) log 2" + const (192 8) 

S fJL 

The ratio sjs represents the abundance of the element at the place 
considered since, apart from small changes of /i, the number of free 
electrons is proportional to the mass According to (192 8) very few 
elements will be distributed throughout the star the heavy elements fall 
to the centre and the lighter elements rise to the surface For suppose that 
/^o IS no more than 0 05 Since this must refer to a mean element 
we can take .Zj + 1 = 20, = 2, the abundance then varies as Even 

this difference is sufficient to give high concentration to the contie Taking 
the molecular weights given in § 176 with = 2 3, the abundance vaiics 
as the following powers of T 

H He 0 A1 Ti Fe Ta Sni Ta Pb 

^6 -5 -8 - 10 -8 -4 — + 24 + 30 + 00 + 70 


193 Eadiation pressure greatly modifies those results since it has 
different effects on the different ions Radiation pressure is allowed for 
By multiplying every mass by its own appropriate ^ The radiation 
pressure on the electrons is much smaller than on the ions, but we need 
not trouble about this as the minute masses of the electrons played only 
an ornamental part in the investigation of § 192, and apart from matin 
matical elegance might just as well be dropped Hence (1 92 8) is modified 

log = 4 (Z^ + 1) log T + const (103 1 ) 

Here 1 — )3i is the ratio of radiation force to gravitation on the ion Ai , 
and Po, j8 are appropriately weighted means There can be little doubt 
that the heavier ions perform the most absorption and experience the 
greatest radiation force, so that jSj diminishes as increases 

This leads to an extraordmary behaviour of the elements The dis 
tribution given at the end of § 192 refers to stars of very small mass m 
which radiation pressure is unimportant As the mass increases the 
heavier elements abruptly leave the centre and come to the surface The 
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hgliter elements — ^not quite so abruptly — drop from the surface to the 
centre Hydrogen lags behind the others the reversal occurring when 
/loft = 0 5, 1 e m ex.tremely massive stars with 1 - ft > 0 76 Helium 
leaves the surface m stars of more than 10 times the mass of the sun — 
]ust the stars which show its spectrum most conspicuously The other light 
elements reverse at smaller masses 

It would be difficult to reconcile these results with the obseived spectra 
at the surfaces of the stars where light and heavy elements appear to 
gether Tor some elements the exponent of T is so large as to leave not a 
smgle atom anywhere near the surface If we believed these results we 
might have to consider important modifications in the theory of the stellar 
interior — ^for example, its constitution of heavy elements in small stars 
and light elements m great stars We must now pomt out that these 
formulae give the ultimate steady state of the material and the question 
arises whether the approach to this steady state is sufficiently rapid to 
effect appreciable separation in the life time of a star or to overcome the 
mixmg tendencies which may be retarding it 


Thermal Diffusion 

194 It IS desirable to give a warnmg agamst possible misuse of (191 3) 
and^similar formulae In a star <f> is proportional to T by (58 3) so that 
e(m -m)mT lias the same value at all parts We might be tempted to 
infer that s^^js^ is constant so that no separation of the different sorts of 
atoms occurs This is very far from tiue The formulae (191 1) refer to 
thermodynamical equihbrium, and there is no justification for employing 
them even as an approximation m material at non uniform temperature 
Our procedure is to differentiate these formulae heej^ing T constant 
because the formulae apply only to uniform temperature Thus (191 2) 

;feaog5,) = ||g (194 1) 


This gives us the density gradients of the different kinds of atoms recjmred 
to keep the composition steady when the material is under a pressure 
gradient but no temperature gradient that is to say it gives us the density 
gradients set up to prevent further pressure diffusion If now we superpose 
a temperature gradient this will set up diffusion on its own account known 
as thernaal diffusion Hence, in general, the required density gradient 
consists of two parts, the one set up by pressure diffusion and the other 
by thermal diffusion 

If thermal diffusion can be shown to be neghgible the differential 
formula (194 1), but not the mtegral formula is valid for non uniform 
temperature We then re integrate it allowing T to vary 
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Thermal diffusion was predicted theoretically by S Chapman and 
D Enskog and the phenomenon was satisfactorily verified experimentally 
by F W Dootson* Chapman has also considered its influence on the 
stratification of the elements in the starsf He concluded that it was of minor 
importance compared with pressure diffusion that it acted in the opposite 
direction, but could not reduce the general order of magnitude of the 
stratification In reviewing Chapman’s conclusions in the light of recent 
knowledge I believe we must take the thermal diffusion to be in the same 
direction as pressure diffusion, i e tendmg to bring the heavy elements to 
the centre of the star In Dootson’s experiments the lighter gas became 
concentrated in the hotter region as was predicted for molecules resembling 
elastic spheres , but the theory indicates that thermal diffusion diminishes 
for softer ’ models and vanishes for a law of force varying as the inverse 
fifth power of the distance Apparently it changes sign for a still lower 
force index so that with the inverse square law of force between the 
atoms the concentration of the heavier atoms would be towards the hot 
regions Evidently we have to do with the inverse square law of repulsion 
between the charged ions in the interior of a star, owing to this repulsion 
the ions do not, as a rule come to close quarters so that no other forces 
are invoked It appears then that the effect of the temperature gradient 
will be to accentuate the tendency of heavy atoms to seek the centre of 
the star and the lighter atoms to go to the outsidef We may, however 
probably accept Chapman^s judgment that the effect of thermal diffusion 
IS unimportant and will not alter the order of magnitude of the con 
centration already indicated by other causes of diffusion 


Bate of Diffusion of the Elements 

195 According to the theory of gases the coefficient of diffusion of 
one gas into another is approximately § 

D = IXV (195 1), 

where A is the mean free path and V the velocity of the molecules The 
average for the two gases is to be taken weighted in inverse ratio to the 
number of molecules of each 

We shall attempt to estimate the order of magnitude of D in the stars 
The ions whose diffusion we are studying will be deflected mainly by 
encounters with other ions, the deflections due to encounters with electrons 
being negligible We may estimate that a deflection of 90° is a fair 

* Phil Mag March 1917 t Monthly Notices 77 p 639 (1917) 

t Prof Chapman con.fi.rms this inference 

§ See for instance Jeans Dynamical Theory of Gases 2nd Ed , p 326 equation 
(869) 
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equivalent to the termination of a free path For two equal ions the radius 
of the apparent target giving a 90° deflection is found to be 

_ 

~ ~ laSr 

Hence the mean free path is 


J - = 4 ? / 12^\2 

uva^ TTp \ Z^e^ ) 


(195 2) 


It follows that A7 oc pT^/p (195 3), 

which m different parts of the star and for stars of the same mass, varies 
as T~^ Hence the coefficient of diffusion is not much different in different 
parts of the star For iron (with two K electrons) at the centre of Capella 
the numerical results are 


A = 1 66 10“^ cm , 

F = 5 20 10« cm /sec 

Hence D = 0 29 cm ^/aec (195 4) 

Results for other elements will be of the same order of magnitude 

It will be seen from a consideration of physical dimensions that it wiU 
take an extremely long time to estabhsh a steady state when D is of order 
unity in cos units For the tune of relaxation of an unevenness of 
distribution of wave length x centimetres will be of order x^lD seconds 
(this combmation havmg the dimensions of time) To reach a steady state 
it IS necessary to fill up unevennesses of extent comparable to the radius 
of the star, say x — 10^^ cm , the time required is of order 10®^ secs , or 
greater than the largest estimates of the life of a star 

This is scarcely sufficient to prove that no important stratification of 
the elements occurs in reasonable time, for many elements the steady 
state involves such an extreme concentration that a relatively small 
advance towards it would be significant 


196 When the distribution in a star has not reached a steady state 
there will be a net flow of ions of one kmd through a surface perpendicular 
to r The coefficient of diffusion D signifies that the mass of molecules of 
kmd 1 passmg m this way through 1 sq cm per sec is 


= - D 



(196 1), 


where the bracketed expression is the difference between the density 
gradient actually present and the density gradient for a steady state* 
The formula is equivalent to 

^ ft - (I '■>« ft) J (“0 2) 


* The steady state is supposed here to be attained by changing dpjdr without 
changing at the point considered 
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Suppose that initially the element was uniformly distributed in the star 
so that j j , ^ 


Then 


d 1 d 1 

^logp,-^\ogp- 

^-d(~ logs') 

Pi \dr ^ pj. 




= 42) {Zi + 1) 




(196 3) 


by (193 1), tbe ratio of s^fs to p^^/p being a constant 
To interpret (196 3) we substitute 

GMr fJLp 

y.2 yjjT 


4 ^ log T 
dr ® 


^loaP = -^ = 
dr ^ ^ 


Hence 


(196 4) 


P 

4:'Trr'^hM^ _ 4.7rD (Z^ + 1 ) (pix^i — H'o^o) 

M^PxIp ~ 5RP 

= 1 /^ 

We see from the left hand side that for an element diffusing outwards 
t IS the time in which the interior would be completely evacuated of atoms 
of the kind if the initial rate of evacuation continued 

For an element diffusing inwards the time t in which the exterior part 
would be completely drained at the imtial rate of evacuation is given 
similarly by ^ 4^D (Zi + 1) {p^^i- p^po) Gp 

t~ 91P M- Mr 


(196 5) 


We have 91/(9 = 1 24 10^®, Tjp is a mmimum at the centre and cannot 
be much less than 10’, D is of order unity 4nT {Zi + 1) ■“ H'oPo) 

might perhaps in some cases amount to 300 Hence t is of order 10^® 
seconds or 10^® years* 

For an example we take in Capella the region containing the outermost 
6 6 per cent of the mass and calculate how fast this is losmg lead By § 13 

r = 1 9 10«, p - 0012, MrliM - Mr) = 14 
We can take + 1 = 70, — /^o = 0 6, Z) = 0 3 

For the moment we neglect radiation pressure which introduces the j8 
factors Substituting in (196 5) 

;^ == 9 1020 == 3 1Q13 years 

The drain will become slower as it proceeds 

If radiation pressure is taken into account — p^q^q is less, and the 
dram is slower , or more probably it is reversed in Capella — ^the lead coming 
to the surface 


* The very slow rate of diffusion was pointed out by Chapman {Monthly Notices 
82 p 292 1922) His numerical illustrations treat the diffusion of hydrogen m 
detail 
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If there were no process counteracting this diffusion we should probably 
have to allow that in the dwarf stars the time has been sufficient to effect 
some stratification — especially of the heaviest elements which in the 
dwarf stars tend to go to the centre In § 199 we shall show that there is 
a mixing process which is likely to annul the slow diffusion 

Viscosity 

197 It IS well known that the coefficients for a number of ‘‘free path 
phenomena ’ such as diffusion viscosity thermal conductivity, electric 
conductivity are intimately connected 

It IS difficult to obtain more than an estimate of the order of magnitude 
of the free path because the usual formulae of the theory of gases developed 
for general laws of force break down for inverse square forces the integrals 
divergmg It is necessary to cut off the integrals somewhat arbitrarily 
at limits beyond which they cease to represent actual processes Probably 
the treatment can now be improved by proceeding on the lines of Debye 
and Huckel’s theory (§184) We have seen that on the average an ion is 
surrounded by a shieldmg negative charge due to its repulsion of other 
ions and there seems to be no msuperable difficulty in determining the 
actual variation of (average) force with distance from the ion owing to 
the shieldmg this is not by any means an inverse square law, and the 
difficulty of divergence of the integrals would disappear* 

However, there is as yet little occasion to require in astronomy any 
thmg more than the order of magnitude of the coefficients above-men 
tioned and (as in § 195) there is no difficulty in reckoning the free path 
accurately enough for this purpose 

The transport of momentum between adjacent parts of a fluid in non 
uniform motion which is observed as viscosity, is performed mainly by 
the electrons smce these have much longer free paths than the ions On 
the other hand it is chiefly the ions which put an end to the free paths 
the deflections of the electrons by one another being comparatively un 
important 

In a simple gas the viscosity tj is given by 

V ^ pD, 

where D is the coefficient of diffusion For an ionised gas Chapman t gives 
the formula ^ „ 

rj = pD/2Z, 

where D is now the coefficient of diffusion of the electrons among the 

* [Tbis investigation has now been earned out by E Persico Monthly Notices 

86 p 93 The results are not much difierent from Chapman 8 1 

t Monthly Notices 82 p 292 
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ions or vice versa This is very much greater than the value of D for ions 
(195 4) it can be calculated by the same method Chapman finds for 
(giant) stellar conditions Z) = 100 Hence for iron the kinematic viscosity 
rjjp IS about 2 

This result is about 100 times the kinematic viscosity of water so that 
for hydrodynamical problems we must think of the star as a thick oily 
liquid This applies even to the regions of low density because rjjp like D, 
varies only as in a single star or in stars of the same mass The in 
vestigation is not intended to apply to photospheric regions but since the 
ionisation (though much reduced) still provides large numbers of free 
electrons, I suppose that even the photosphere will be rather sticky 

The process of thermal conduction in a gas is practically identical with 
viscosity bemg in fact transport of energy mstead of transport of momentum 
In simple gases the conductivity is c^rj where is the specific heat Smce 
the viscosity is large the conductivity of heat will be much greater than 
in ordinary gases But the temperature gradient in a star is not much 
greater than in our own atmosphere — ^in a giant star, much less — so that 
a millionfold increase of conductivity would make little impression in 
comparison with the outflow of heat by radiation 

The problem of viscosity m the interior of a star has been f xmdamentally 
modified by a result reached recently by J H Jeans* Except m stars of 
rather small mass the foregoing material viscosity is ummportant compared 
with viscosity arising from transfer of radiation Consider motion parallel 
to the y axis with a velocity V which is a function ofa;(F = 0 ata? = 0 ) 
Let S be an area of 1 sq cm m the plane x = 0 The radiant energy in 
a solid angle do) making an angle 6 with Ox which crosses /S in a second is 
acT^ cos 6 doj I 4:7 t Its mass is therefore aT^ cos 6 da>j4:7TC It was emitted at 
an aveiage distance from S equal to l/kp and therefore from the stratum 
x== — cos 6/kp Hence its y momentum is 

cos Odcx^ cos 6 dV 
47rc hp dx 

Integrating with respect to do) the y momentum passing across 8 is 

dV 

where Vr ^ aT^j^kpc (197 1 ) 

For example, at the centre of Capella 7]ji = 95, and the kinematic 
viscosity rij^jp IS 770 At the centre of the sun 17 ^ == 15 3 'r]^jp ==0 2 For 
the sun this is about three times the material viscosity, and for Capella it 
IS very much greater 


** Monthly Notices 1926 March 
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RotaUng Stars 

198 We prove first a very beautiful theorem due to H von Zeipel* 
If a star, rotating as a ngid body with angular velocity co, is in static 
equilibrium^ the rate of liberation of energy € at points in the interior is given by 


€ = const X ( 1 




2iTrQpJ 


(198 1) 


dd> 

-PE 


It IS assumed that the physical characteristics of the material (opacity, 
molecular weight, hheration of subatomic energy, etc ) depend on T and 
p only this would be true of a star of strictly homogeneous composition 
We take axes rotatmg with the star and mclude centrifugal along with 
gravitational force so that the combmed potential is 

4> = 4>o + + y^) 

where <^o is the pure gravitational potential Poisson’s equation is then 

+ 2£o2 

= - 4^Gp + 2a>2 (198 2) 

The surfaces over which is constant are called level surfaces 
From the usual hydrostatic equations 

dx P dx dy ~ P dy’ ~E ' 
we have dP = pd<j> (198 3), 

so that dP = 0, when = 0 Hence P is constant over a level surface, 
that IS to say, P is a function of only 

Agamby(198 3) P = 

cUp 

so that p IS a function of only 

Smce P and p are functions of only, T must be a function of ^ only , 
and aU other physical characteristics which depend only on the two 
variables T and p defimng the statistical state of the material will be 
functions of only and constant over a level surface The gradients of any 
of these quantities will be normal to the level surface 

The flow of radiation H bemg along the normal, we have by (71 1) 

jl — £_ df> 

kp dn kp d<f> dn 

where dn is along the outward normal to the level surface 


so that 


kp df> 


We can write 
(198 41), 

(198 42) 


Festschrift fur H v Seeliger p 144 (1924) 



IONISATION DIFFUSION ROTATION 


283 


It IS to be noticed that d(l>ldn will not be a function of </> only unless the 
distance from one level surface to the next is the same for every point 
on it This could not happen in a rotating star 

It IS convenient to resolve H into rectangular components 

= (19843) 

It Will be seen that represents the net flow across a unit area normal 

to the X axis for the Imes of flow cross such an area obliquely at an angle 

1 dd> /d(j> 

whose cosine is 

dx! d% 

If no additional radiation were being generated the equation of con 
tinuity of flow would be 

dx dy dz ’ 


but since the rate of generation is pe per unit volume the condition becomes 


dx dy dz ^ 


Now by (198 43) 


dx ^ ^ dx^ dx^ ^ dx 




Hence (198 5) becomes 


-^+/'w(^^ 


dxj 




(19b 6) 


(198 6), 


since (d(f>jdny is the square of the resultant force and therefore equal to 
the sum of the squares of its components d(f>jdx etc Then by (198 2) 

-f{<f>){-4^Gp + 2o>^)-r{4>){^) =pe (198 7) 


We have seen that in a rotatmg star d^jdn is not constant over a level 
surface But the other quantities in (198 7) are constant over the level 
surface Hence (198 7) can only be satisfied if 


r (4) = 0 , 

so that, integrating f (<j>) — const 

Accordingly (198 7) becomes 


(198 8) 


or 


pe = const X {4:7tQp 

\ 


= C? 1 


2ttOp) 




which proves the theorem 

The foUowmg summary of von Zeipel’s analysis will serve to show its 
extreme generality The condition of mechanical eqmlibrium shows that 
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P and p are constant over a level surface and since in material of homo 
geneous composition two variables suffice to define the state, all other 
scalar properties r jjl Jc, are constant over a level surface Vector 

properties are formed by introducing the factor dn representing normal 
distance to a neighbourmg level surface this cannot be constant over the 
surface m a rotating star Hence we have vectors such as H and g whose 
ratio IS constant on a level surface although they themselves are not The 
next step is to show that their ratio is constant not only over the level 
surface but from one surface to the next The proof depends on the fact 
that the divergences of H and g are scalar quantities pe and 4:7tOp + 2co 
which are constant over a level surface After this step it follows that 
H/g and /)€/(— 47r(?p + 2a)) are constant everywhere The theorem would 
remam true even if the flow of heat were due to conduction 

For slow rotation (198 1) approximates to the law e == constant, except 
in a thm film near the surface where very low density is reached For the 
sun, with rotation period about 25J days we obtain 

€ oc (1 - 0000195/p), 

so that € IS constant to within 10 per cent in all parts where the density is 
above 0002 It is a mathematical curiosity that if we imagine a star with 
strictly zero rotation the argument breaks down and no limitation is 
imposed on € We take this to sigmfy that as becomes smaller the 
condition becomes more and more nearly 6 = const , but at the same time 
the consequences of violating the condition become less serious and de- 
terrent so that at CO = 0, when the condition becomes exact, the star is 
able to violate it with impunity 


199 We can scarcely believe that von Zeipel’s condition is fulfilled in 
actual stars For example it re(iuires that e shall he negative in the outer 
parts of a rotatmg star that is to say subatomic energy is absorbed 
mstead of being hberated It requires that in a slowly rotatmg star the 
hberation of energy shall be nearly constant through a wide range of 
temperature and density and if the unknown laws of subatomic energy 
are ohhgmg enough to fulfil this condition, how can they modify them- 
selves so as to provide the right distribution in fast rotatmg stars « Thus 
the question is raised Will anythmg very awful happen to a star which 
does not satisfy von Zeipel’s condition? At present all we know is that 
It cannot remam rotatmg as a rigid body m statical equilibrium 

The ang^ar velocity of the sun s surface varies with the latitude, and 
no doubt this variation extends into the interior thus the sun has not 
a constant c It is possible that for the actual distribution of co m the sun 
the condition correspondmg to (198 1) might be satisfied-^ The sun might 

obtamed by merely 
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be supposed to have gone on altering its distribution of co until it reached 
a state satisfying the condition Thus we arrive at a definite cause for the 
non uniform angular velocity of the sun This suggestion was made by 
E A Milne 

But this IS only one of the ways m which the star could meet the re 
quirement Non uniform rotation is eqmvalent to a superposition on 
uniform rotation of currents circulatmg about the axis of rotation Cirou 
latory currents m other planes will also serve our purpose and a little 
consideration will show that the failure of the condition (198 1) tends 
to set up currents which are primarily m planes through the axis of 
rotation* 

Suppose that a star in accordance with the ordinary requirements of 
radiative equilibrium has settled down to a state in which the average 
temperature over a level surface is mamtamed constant There remains 
the further condition that not only the average but the local temperature 
at every point of the level surface is to remain constant In a non rotatmg 
star this is necessarily satisfied owing to the symmetry but in a rotating 
star the further condition leads to von ZeipeTs formula Accordingly if 
(198 1) IS not satisfied the temperature will begin to rise at the equator 
and fall at the poles or v^ce versa This will upset the constancy of pressure 
over the level surface and a pressure gradient between the equator and the 
poles will be set up causing a flow of matter The flow must continue, and 
take the form of a permanent circulatmg current, a mere readjustment of 
the distribution of matter would not bring about equilibrium because no 
static equilibrium is possible with von Zeipel’s condition unsatisfied 
Presumably when the current has attained a moderate speed a steady state 
will be reached because the viscosity of the stellar material is considerable 
and the fundamental equations of equilibrium will be modified by the 
addition of viscous stresses The star will feel its way to a possible steady 
state of circulation by this method 

Although the primary currents are set up m planes through the 
meridians the currents will be deflected east and west by the star’s rotation, 
just as similar currents in our own atmosphere are deflected by the earth’s 
rotation Thus as a secondary phenomenon we shall have different periods 
of rotation in different latitudes and at different depths This is a well 
known feature of the sun’s rotation, and the explanation here provided 
can scarcely be doubted It is due to the heat of the interior forcing its 
way out through a distribution of matter rendered unsymmetrical by 
rotation, leading to unequal heating along the polar and along the equatorial 
radius so that a small permanent circulation is maintained in spite of the 
opposition of viscosity and thermodynamic dissipation (§ 70) 

* H Vogt Astr Nach No 5342 (Jan. 1925) A S Eddington Observatory 48 
p 73 (March 1925) 
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Whilst the secondary east and west currents are of immediate oh 
servational importance, the primary currents m meridian planes are of 

frTrraIaDf.T“^ ^ equihhrium 

from radiative to convective~but rapid compared with the difilusion of 

he elements discussed m § 196 Thus any tendency of the heavy elements 
to be frustrated We shall have occasion 

wh^fstaTf T* “ subatomic energy owmg to the stirring 
Ime cLt ® components each component will have the 

same chemical composition and there is no chance for the larger component 

““ “V*-™ Tta oonctaZ“ 

oS wTTn “* “ «TO„ktion 

Of this kind tends to become stratified, so that instead of one circulation 

between the centre and outside we may have two or three layers rdrcu 
lation Each layer wiU then be thoroughly mixed, but there will be httle 
interchange between consecutive layers 

Another pomt is that the core of the circulation will probablv be a 
pair of vortices, each vortex bemg of the form of an anchor C about the 
polar axis This is the postulate of a theory proposed by V Bierknes to 

T" P-PerLs o^^:uSpots 

At any rate the recogmtion of an internal circulation of this kind offers 
a hope of evplaming many details of the surface phenomena of the sun 
which would be difficult to account for in an entirely static star 

It has been urged by B Gerasimovic* that what I have here called the 
secondary currents are reaUy the prmcipal currents The current m 
meri^an planes would, he considers, not be permanent, whereas a dis 

under the dissipative force of viscosity Admitting that there is a condition 
of cirmilation about the axis which does not tend to alter through viscosity 
and that there is a condition of circulation about the axis which satisfiS 
von Zeipel s condition (generalised to take account of varying co) it is 
very unlikely that these two conditions would comcide It is lust as im 

h k there is no question of the circulation mamtainmg itself without 
motive power the violation of von Zeipel s condition gives an unequal 

currents reqmred to 

restore the condition, and the important point is that the motive power 
primarily causes currents in the meridian planef ^ 

* Observatory 48 p 148 

may be right m hol^7£ heavy elements from separatmg Gerasimovic 
east and west cncitoi compared with the 

would not be so favour^JHaCLs fe^T 
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The material of the rotating star does not find its state of eqnilibrinm 
by the methods which the mathematician might employ Its motto is 
solvituT ambulando At present we have not got so far as the solvitur, bnt 
we can speak confidently as to the ambulando 

200 The general problem of radiative eqmhbrnim of a rotating star 
has been treated by E A Milne* and H von Zeipelf The former adopted 
the approximation e = const and the latter adopted the condition (198 1) 
which we have been discussmg Although (198 1) cannot be accepted with 
its original interpretation as a law of distribution of the subatomic source 
of energy in actual stars, we may regard either Milne’s or von Zeipel’s law 
of € as a sufficient first approximation on the same footing as our approxi- 
mation kr] = const for non rotating stars Presumably the error arising 
from the inaccuracy of the approximation will be limited as in § 91 

Milne finds that the effect of rotation on the apparent brightness is very 
small Imagine a typical star to be set rotating so fast that its equatorial 
radius is elongated 10 per cent then the luminosity wiU decrease 2 5 per 
cent X No great stress is to be laid on the precise value, since no allowance 
was made for the change of k due to the alterations of density and tempera 
ture The significance of the result is that deviations of individual stars 
from the mass luminosity curve due to their different speeds of rotation 
will be very small 

Milne finds further that in the star considered the effective temperature 
at the poles is 6 4 per cent above the mean and at the equator 3 2 per cent 
below the mean, so that the poles are brighter than the equator This 
variation of surface brightness is found more simply in von Zeipel s papers 
where it is deduced as a simple consequence of (198 8) Since/ {4) = G we 
have by (198 42) , , 

S~-0^--0g (2001) 

The analysis breaks down near the actual surface of the star, but we note 
that, as usual the surface value of H must be continuous with its value 
a few thousand kilometres below the surface Hence 

Hoc g (200 2), 

where g (= d(f>ldn) is the value of gravity including centrifugal force § 

The var%aUon of brightness over the surface of a rotating star con responds 
exactly to the variation of gravity 
* Monthly Notices 83 p 118 (1923) 

t Monthly Notices 84 p 665 (1924) f Loc cit p 139 

§ The result H ac g for a rotating star was first given in the case of stars of very- 
large mass by Jeans [Monthly Notices 79 p 330) He however there insisted that 
the deduction was only applicable if the star had no source of energy other than 
contraction and he has abandoned the result (for reasons not stated) in a later 
paper [ihid 85 p 935) 
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Von Zexpel has also shown that the law Hoc g applies when the star is 
distorted by tidal forces 

In (200 2) the approximation for e is used in a more specialised way 
than in a discussion of the total radiation of the star, and it would seem 
necessary to examine how closely the result is bound up with the accuracy 
of the approximation before we can be sure that it will apply to actual 
stars I daresay it will be found that the approximation still justifies 
itself but it IS not at all obvious that it is legitimate The distribution of 
surface brightness over a tidally disturbed star is of considerable practical 
importance in the interpretation of the light curves of eclipsing variables 



CHAPTER XI 


THE SOURCE OP STELLAR ENERGY 
The Contraction Hypothesis 

201 The energy radiated Iby the sun into space amounts to 1 19 10^^ 
ergs per year Its present store of heat energy is as follows (§ 103) — 

Radiant energy 2 83 10^’ ergs 

Translatory energy of atoms and electrons 26 9 10^^ 

Energy of ionisation and excitation < 26 9 10^’ 

This constitutes 47 million years supply at the most We do not, however 
thmk that this capital is being used for expenditure , it is bemg added to 
rather than exhausted 

It is now generally agreed that the mam source of a star’s energy is 
subatomic There appears to be no escape from this conclusion but since 
the hypothesis presents many difficulties when we study the details it is 
incumbent on us to examine carefully all alternatives 

Formerly the contraction theory of Helmholtz and Kelvin held sway 
This supposes that the supply is maintained by the conversion of gravita 
tional energy into heat owing to the gradual contraction of the star The 
energy obtainable from contraction is quite madequate m view of the 
great age now attributed to the sun It is perhaps worth while to give a 
revised calculation of the age of the sun according to the contraction 
hypothesis taking account of two recent conclusions (1) that the material 
IS a perfect gas and therefore concentrated to the centre more strongly 
than used to be supposed and (2) that the sun’s rate of radiation cannot 
have varied very much in the past if its mass has been constant The 
gravitational energy lost in contracting from infinite diffusion to the 
present radins is ^ = 5 66 10« ergs 

Of this 2 97 10^® ergs has been saved in the form of material kinetic energy 
and radiant energy (as above) An unknown part of the balance 2 69 10^® 
ergs has also been saved as energy of ionisation and excitation Ignoring 
this last deduction (which is probably substantial) the balance allows of 
radiation at the present rate for 23 million years Allowing for the rather 
smaller rate of radiation m the past according to the law L oc a: 
(equation (98 3)) the age is just doubled 

If we measure the sun’s age from the time at which it reached an 
effective temperature of 3000° the result is 15 million or 19 million years 


E 


19 
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according as we neglect or allow for rednced radiation in the past These 
figures are subject to a considerable deduction already mentioned on 
account of ionisation energy, so that 20,000,000 years is probably a 
generous estimate of the sun’s age on the contraction hypothesis 

202 Biological, geological, physical and astronomical arguments all 
lead to the conclusion that this age is much too low and that the time scale 
given by the contraction hypothesis must somehow be extended The 
most direct evidence is given by the determination of the date of formation 
of terrestrial rocks contammg radio active minerals from the uranium- 
hehum or the uranium lead ratio of their contents In this way an age of 
1300 million years has been assigned to the oldest sedimentary rocks* 
The sun must be still older and its age can scarcely be put at less than 
10^0 years 

The rapidity of evolution required by the contraction hypothesis is 
most startlmg when we consider the giant stars A star of mass 11 5 
would take 31,000 years to develop from type M (3000°) to type 0 (6000°) 
and 72 000 years from type M to type A (10 500°) moreover, these figures 
are subject to deduction on account of ionisation energy 

The Cepheid variables afford direct astronomical evidence against so 
rapid an evolution From the numerical results for S Cephei given in 
§ 134 it will be found that Q must mcrease by 1 part in 40 000 per year 
m order that the balance Q, — K — H may be sufficient to supply the 
radiation The radius must accordingly decrease by 1 part in 40,000 and 
the density increase by 1 part in 13,000 Since 11 Vp is approximately 
constant the period must decrease by 1 in 26,000 or 17 seconds 
annually 

The star has been under observation since 1786 and it is impossible 
that so large a change of period could escape detection It is doubtful 
whether there has been any change at all the observations since 1848 
bemg consistent with a uniform period E Hertzsprungf finds an annual 
decrease of 0^ 106 ± 0^ 011, the result depending almost entirely on the 
trustworthmess of observations by Goodricke and Pigott in 1785 In any 
case the rate of evolution of 8 Cephei is not more than of that given 
by the contraction hypothesis There are many other Cepheids which 
should have shown the large change of period if it had occurred but the 
evidence is always negative 

* For an account of these and other methods see H Jeffreys The Barth Chapter v 
On the other hand arguments by J Joly The Surface R%stOTy of the Earth Chapter ix 
in favour of a lower estimate seem entitled to considerable weight but even the 
lowest estimates are much too great for the contraction hypothesis 

t Observatory 42 p 338 [Results depending on recent spectrographic observa 
tions have been communicated to me by F S Jacobsen These show the period of 
8 Cephei to be decreasing Os 39 annually and of rj Aquilae increasing Os 96 annually ] 
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This observational result refers to only one particular phase in the life 
of the star but if we take it as a general hint that the Kelvin time scale 
needs to be multiphed by a factor of at least 150 we arrive at an age of 
the sun (> 3 10» years) satisfymg modern requirements Even if the 
pulsation theory of Cepheids is rejected our argument is probably vahd 
The law 11 oc p~i is directly deducible from observation without refeience 
to the pulsation theory (Table 25) Moreover, it is mconceivable that a 
periodicity mtnns%c in the star should be practically unaffected by large 
changes of density If, for example, the period of the light fluctuation 
were that of the rotation of the star as some writers have supposed, the 
conservation of angular momentum requires that II oc p~s so that an even 
faster change of period would be looked for 

203 In seeking a source of energy other than contraction the first 
question is whether the energy to be radiated in future is now hidden in 
the star or whether it is being picked up continuously from outside 
Suggestions have been made that the impact of meteoric matter provides 
the heat, or that there is some subtle radiation traversmg space which the 
star picks up Strong objection may be urged agamst these hypotheses 
individually, but it is unnecessary to consider them in detail because they 
have arisen through a misunderstanding of the nature of the problem No 
source of energy is of any avail unless it liberates energy in the deejp interior 
of the star 

It IS not enough to provide for the external radiation of the star We 
must provide for the maintenance of the high internal temperature, 
without which the star would coUapse The temperature gradient from the 
surface to the centre cannot be mamtained by supplying heat at the bottom 
end If for example, sufficient heat is developed by meteoric impact to 
maintain the surface of Capella at 5200°, the temperature throughout the 
interior will fall gradually to this level and the star will no longer be 
distended to low density In fact the evolution of the star goes on unmoved 
by what is happening at the surface, and if extra heat is generated there 
it IS thrown off as extra radiation (cf § 143) 

We may glance also at the suggestion of a modification of the laws of 
radiation such that a body radiates only in directions in which there is 
somethmg to intercept and, as it were, appreciate the radiation This would 
economise the heat flowing from the star into space but it makes no 
difference to the flow in the interior where m every direction there is 
matter to mtercept the radiation The suggestion is not helpful because 
it IS the internal flow which decides how much energy is gomg to be 
squandered, and it is too late to check the waste by economy at the 
surface 
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Svbatomic Energy 

204 Since we are limited to energy liberated in the deep interior of 
the star extraneous sources of supply are ruled out, and it is scarcely 
possible to escape the conclusion that the supply of energy for future 
expenditure is already hidden m the star Energy however, cannot be 
successfully hidden, it betrays itself by its manifestation as mass Energy 
and mass are equivalent and we know the masses of the stars 

This immediately sets an upper limit to the supply of energy available 
for radiation for all time (unless the star sweeps up further mass m its 
progress through space) The mass of the sun 1 985 10®* gm when ex 
pressed m energy units amounts to 1 785 ergs This then is the total 
store At the present rate of radiation it would last 15 billion years 
(1 5 IQi®) If the whole of this supply is gomg to be used the sun in its 
later stages will be a star of smaller mass and eke out the supply by 
radiatmg less strongly On the other hand if the sun started as a star 
of infimtely large mass its present age must nevertheless be less than IQi® 
years owmg to the greater rate of radiation for large masses 

This time scale is an upper hunt because, although the energy is present 
in the star we do not know how much of it is utilisable for the purposes of 
radiation 

This store of energy is, with msignificant exception, energy of con 
stitution of the atoms and electrons or, as it is usually called, subatomic 
energy The processes by which subatomic energy might be liberated are— 

I (a) Breakmg down of the more complex elements mto simpler 

elements (radio activity) 

(6) Buildmg up of complex elements from simpler elements 

II Mutual cancellation of protons and electrons 

It may seem anomalous that energy can be liberated both in the build- 
ing up and in the breakmg down of higher elements, but both cases can 
occur Like chemical combmation, the combination of protons and electrons 
m the nucleus is sometimes endothermic and sometimes exothermic 
Breaking down of complex nuclei with liberation of energy is familiar in 
radio active transformations The only defimtely known example of libera 
tion of energy m the buildmg up of nuclei is m the formation of helium 
from hydrogen The helium nucleus contams 4 protons (hydrogen 
nuclei) bound closely with 2 electrons, this gives it a net electric charge 
-I- 2e m accordance with its atomic number Z = 2 The atomic weight 
4 00 comes from the mass of the protons, that of the electrons bemg 
insignificant so that each proton is responsible for a mass 1 000 But the 
mass of the uncombmed proton as it occurs m the hydrogen atom is 1 008 
This difference is established by the chemically determmed atomic weights 
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of hydrogen and helium, and most convincingly by F W Aston’s measure 
ments with the mass spectrograph The formation of helium from hydrogen 
has thus involved a loss of 0 8 per cent of the mass, the correspondmg 
energy must have been set free during the process of combmation There 
can be no doubt that the close approach of the electrons to the protons in 
the helium nucleus makes their mutual electrostatic energy less than in a 
state of infinite separation and it is this loss of field energy which is 
betrayed by the measurements of mass After the first loss of 008 of the 
mass when the proton enters into the helium nucleus, the changes of energy 
m building higher nuclei appear to be much less significant Aston has 
found another deviation from the ‘ whole number rule’ in the atomic 
weight of tin, but in proportion to the mass involved the liberation of 
energy is on a smaller scale 

It appears then that not more than 1 per cent of the mass is released 
as free energy by the processes I (6) so that if this is the main source of 
stellar energy the extreme time scale is divided by 100 and the life of the 
sun (past and future) is limited to 1 5 10^^ years (We are no longer 
troubled by the possibility of a large change in the rate of radiation since 
the mass changes no more than 1 per cent ) But this limit would only be 
attained if the sun originally consisted wholly of hydrogen An initial 
proportion of 7 per cent of hydrogen is necessary for a life of 10^° years 
We should be reluctant to admit a greater proportion even in the earliest 
stars* The time scale is thus rather cramped but we cannot definitely 
say that it is insufficient 

So far as we know, the processes I {a) give much less energy To 
maintain a star’s energy by the breaking down of elements it is necessary 
to postulate elements of high radio activity which are not known to 
terrestrial experience 

By the third process involving destruction of protons and electrons the 
whole of the energy might be liberated and the extreme time scale reached 
This hypothesis supposes that when a proton and electron meet they may 
under exceptional circumstances coalesce their positive and negative 
charges cancel and nothing is left but the energy which, released from all 
constraint, spreads out through the aether as an electromagnetic ripple 
Or, instead of considering the two charges we may fix attention on the 
field of force between them which involves something of the nature of a 
tube of discontinuity in the aether this tube might slip back, healing the 
discontinuity, and at the same time starting a wave of radiant energy 

If this last source of energy is operating the matter of the star will 
gradually disappear The star burns away its mass 

* Cf § 169 where a mixture of 15 hydrogen atoms to 1 iron atom or 21 per cent 
of hydrogen by mass was considered with the idea of accounting for the opacity of 
Capella 
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We shall have to keep in mind the two forms which the hypothesis of 
a subatomic source of energy may take — ^the mild form of transmutation 
of elements and the radical form of destruction of matter The second 
theory leads to a tune scale at least 100 times longer than the first More 
over, they lead to essentially different theories of stellar evolution In 
the second theory the mass of a star changes to an important degree during 
its hfe tune, so that there is an evolution from heavy to light stars — ^from 
bright to famt stars In the first theory the mass remains sensibly constant 
and there is httle scope for evolution, unless mdeed there is loss or gam 
of mass from extraneous causes These differences afford some hope of 
eventually decidmg between the two theories 


205 The rudiments of the idea that the mass of ordinary matter is 
an index of the presence of energy which might conceivably be set free 
can be traced back to 1881 when J J Thomson showed that the electric 
field of a charged body possesses mertia or mass The discovery of the 
electron and the tendency to regard its mass as residmg in its electrical 
field strengthened the behef m large quantities of field energy bound, but 
perhaps not permanently, m the constitution of matter How far' this 
conception had advanced by 1900 may be seen for example in J Larmor’s 
Aether and Matter, Appendix E There the generation of a positive and 
negative electron by rotatmg the waUs of a tube with respect to an inner 
core is described, and the possibility that the walls may ultimately slip 
back anmhilatmg the electrons and releasing the energy is guardedly 
touched on The subject of the intrinsic energy of mattei was made clearer 
and more precise by Emstem who showed the identity of mass and energy , 
that IS to say, mass and energy are the modes m which the same under’ 
lying condition manifests itself in different types of expenment so that the 
gram and the erg are as convertible as the yard and the metre The 
mtrmsic energy of structure of any given mass of matter thus became 
known and speculation naturally arose as to whether some or all of it 
could ever be released and utihsed 


Meanwhile the existence of a store of energy within the atom had been 
orced on our attention in a more practical way m the phenomena of radio 
activity At one tune exaggerated ideas were entertamed as to the cosmical 
mportance of this hitherto unrecognised source of energy it was thought 
to ^ve an immediate solution of the difficulty as to the age of the sun and 
earth In one sense it did extend the age of the earth indefinitely One 
of Lord Kelvm s arguments agamst the long tune scale desired by geologists 
was based on the temperature gradient below the surface of the earth 
Just as m this book we have determmed the heat flowing out of a star 
rom the temperature gradient and opacity so Kelvin determmed the heat 
flowmg out of the mterior of the earth from the temperature gradient 
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and conductivity of the surface rocks We now know that this escaping 
heat IS no more than can be reasonably attributed to the release of energy 
by the radio active minerals withm, so that it is no measure of the rate of 
cooling of the earth Kelvin, however supposed that it represented the 
cooling and calculated backwards to the time when the earth must have 
been molten This direct method of setting a limit to the age of the earth’s 
crust IS no longer tenable 

But it IS not much use extending the age of the earth without extending 
the age of the sun, and here radio activity helps very little It is calculated 
that if the sun were composed entirely of uranium and its products (in 
equilibrium proportions) the radio activity would supply only half the 
sun’s actual rate of radiation the other half must come from unknown 
sources 

With regard to the application of these ideas to astronomy there was 
no temptation to formulate any definite theory so long as the only demand 
was for an extended time scale Some may have speculated on the exist 
ence of elements of more potent radio activity in the stars uranium and 
radium on the earth being the last feeble remnants of an expiring process 
Others were content to know that an ample store of energy existed in the 
stars whatever their composition and there was no pressing occasion to 
decide in which of the possible ways it was being released 

A more intimate contact with the problem seemed imminent in the 
first researches on the radiative equilibrium of the stars in 1916 Then we 
were faced with the question in what manner the source of stellar energy 
IS distributed through the interior If the source were gravitational energy 
of contraction the distribution could be settled But the contraction 
hypothesis was already becoming obsolete so that allowance had to be 
made for the source being probably subatomic But we have shown that 
it IS not necessary in an approximate solution of the problem to make very 
precise assumptions as to the distribution of the source Thus the question 
of the law of release of subatomic energy was shelved for a time 

Reference may here be made to a very mteresting discussion by 
H N Russell* in 1919 which indicated some of the conditions which a 
subatomic source must fulfil in order to satisfy astronomical requirements 
This was perhaps the first sign of serious astronomicalmterest in the subject 
apart from its bearing on the time scale 

In 1920 the researches of Aston establishing the loss of mass occurring 
when the higher elements are formed from hydrogen, gave a new interest 
to the subject It provided a much more powerful source of energy than 
any known radio active change Annihilation of protons and electrons, 
or the disintegration of unknown elements of intense radio activity are 

* Puh Astr Soc Pac 31 p 205 (1919) See also Eddington Observatory, 42 
p 371 (1919) 
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speculative lijrpotlieses these processes may or may not be capable of 
occurrmg But m the formation of hebum we have a process which must 
have occurred at some time and place — and where more likely than in 
the stars where the atoms of primordial matter are for the first time kept 
m close proximity ^ The favourable points of this new hypothesis were 
indicated by J Perrm* and by the wnterf m 1920 But it has also its 
unfavourable points 

Up to this pomt the exact nature of the subatomic source has been an 
mterestmg but not very pressmg problem for astronomers But the results 
reached m Chapter vn render the problem one of urgency Por the past 
50 years stellar astronomy has been guided by successive theories of 
evolution To day we have no theory of stellar evolution pending the 
settlement of the laws of subatomic energy Let us try to see why subatomic 
energy has now become vital On the old theory of evolution from type B 
to M and on the giant and dwarf theory of evolution from giant M up 
to B and down to dwarf M, the star s track of evolution was fixed by 
famihar physical laws The laws of subatomic energy did not gmde the 
star on the magnitude type diagram they settled its rate of progress But 
now there is nothmg left but the conditions of liberation of subatomic 
energy to guide the star, these must determine its track if it is evolvmg 
or its haltmg place if it is stationary^ 

206 I think that the pure physicist may be inclmed to regard our 
discussions of the details of subatomic energy as airy speculation if so 
he greatly misunderstands the position of the astronomer It is not a 
question of unrestrained conjecture remote from observational facts The 
astronomer has any amount of facts to build on and he cannot escape the 
duty of trying to combme the facts into some sort of order To measure 
the rate of radiation of a star is to measure its liberation of subatomic 
energy for if these do not approximately balance the result would be 
evolution on a time scale comparable with that of Lord Kelvm Thus the 
measurement of hberation of subatomic energy is one of the commonest 
astronomical observations, and unless the arguments of this book are 
entirely fallacious we have a fair knowledge of the conditions of density 
and temperature of the matter which is liberating it Moreover, in the 
Cepheids we can study the liberation under periodically changmg tempera 
tuie and density Surely it is permissible to sort these facts mto order and 
consider what laws and theories they may suggest without being held 

* Revue du Mois 21 p 113 (1920) 

t Brit Assoc Report 1920 p 45 

t On the giant and dwarf theory the line of constant meiss was supposed to 
correspond to the track on or near which most of the stars were found Now we 
have learnt that hnes of constant mass run m an entirely different direction so that 
a star left to the old guiding principle would run off the track 
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guilty of vain speculation If our critic possessed in his laboratory similar 
fountains of energy whose output he could measure and whose physical 
state he could calculate, he would not be backward in speculating on the 
processes occurring 

Unfortunately the facts as yet do not fall into satisfactory order, and 
we are still groping for a clue I have no particular theory to advocate in 
the following sections and the general result of the arguments is entirely 
inconclusive But the discussion will brmg out the intricacy and difficulty 
of the subject 


Astronomical Difficulties 

207 Consider the following comparison of Capella and the sun — 

1 Capella liberates 58 ergs per gram per second compared with 
1 9 liberated by the sun 

2 The density of the sun is 620 times the density of Capella 

3 The temperature of the sun at correspondmg points is 4 3 times the 
temperature of Capella 

The first two are immediate results of observation The third is a conclusion 
from the present theory which it is difficult to distrust Now it is generally 
believed that the liberation of subatomic energy, if it depends on tempera 
ture and density at all will increase with temperature and density Why 
then IS there this decreased output in the sun in spite of the apparently 
more favourable conditions^ 

Presumably the answer is that the sun is a much older star, and that 
Capella is drawing on a more prolific source of energy which has become 
exhausted in the sun We may note incidentally that (judging from the 
output) not more than of this original source remains in the sun, so 
that if the sole supply of energy is the conversion of hydrogen to higher 
elements the hydrogen must now be pretty well used up in the sun But the 
mam point is that the interpretation of the astronomical results is likely 
to be complicated by a third factor in addition to temperature and density 
VIZ exhaustion of the supply 

Turn now to the two components of Capella At some epoch a smgle 
star divided and the two components started life with material m the same 
stage of exhaustion By the mass lummosity relation the more massive 
component has radiated more energy per gram and has accordmgly suffered 
greater exhaustion Yet we find now that the more massive component, 
with lower temperature, lower density and more exhausted, is liberating 
more energy per gram than the fainter This is a very awkward paradox 

Several points in this last argument require amplification It has been 
urged that the massive component will take for its share more of the central 
region of the original star where the heaviest and most intensely active 
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elements accumtilate But accordmg to § 195 diffusion is so slow that 
there is no appreciable flow of the heavy elements to the centre In fact 
in the parent star of Capella the heavy elements would probably diffuse 
upwards owmg to radiation pressure It is true that the tendency may 
be for heavy elements to be evolved at the centre, but agamst this we 
have the stirring of the star by the circulatory currents caused by its 
rotation Presumably the rotation of the parent star must have been 
rapid smce otherwise it would not have divided This ob 3 ection might 
possibly be surmounted by the idea of stratified circulation (§199) 
We may turn, however, to wider pairs and groups such as the 
Taurus cluster where the primitive material from which the stars 
separated can have had no very definite central condensation, pairs of 
stars showing the same anomaly as the two components of Capella can 
be picked out Wherever m a coeval group of stars we find the more 
massive stars with the lower effective temperature the paradox arises, 
they liberate more energy per gram at lower temperature and density 
and since they have been doing this through the past their store cannot 
be less exhausted 

It may be suggested that in the close binaries the stars have not yet 
reached a steady state so that we are not justified in inferring the amount 
of liberation of subatomic energy from the radiation of these stars A 
star must reach the state of balance in a period of the order of the Kelym 
time scale, that is to say, about 100 000 years for giant stars If there is 
anything in this suggestion the anomaly should be conspicuous in the most 
recently formed binaries these are presumably the eclipsing variables 
with separation not much greater than the dimensions of the stars It 
appears to be the general rule that in ordinary giant pairs the more 
massive component has the lower effective temperature (as in Capella) , 
but almost without exception this is reversed in the eclipsing variables, 
the fainter and less massive component having the lower surface brightness 
It IS just those stars in which the anomaly would be pardonable which 
fail to show it at all 

208 The foregoing difficulties arise in a comparison of giant stars 
with one another and with a star of the mam series We might perhaps 
hope that an explanation confined to stars of the Tnain scries would be 
a simpler problem to start with There is the great advantage that effects 
of temperature in stimulatmg the liberation of subatomic energy are 
ehmmated since the central temperature is approximately constant along 
the main series The first thing that strikes us is the enormous exhaustion 
effect The liberation per gram by Krueger 60 is of the liberation 
per gram by V Puppis Moreover Krueger 60 has a much higher density, 
it IS not unnatural to suppose that the rate of liberation is proportional 
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to the density , if so, the falling off of intrinsic potency of the material is 

1 1,000 000 

It would be difficult to account for this decline as the result of a single 
process gradually exhausting itself If the process is a single one the amount 
of the source remaining will decrease exponentially with the time or 
perhaps with an acceleration due to the increasing density Thus the time 
between V Puppis (680 eigs per gm ) and the sun (2 ergs per gm ) will be 
much greater than the time between the sun and Krueger 60 (0 08 ergs 
per gm ) It appears then that the duration of the stage dwarf Q to M 
is much shorter than the precedmg stages, but it has always been held 
that the great abundance of these late dwarf stars shows that this stage 
occupies the mam part of the star’s life history We do not necessarily 
suppose that the dwarf stars have all passed through the stage of V Puppis 
the point of introducing V Puppis is to show that the source is capable of 
producing 680 ergs per gm at solar temperature and therefore that less 
than of it remains in the sun Thus in any case the solar stage has a 
much longei history behind than in front of it 

The difficulty can of course, be met by postulating a number of 
different sources, so that the exhaustion does not follow the single ex 
ponential law But that concession gives up the hope of interpreting the 
mam series as a simple phenomenon 

An alternative view of the mam series was suggested in § 122 There 
the source is considered practically inexhaustible but it is only tapped 
at a ciitical temperature of about 40 million degrees The idea is that in 
the giant stage the star uses up various sources of subatomic energy, which 
(although prolific while they last) are soon exhausted It then continues 
to contract until its central temperature reaches 40 million degrees when 
the mam supply of energy is suddenly released this is perhaps the cancel 
lation of protons and electrons, and the greater part of the star’s mass may 
burn itself away in this stage A star on the mam series must keep just 
enough of its material above the critical temperature to furnish the supply 
required, a comparatively small expansion will suffice to decrease the 
supply to any extent required as the star (by diminishing mass) progresses 
along the mam series On this view the energy is liberated near the centre 
of the star and the stellar model approximates to that treated m § 01 

The principal astronomical objection is that such a method of liberation 
of heat gives the star over stability A slight compression of Krueger 60 
would make it liberate as much heat as V Puppis Clearly there would 
be a great rebound from' compression, and oscillations of the star would 
be mamtained and increased According to § 136 over stability occurs 
whenever e increases faster than so that a discontinuous increase at 
a critical temperature is fatal This difficulty of over stability occurs m 
most of our attempts at a theory, because the margin between stability 
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and over stability seems to be very narrow We have seen that there is 
one way of meeting it We can suppose that the dependence of the libera 
tion of energy on density and temperature is not immediate but deferred, 
that IS to say, active material is formed at a rate dependmg on tempera 
ture and density but it has a life of at least several years and yields up its 
energy at a rate mdependent of temperature and density In that case 
the hberation of heat will not vary during short period oscillations but 
will respond to long continued changes of temperature 

But the grave objection to a critical temperature — especially a critical 
temperature so low as 40 000,000°— is that there is nothmg m our current 
physical knowledge of atoms and electrons and radiation to render it 
probable In particular the radiation at this temperature consists of X rays 
of a very ordinary kind and the electrons have speeds such as are common 
m laboratory experiments Only after a very exhaustive ehmmation of 
alternatives would we venture to recommend so revolutionary a hypothesis 


Physical Difficulties 

209 If the astronomical evidence afforded more definite guidance for 
a formulation of the laws of hberation of subatomic energy we should 
still I suppose, have to submit the resultmg theories to the censorship 
of the mathematical physicist It may save waste of time m lookmg in 
hopeless directions if we know m advance the kmd of theory which the 
physicist would condemn as mtolerable But his own position contains 
difiaculties and contradictions and it is doubtful if he is justified m exer 
oismg any rigid censorship 

The difficulty is that from the physicist’s point of view the temperature 
of the stars is absurdly low He regards the stars as practically at absolute 
zero because in regard to nuclear processes 40 milhon degrees is a small 
quantity which it is scarcely worth while to take notice of If hberation 
of subatomic energy occurs freely on the stars, why not on the earth ^ 

As regards laboratory conditions electrons and ions of far higher 
energy than would correspond to 40 million degrees can be studied If 
concentration of energy is required, the stars have the advantage, never 
theless a concentration equivalent to IJ million degrees has been reached 
by Kapitza and by Anderson It is to be remarked however, that the 
radiation released by the subatomic processes would be extremely pene 
tratmg, and even if released m the laboratory would be difficult to catch 
and measure 

The absence of release in the interior of the earth could perhaps be 
explamed by the comparative fixity of the electrons Yet there must be 
considerable numbers of free electrons, as is shown by the thermoelectric 
emission from hot metals 
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The difference of temperature between terrestrial and stellar conditions 
seems quite inadequate to account for any appreciable stimulation of 
transmutation or annihilation of matter and this is the chief ground on 
which censorship of our theories is likely For example it is held that the 
formation of helium from hydrogen would not be appreciably accelerated 
at stellar temperatures and must therefore be ruled out as a source of 
stellar energy But the helium which we handle must have been put to 
gether at some time and some place We do not argue with the critic who 
urges that the stars are not hot enough for this process we tell him to go 
and find a hotter place 

Indeed the formation of helium is necessarily so mysterious that we 
distrust all predictions as to the conditions required The attention paid 
to temperature so far as it concerns the cool ery of the helium atom, seems 
to neglect the adage First catch your hare ’’ How the necessary 
materials of 4 mutually repelling protons and 2 electrons can be gathered 
together in one spot baffles imagination One cannot help thinking that 
this IS one of the problems in which the macroscopic conception of space 
has ceased to be adequate, and that the material need not be at the same 
place (macroscopically regarded) though it is linked by a relation of 
proximity more fundamental than the spatial relation 

According to one line of thought we should only expect liberation of 
subatomic energy on a large scale if the electrons had great speed 
it IS not very clear how the fast electrons are expected to operate but 
there is always the chance that if the electron were endowed with enough 
energy it might do something surprising At stellar temperatures the mean 
speed IS small compared with ^ rays, so that there is not much chance of 
a surprise There must be some electrons in a Maxwellian distribution with 
speeds considerably in excess of the mean, but this makes no great difference 
So far as temperature speed is concerned there will be in the whole of the 
sun only one electron oi ion with an energy as high as 5 10“’^ ergs compare 
this with the energy of the fastest jS particles 30 ergs or of the fastest 
a particles 130 10"*'^ ergs It would seem that there are no particles in a 
star of energy great enough to provoke subatomic processes except, of 
course, those shot out by the processes themselves 

210 If local electric fields are formed by circulation in the interior 
of a star as they are m our atmosphere, it is possible that the electrons 
may acquire speeds higher than the temperature speeds and so work more 
damage In this connection reference must be made to an idea brought 
forward by C T R Wilson* Ordinarily the maximum energy which a 
particle can acquire in an electric field corresponds to the drop of potential 
in its own free path If we start with a slow moving j8 particle m our 

Froc Camb Phil Soc 22 p 534 (1924) 
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atmosphere its speed will increase by the electrical acceleration until it 
happens to ionise an atom that will cause a discontmuous drop followed 
by an mcrease of speed until the next ionisation occurs Even if the net 
result IS at first an acceleration the frequency of the ionisations mcreases 
with the speed so that the brake becomes more powerful and a limitmg 
speed IS reached But for fast moving particles the conditions are different , 
the lonismg power mcreases with speed only up to a certam point and 
then falls If the speed of the particle passes this cntical point it can go 
on increasmg indefimtely since the brake offers less and less resistance 
Wilson suggests that m thunderstorms these runaway particles may 
occur and pickmg up practically the whole energy of the potential drop 
(about 10® volts) they wiH surpass m energy anythmg else that is known* 
Although it IS not clear that an3d;hmg of this kmd could occur m the 
mtenor of a star, it gives food for reflection If local fields, such as occasion 
terrestrial thunderstorms exist m the stellar mtenor an electron gomg 
fast enough to get a good start will proceed with ever dimmishing chance 
of capture or deflection as its speed mcreases under the mfluence of the 
field, so that its free path is greatly extended and it can pick up almost 
unlimited energy It is difficult to admit local fields of strong intensity 
m a star owmg to the high conductivity of the ionised material So far as 
we can judge the electron would have to start with very high speed m 
order to gam rather than lose energy Numencal calculations are not at 
all encouragmg Still if a few high speed electrons started the liberation 
of subatomic energy this energy would itself send off other high speed 
electrons, and m certam circumstances the action mstead of dymg out 
might be regenerative and mamtam or multiply the number of runaway 
particles If anythmg of this kmd is gomg on the influence of temperature 
and density becomes mcalculable, and other factors, more especially 
rotation which is likely to be concerned m causmg local fields, may have 
to be taken mto consideration We leave this suggestion as a conceivable 
alternative, but assume it to have been rejected m the arguments which 
follow 


Dependence, on Temperature and Density 

211 In the foregomg sections we have indicated that the physicist 
has difficulty m admittmg that the rate of hberation of energy can depend 
to an appreciable extent on temperature because stellar temperatures are 
trivial from his point of view Those who have mamtamed this attitude 
have I thmk, been mamly mfluenced by the known characteristics of 
radio activity Dismtegration of radium is a spontaneous event mvolvmg 
the atom as an isolated system, so that density is irrelevant It could be 

* For comp-inson the energy set free by annihilation of e proton and electron 
corresponds to 9 10“ volts 
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stimulated by a field of y radiation of the same frequency as the y rays 
emitted m the dismtegration the amount of this stimulation can be 
calculated from Einstein s equation By (38 5) the emission at temperature 
T IS to the emission at temperature zero in the ratio (1 — e“* -vehere 

V IS the frequency of the y rays At stellar temperatures the increase is 
qmte insigmficant 

This argument does not settle the question because it is limited to one 
mode of release of energy— and that not the mode which an astronomical 
theory is likely to propose We shall first explain why the astronomer feels 
bound to insist on a variation with temperature and density 

If the rate of hberation of energy were mdependent of p and T the 
stars would be unstable For then the energy generated E would be 
mcapable of alteration by any expansion or contraction of the radius 
The energy radiated L is determmed by the mass and (to a comparatively 
small extent) by the radius Suppose that by exhaustion of the source or 
by slight disturbance E becomes less than L Then the energy of the star 
dimimshes at the rate L — E so that it contracts By hypothesis this 
does not affect E, but L increases according to the law L x Thus the 
deficit becomes worse and the star contracts mdefimitely* 

We here assume that L x BT^ or at least as a negative power of B 
It will be remembered that this depends on the exponent n in the law 
k X pjT”' being greater than 3— a condition which although probable 
both from theory and observation is not established as certainly as we 
could wish (§ 150) But if n were less than 3 it would scarcely overthrow 
the argument The quantities E and L are governed by entirely different 
laws each has an observed range of 1 , 000 000 1 in the stars , and evidently 

they would not be equal in a star unless it had some means of adjustmg 
them to agreement Takmg » = 3^ we have shown above that the adjust 
ment is not made by L changing towards E because it would actually 
change away from E lin = 2\,L changes towards E but it cannot change 
by a factor greater than 4 without gomg beyond known stellar conditions 
Thus in either case the mam adjustment must be made by E changing 
towards L 

In order to give the star stability E must increase as the star contracts 
so as to oppose the contraction, i e it must increase with p or T or with 
both This condition was first pomted out by H N Russell The threatened 
instabihty is with respect to a rather long time scale and is not catastrophic 
Unless the star keeps E and L closely balanced it will change density at 

* This argument has been criticised by J H Jeans (Monthly NoHces 85 p 792) 
He objects that since the star with E < Ljs changing its energy it is not legitimate 
to apply equilibrium equations He further states that when E <L the star 
expands It seems to be sufficient to point out in reply that E = 0 corresponds to 
the Kelvin contraction hypothesis 
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a rate comparable with the Kelvm time scale {E = 0) and the subatomic 
energy will fail to achieve the purpose for which it was introduced 

The danger of over stabihty must agam be recalled E has to increase 
with contraction but not much faster than T** or the star will be set 
oscillatmg It seems unlikely that a plausible law can be found between 
such narrow limits so that we prefer to suppose that there is a lag of a 
few months up to a thousand years in the response of E to the changed 
conditions The response must be rapid enough to save a giant star from 
collapse 

The second reason for denying that E is independent of p and T is 
that the assumption would make LjM solely a function of the age of the 
material It supposes that the material has gone on degenerating at a rate 
independent of physical conditions past and piesent so that its stage of 
exhaustion is determined solely by its age The question what zero the 
age is to be reckoned from remams unanswered We cannot fit the 
astronomical facts into so cast iron a rule as was shown in § 207 It is 
true that the admission of a dependence on p and T has not helped us 
far forward m reconciling the facts but it does leave us free to explore 
further mstead of commg to a blank wall of contradiction 

The result that E mcreases with contraction of the star sometimes 
enables us to ehminate one of the variables p and T m a comparison For 
example, imagine the material of Capella to be slowly compressed until 
it reaches the temperature of the sun Then since pec the density 
becomes ^ that of the sun We have now the comparison that at the same 
temperature the material of Capella emits more than 30 times as much 
energy per gram at a density ^ that of the sun 

Since the dependence on T may be very complicated, whilst the 
dependence on p is expected to be fairly simple we can get a clearer idea 
of the exhaustion of the solar material in this way 

212 We shall tiy to classify the possible ways in which we think that 
€ (the liberation of energy per gram) might depend on p and T 

To begin with, a nucleus must be concerned in the emission If nothing 
else IS concerned the emission by the nucleus is independent of the 
statistical state of the system and e is mdependent of p and T (It is 
possible that the structure of the nucleus may be modified by temperature 
and density, that is to say, nuclei of different kinds may be evolved in 
different physical conditions , but in that case we regard the emission as 
a consequence of the event which creates the radio active nucleus, and it 
falls under one of the succeeding alternatives ) 

If, in addition, something extraneous to the nucleus is concerned, this 
may be (1) a bound electron (2) a free electron (3) the field of radiation 
Two nuclei may also be concerned although their repulsion tends to keep 
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them apart, somehow or other the assemblage of four hydrogen nuclei 
m the helium atom must be contrived, but this is too mysterious a problem 
for us to tackle 

(1) If an electron bound to the nucleus is concerned, the law maybe 
very complex For instance the condition might be that the electron 
describes an elhpse which grazes the nucleus at pericentron This involves 
excitation in a high quantum orbit and depends m a comphcated manner 
on T and p acoordmg to the formulae m Chapter m 

(2) If a free electron is concerned the law seems to be e oc pT~^, for 
this expresses the frequency with which electrons hit the nucleus (§ 170)* 
The decrease with T is due to the tracks of fast electrons bemg less bent 
towards the nucleus The nature of the collision cannot be appreciably 
affected by temperature, because the kmetic energy of the electron when 
in contact with the nucleus is due almost entirely to the potential there 
of the order 3,000 000 volts, the extra 1000 volts (variable according to T) 
which represents the mitial energy cannot make much difference Hence 
for similar nuclei, the emission will be simply proportional to the frequency 
of colhsion Exhaustion effects can be provided for by supposmg that m 
some nuclei the protons are better guarded from attack than m others 

(3) If radiation is concerned it presumably acts by stimulating the 
emission as provided for in Emstem’s equation, and the stimulation is 
qmte mappreciable It must not be overlooked that there is no logical 
justification for applying Emstein’s equation to a process involving the 
anmhilation of matter for that equation implies that the converse process 
(creation of matter) can occur and that it accords with the second law of 
thermodynamics Either of these propositions may be denied without 
strikmg too heavily at our sense of the fitness of thmgs 

213 Since our arguments seem to lead to a deadlock, and no sug 
gested way of escape appears very invitmg, we must hold all the inferences 
imder suspicion for the present But one point seems to have emerged 
clearly ISTo theory wiU fit the astronomical facts unless it admits of 
exhaustibility of the source of energy 

At first sight the exhaustibihty of the source seems opposed to the 
h3rpothesis that it is due to anmhilation of protons and electrons, for it 
IS difficult to see why protons and electrons should ever get tired of 
destroying one another But the argument may be turned the other way 
If we agree that the sun’s low rate of supply is due to exhaustion, we 
are almost forced to suppose that a star changes mass considerably as it 
grows older For suppose that the sun has always had its present mass 
and therefore practically its present rate of radiation There must have 
been a time when its material was fresh like that of Capella, and the sun 

* A speculation which evades the law e oe pTHl has been mentioned m § 210 
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must have been in this stage much longer than Capella since (owing to 
low mass) it could only use up the supply at the rate To slow down 
€ to the value balancing radiation it must have been g'^eatly expanded as 
compared with its present dimensions Why then do we not find stars of 
mass 1 in this early long enduring diffuse stated The answer seems to 
be that the numerous stars now of mass 1 were not born with mass 1 but 
with the higher masses which are found in a diffuse state The star cannot 
radiate any considerable fraction of its mass without annihilating matter, 
so that this process (rather than transmutation of elements) seems to be 
indicated though it is, of course, conceivable that there are other ways 
by which a star can lose mass as it grows older 

The theory of annihilation of matter is more fertile in astronomical 
consequences than the other forms of the subatomic theory, and for this 
reason alone it seems worth while to follow it up in detail We shall not 
be greatly concerned with how the annihilation is accomplished, but it 
may perhaps be well to have a scheme in mind I do not think it is done 
by free electrons directly hitting protons in the nucleus and performing 
a ]oint suicide, because this seems to lead to the cast iron law e oc 
and (since there is no time lag) to over-stability* It is preferable to 
suppose that the process consists in evolving certain kinds of nuclei which 
are self destroying The destruction occurs spontaneously some time after 
the formation of the nucleus Perhaps also at the same time refractory 
nuclei are evolved so that the star gradually accumulates some material 
safe from annihilation the purpose of introducing the last conception is 
to provide a residuum to pass on to the white dwarf stage We suppose 
that very little mass is lost m the giant stage the earlier subatomic 
processes bemg either transmutation of elements or a small scale rehearsal 
of the great development which appears to set in at 40 000,000° 


Radiation of Mass'\ 

214 In § 14 we concluded that radiation pressure was concerned in 
limiting the amount of matter gathered together to form a star, the actual 
masses of stars falling within the range in which radiation pressure rises 
from insignificance to predominance It is now desirable to scrutinise the 
figures more closely If we are right in believing that the mass of a star 
is gradually burnt away, the proper masses to consider in this connection 
are those of stars in the earhest most diffuse stage The clear separation 

* This law however is only just beyond the dividing line and perhaps a more 
accurate calculation would negative the over stability 

t Any radiation is radiation of mass But by the hypothesis of radiation of 
mass we mean the hypothesis that a large proportion of the star s mass is lost in 
this way during its life time 
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of giants and dwarfs in tj^es K and M shows that there is a lower limit 
of mass below which stars are rarely if ever formed 

Por example we take the statistics given in Adams and Joy’s deter- 
mination of spectroscopic parallaxes of 500 stars* Omittmg one or two 
outhers the giant stars of type M are comprised within a range — 0“ 6 to 
+ 2“ 5 visual, correspondmg to - 2m 3 to -b 0“i 7 bolometric The masses 
accordmg to Table 14 are therefore between 115 and 3 5m terms of the 
sun as umt Below this there is a clear interval with no M stars until 
we reach the dwarfs begmnmg at absolute magnitude 9 “ 5 visual, corre 
spondmg to mass 0 5 Stellar masses between 0 5 and 3 5 are extremely 
common, but none are found m the M stage If stars were born with these 
masses they would have to pass through the M stage on then way to the 
less diffuse condition m which we find them It seems fan to conclude that 
3 5 IS ordmanly the lower limit of the mass of a star at bnth, and that 
lower masses can only occur after the star has already reached consider- 
able age and density 

We can perhaps improve on the above limits by using later and more 
abundant material We shall take the giant stars of types O^to K 2 m. 
a list of 1600 spectroscopic paraUaxesf The number of stars is greater 
and the various reductions are better determined than for the M type, 
the loss of mass before reaching this stage must be very small The mean 
magmtude of 287 stars is -f 1“ 01 and the observed average deviation is 
± 0 “ 69$ Allowing for the probable error of the determinations the actual 
average deviation is found to be ± 0 “* 59 The mean magnitude corresponds 
to mass 3 6 and to 1 — ^ = 0 25 The average deviation corresponds 
roughly to a factor 1 22 in mass and to ± 043 in 1 — yS 

So far as we can judge the spread m magnitude is a Gaussian distnbu 
tion If that IS so, we obtam the following table where the first column 
gives the percentage of stars brighter than the magmtude in the second 
column 


Table 40 

Omni Stars 0 8 — K 2 


Percentage 

Vis Mag 

Mass 

l-i3 

5 

- 

0 21 

65 

35 

15 

+ 

0 24 

47 

31 

50 


1 01 

36 

25 

85 

+ 

1 78 

28 

20 

95 

+ 

2 23 

24 

17 


* Aatrophys Journ 46 p 334 

t Adams Joy and Burwell Astrophys Joum 53 p 13 
t Eddington and Douglas Monthly Notices 83 p 115 
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This does not give the exact proportion of stars born with masses within 
the assigned limits because the number found between G 8 and K 2 
depends also on the rate of evolution at this stage which is likely to depend 
on the mass 

215 It appears then that initially the ratio of radiation force to 
gravitation is usually between 0 17 and 0 35 — the former representing a 
value too feeble to prevent the aggregation of material round a stellar 
condensation and the latter being so high as decisively to prevent accumu 
lation under ordmary circumstances These values seem to be of the right 
magnitude for the effect attributed to them We can make a comparison 
with centrifugal force which creates instability when its maximum value 
reaches of gravitation 

The foregoing results are for molecular weight 2 11 which probably 
applies nearly enough to stars in a visible stage We may ask how have 
the stars tided over the period when they were of extremely low density 
and low temperature^ lomsation would then be less, molecular weight 
and radiation pressure would be considerably greater I think the answer 
IS that radiation pressure does not m itself break up the mass but only 
renders it more liable to break up under other disturbances Probably 
the peril to the star does not become serious until it is moderately con- 
densed — until for example its rate of rotation has increased by contraction 
The existence of so many close bmaries shows that stars which have 
weathered the earlier stages become disrupted at higher concentration, 
so that the critical period for a star must not be placed too early m its 
history 

We conclude that the relation of stellar masses to the critical range of 
values of radiation pressure favours the view that a star loses mass with 
advancmg age since the accordance is much closer if the original lower 
limit of mass is that of the diffuse giants (about 2 4) than if it is that of 
stars of all ages (about 0 2) 

216 The rate of loss of mass by radiation is given by 



If the effective temperature remams constant we have by (99 2) 

Loc lf^(l - (216 21), 

or, if the central temperature remams constant by (99 1) 

ioc Jkf (1- (216 22) 

Since the second condition is fulfilled on the mam series we shall employ it 
It wiU make the early giant stages relatively too short by a factor 2 or 3, 
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but that IS scarcely important m the present estimates of duration By 
(216 1) and (216 22) ^ 

dt = — C - 


(1 - jS)2 M 

where (7 is a constant We have seen (§ 204) that for the sun 

— M =15 10^® years 

and 1 — /S = 05 Hence G = 4 0 10^® years 
Differentiating the fundamental quartic (84 6) 


(216 3), 


Hence 

so that, integrating 




dM 4dfs 

M ~ jS 

(216 4) 

((1 - ;8)2 + 1 - ^) 

(216 5) 


We obtain from (216 5) the following table — 


Table 41 

Duration of Stages of Evolution 


Abs Bol Mag 

Mass 

Duration 
(10^® years) 

< - 50 

CX5 to 35 

38 

- 6 0 to - 2 5 

35 to 10 

6 6 

- 2 6 to 0 0 

10 to 3 7 

21 4 

0 0 to + 2 6 

3 7 to 1 73 

93 

+ 2 6 to + 5 0 

1 73 to 0 92 

521 

+ 6 0 to + 7 6 

0 92 to 0 63 

3630 

+ 7 5 to + 10 0 

0 63 to 0 31 

28100 

+ 10 0 to + 12 5 

0 31 to 0 18 

219000 


217 If the stellar system is a mixture of stars of all ages and if the 
stars run through the whole course, the number of stars in any range 
should be proportional to the duration of the range Thus the numbers in 
the last column should represent the lummosity function i e the frequency 
of stars within the given limits of absolute magnitude The figures in the 
early part of the table will be much too high since very few stars start at 
the largest masses, but at mass 2 5 nearly all the competitors have started, 
so that below -l- 2 0 we may expect agreement with the lummosity function 
Since the fainter stars are increasingly red due allowance for the average 
difference of visual and bolometric magnitude should be made in any 
comparison 
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Unfoitunately we have not much observational knowledge as to the 
course of the lummosity function beyond + 8^, but in the range from 
0 0 to +75 the figures 93, 521, 3630 represent about the right rate of 
increase and it is now agreed by Seares, Luyten, Malmquist and others 
that there is evidence of an increasmg number of fainter stars 

The enormous difference of age of the giant and dwarf stars is very 
striking The table shows that a star of mass 2 cannot be older than 10^^ 
years however great the mass with which it originally started and a star 
of mass 0 5 must be at least 40 10^^ years old unless it is one of the very 
exceptional stars startmg below mass 2 5 This does not apply to the 
components of double stars which skip a great many billion years by the 
fission In certain cases this essential difference of age may create a 
difficulty For example, in a compact system, such as a globular cluster, 
we can scarcely expect to find a mixture of greatly different ages It is 
therefore interesting to note that globular clusters are suspected not to 
have their full complement of faint stars ^‘Shapley believes he has re 
corded the faintest stars existmg in the globular cluster ilf 22 and there 
are indications that the lower limit of brightness has also been approached 
m the Hercules cluster Jf 13 In both of these systems stars of solar bright 
ness appear to be relatively infrequent If this is substantiated it is 
strong evidence for the hypothesis of diminution of stellar mass for in the 
globular clusters we seem to have an ideal opportunity of studying coeval 
stars 

I believe that Shapley’s later opmion does not stress so much the lack 
of dwarf stars in globular clusters He has pointed out to me that such a 
system as the Taurus cluster seems fatal to the theory of radiation of 
mass for there we certainly have dwaif s and giants together The presence 
of the giants sets a limit to the age of the system, and within this time 
limit the numerous dwarfs cannot have been evolved from appreciably 
higher masses by radiation of mass 

On the other hand Hertzsprung has pointed out to me that in the 
Taurus cluster Praesepe, and other coeval groups there is strong support 
for Shapley’s original statement that stars of solar brightness have not 
by any means their usual relative abundance and that there appears to 
be a definite lower limit of brightness of the cluster stars It certainly 
looks as though the fainter stars are missing because the clubter has not 
existed for a time sufficient to evolve them The situation is that qualita 
tively the clusters confirm the theory of radiation of mass m a rather 
striking way, whilst quantitatively they contradict it brusquely Perhaps 
m the crude stages of a theory qualitative evidence is more significant 
than quantitative 

The argument in § 214 that the dwarf stars are evolved from stars of 
* Mount Wtlson Report 1920 p 343 
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larger mass seems too strong to be overthrown If the evidence of the 
Taurus cluster and similar coeval groups compels us to give up the theory 
of radiation of mass, we must presumably find some other method by 
which a star can change its mass Some attention is given to this alterna 
tive in Chapter xin, §§ 266-7 but it does not seem likely to provide an 
escape from our difficulty 

218 It has been pointed out by H Vogt* that if the components of a 
double star radiate away their masses the mass ratio must tend to approach 
unity as the system grows older In proportion to its mass the heavier 
star loses more than the light star Data for 93 stars collected by Vogt 
tend to confirm this effect the average mass ratio progressing towards 
unity for the systems considered to be furthest advanced in evolution 
Allowance must be made for selection effects especially when it is remem 
bered that the earlier systems are generally spectroscopic and the later 
systems visual binaries , but we see no reason why dwarf systems of types 
K and M with large mass ratio should escape observation and we think 
that Vogt has made out a fair case 

By a discussion of 342 double stars (the mass ratio being inferred from 
the differences of luminosity) G Shajnf has shown very conclusively that 
in giant systems the component with higher effective temperature has, 
in general the smaller mass, whilst in dwarf systems it has the larger mass 
the difference of mass increasing with the difference of spectrum The 
two cases are combined in the statement that the less massive component 
IS further advanced in the Russell Hertzsprung scheme of evolutionj A 
similar phenomenon is shown in globular clusters where the most luminous 

Table 42 

Mass Ratio and Difference of Type 


Giants 

Dwarfs 

Diff of 
Spectrum 

Mass ratio 

No of 
Systems 

Dift of 
Spectrum 

Mass ratio 

No of 
Systems 

0 0-0 4 

0 88 

78 

0 0-0 4 

0 88 

65 

0 5-0 9 

72 

12 

0 5-0 9 

85 

16 

10-14 

66 

33 

1 0-1 4 

70 

15 

15-19 

02 

20 

1 6-1 9 

63 

12 

2 0-2 4 

45 

18 

2 0-4 5 

35 

4 

2 5-2 9 

56 

9 




3 0-4 5 

37 

9 





* Zeits fur Phys^h 26 p 139 t Monthly Notices 85 p 245 

X As stated in § 207 the close eclipsing binaries almost without exception follow 
the opposite rule These may be recently formed systems which have not yet reached 
a balance of L and JS 
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(most massive) stars are in the earliest diffuse stages The uniformity 
appears to indicate evolutionary progress But it has always been difficult 
to understand why the smaller mass should evolve more rapidly than the 
greater every circumstance seems to be against it Although it does not 
radiate away its source of energy so fast, yet after the same lapse of 
time it has reached higher temperature and density as though it were 
endeavouring to stimulate a faihng supply 

Table 42 exhibits Shajn’s results In the column ''Difference of 
Spectrum’’ 0 1 represents one tenth of a type 


219 The effect of radiation of mass on the orbits of binary stars has 
been discussed by J H Jeans and W M Smart* Bor simplicity consider 
two equal masses A star does not receive any kick from its own radiationf 
consequently the orbit is the same as that of a star of constant mass under 
the attraction of a centre of force of gradually diminishing strength The 
equation of the orbit is thus 






where Ti is constant and fx diminishes with the time accordmg to the same 
law as the masses Since , « 

(1 - 

where a and e are the elements of the instantaneous ellipse, we have 

Ma (1 — e^) = const 

The latus rectum of the orbit increases in proportion as the mass diminishes 
In studying binary stars it is difficult to resist the impression that there 
IS an evolution of wide pairs from close pairs The relations of type, 
separation and eccentricity suggest that the components recede from one 
another in the course of time But no cause is known which can increase 
the separation to more than a limited extent Radiation of mass does not 
help very much The latus rectum of a system with masses now equal to 
the sun cannot have increased more than tenfold unless the masses were 
origmally more than 10 times the sun’s mass — a very rare occurrence 
Since a tenfold increase by no means meets requirements the discussion 
affords no particular support for the theory of radiation of mass 

Jeans further points out that the law that the separation of the stars 
increases in proportion as the masses dimmish is roughly true of more 
complicated systems e g clusters If the stellar system consisted wholly 
of dwarf stars we could argue that its linear dimensions must have ex- 
panded say fivefold smce these were first formed as giants The presence 

* Monthly NoUces 85 pp 2 423 

t Note that angular momentum is lost by the system Each component can be 
compared to a ship firing guns equally fore and aft the velocity is unaffected but 
momentum is reduced by the loss of the shells 
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of many giant stars m the system complicates the problem, since it becomes 
impossible to treat it as a single coeval cluster 

Jeans considers that his cosmogomc theories requir^^ or at least render 
desirable a greater concentration of the stars in the early history of the stellar 
system he had indeed postulated this m some of his investigations before 
the foregoing explanation of the expansion of the system was proposed 
In particular he welcomes the very long time scale and the closer concen 
tration of the stars in the past as rendering more probable the event which 
he is forced to postulate as the origm of the solar system, viz the close 
approach of another star to the sun This provoked the subtle reply that 
since we know that this event occurred within the last 10^® years there 
IS not much gain in rendering it more probable in a distant past when it 
did not occur To this it may fairly be answered that the 10^^ years is the 
interval between the event itself and a direct consequence of the event 
(viz the evolution of beings capable of speculating on it) and does not in 
any way serve to date it in the evolution of the universe But the argu- 
ment IS double edged, as the time relation between the event and its 
consequence does not date it so the place relation between the event and 
its consequence does not locate it and if we locate neither time nor place 
— ^if we consider the probability of the event happening not to the sun 
10^^ years ago, but somewhere in the stellar system at some time — ^it 
already becomes highly probable without an extension of time limit by 
the aid of the hypothesis of radiation of mass 

220 We attempt to sum up the arguments for and against the hypo- 
thesis of radiation of mass, i e radiation of a considerable fraction of a 
star’s mass during its life time 

1 Unless we admit the hypothesis the time scale is somewhat cramped 
though it cannot be definitely shown to be inadequate 

2 It appears to account satisfactorily for the relative numbers of 
stars between different limits of brightness 

3 It appears that very few stars are born with masses below 2 5, so 
that most dwarf stars must have lost a great part of their original mass 
The radiation of mass is a natural explanation of this loss though perhaps 
not the only explanation 

4 On this hypothesis the age of dwarf stars of types (? to ilf is vastly 
greater than the maximum possible age of a giant star The presence of 
giants and dwarfs together in clusters of coeval stars is a most serious 
objection to the theory On the other hand dwarfs of small mass although 
present are not so overwhelmingly abundant as in ordinary regions of the 
stellar system 

5 It has certain consequences of interest in the evolution of double 
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stars but nothing very favourable or unfavourable to the theory has been 
found, except that it predicts correctly that the mass ratio progresses 
towards unity as the evolution advances 

6 The uniformity of the mam series comprising the great majority 
of the stars suggests that there is a simple mode of liberation of energy 
tapping an enormous store, in contrast to the rapidly exhausted supplies 
used during the giant stage 

7 Great difhculties arise m relating the rate of liberation of energy 
to temperature density, and exhaustion of the source, but since these 
affect every proposed source of subatomic energy there must presumably 
be some way out of them 


Transmutation of Hydrogen 

221 We sum up similarly the reasons for and against the transmutation 
of hydrogen into helium or higher elements as the mam source of stellar 
energy 

(1) It IS the only process known to occur or to have occurred which 
would be capable of providing sufficient energy and is therefore less 
speculative than other suggestions 

(2) Unless the initial proportion of hydrogen m a star is unduly large 
the length of life of the star is only barely sufficient 

(3) If the low value of € in the sun as compared with Capella and 
V Puppis is held to be due to exhaustion — and it seems impossible to 
explain it otherwise — ^the sun must very nearly have exhausted its stock 
of hydrogen and its future life will be short The hypothesis thus extends 
the Kelvm time scale where extension is least needed, viz in the early 
infrequent types, and does not extend it sufficiently for the dwarf G to M 
stages which include the great majority of the stars 

(4) The transmutation of elements is virtually a single source of 
energy since there is very little further release of energy after helium has 
been formed The phenomena of giant stars and the mam series seem to 
mdicate that at least two sources are tapped successively 

(5) Part of the attraction of the hypothesis is lost if it is not accepted 
in its complete form that the formation of the elements (hydrogen nuclei 
being reckoned as unformed primordial matter) begins with the condensa 
tion mto stars Besides the occurrence of advanced elements (Ti Zr, etc ) 
m very early stars and of light elements (He C) m the diffuse nebulae, 
the evidence of the theory is strongly against admitting a large proportion 
of hydrogen in early stars 

(6) We should say that the assemblage of 4 hydrogen nuclei and 
2 electrons to form the helium atom was impossible if we did not know 
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that it had occuired This is perhaps m favour of the hypothesis, since 
the difficulties of detailed apphcation become of minor importance We 
can scarcely prescribe limits to what can be performed by a process before 
we see how the process can be possible at all 

(7) Apart from effects depending on the presence of hydrogen in early 
stars the theory leads to no mterestmg astronomical consequences In 
particular the change of mass is insignificant and unless the star can gain 
or lose mass from other causes there is no evolution from bright to faint 
classes of stars 

No ( 5 ) may be explained a little further W e have shown that admixture 
of a large proportion of hydrogen considerably lowers the radiation 
pressure (1-/3) and the brightness of the star The lowered value of 1 — ^ 
would altogether spoil the general agreement between the masses of stars 
and the critical range of radiation pressure In fact radiation pressure 
would lose most of its importance in this subject Further since the 
proportion of hydrogen must on this hypothesis diminish with the age of 
the star the luminosit^^ would be lowered by a variable factor and we 
should not have the uniform relation of luminosity and mass which the 
observations appear to confirm It was shown in § 168 that a proportion 
of 20 pel cent of hydrogen in Capella would bring the astronomical 
opacity into agreement with Kramers’ theory But this is no improvement, 
since the sun and other late stars with very little hydrogen left (according 
to No (3)) would remain outstanding Whatever cure is suggested for the 
discrepancy of Kramers’ theory it should be one that is applicable to all 
stars alike 

The hypothesis that the source consists of unknown elements of intense 
radio activity requires no long discussion Since radio activity is inde 
pendent of density and (practically) of temperature the stars would be un 
stable In other respects it is an arbitrary hypothesis which can be adjusted 
to fit any facts we like — assuming a sufficient variety of these provided 
sources It seems objectionable to have to postulate an initial supply of 
complex unstable elements dating before the beginning of the star’s life 
and formed presumably in the nebula it is more reasonable to suppose 
that the ordinary radio active elements are synthesised in the stars and 
are therefore a source of loss not of gam of available energy 


Mode of Conversion of Subatomic Energy 

222 If an atom of helium is formed from hydrogen at a single process 
the energy released must be a quantum Since the energy represents 
032 of the mass of a hydrogen atom the radiation will be of frequency v 
given by the relation 


032hc^ = liv 



316 


THE SOURCE OF STELLAR ENERGY 
The frequency is 7 3 10 ^^ and the corresponding wave length 

A= 00041 A 

If there is a succession of processes the frequencies of the quanta v ill be 
smaller but of the same order of magnitude 

We may also assume that if an electron and proton anmhilate one 
another the released energy constitutes a quantum This conclusion is not 
strictly justified unless there exists some counter process by which radiation 
can spontaneously generate electrons and protons — an assumption carry 
mg us mto realms of speculation that are perhaps better avoided If the 
counter process exists a state of eqmhbrmm can be reached, and by the 
second law of thermodynamics the distribution of radiation m this state 
must be the same as that given by all other interactions of matter and 
radiation accordingly Planck’s law holds and the radiation must be bound 
and released m smgle quanta But I suppose that those who have imagined 
a reformation of waste radiation into matter have done so rather with a 
view to evading the consequence of the second law of thermodynamics 
that the world is running down, and it is not very logical to apply the 
second law to a process mtended to get round it 

Assummg that the quantum relation holds it gives for the annihilation 
of an electron and proton 2 

= hVy 

so that X = 0000131 A 

To justify either of these theories of the source of stellar energy we 
must satisfy ourselves that the star contains the necessary mechanism 
for transforming this high frequency radiation mto a normal form of 
energy Until recently this constituted a difiiculty Being so far above the 
K frequency of any material its chance of lomsmg an atom is exceedmgly 
small The second of the two quanta above calculated would probably 
travel right through the star— and to the end of the world— with nothing 
to absorb it and utihse it This difficulty has been resolved by the dis 
covery of the Compton effect m the scattermg of radiation ( § 52) Although 
the scattermg coefficient dimmishes for radiation of very high frequency 
It does not faU off with great rapidity as the absorption coefficient does’ 
The subatomic radiation wiU be scattered after a path short compared 
with the radius of the star The Compton effect increases the wave length 
by 024 (1 - cos d) Angstroms whenever the radiation is scattered through 
an angle 9, the increase bemg independent of the ongmal wave length 
The first considerable deflection will accordmgly bnng the energy down 
to 7 rav status and after that there is no difficulty m its further transmuta- 
tion The greater part of the energy is, however no longer m the scattered 
ray but Jaas been handed over to the electron which scattered it This 
recoils with enormous energy which it proceeds to distribute through the 
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material by the ordinary processes of collision There is thus suitable 
mechanism for the conversion of the released energy into utilisable form 


Penetrating Radiation from Interstellar Space 

223 The wave length 0 0004 A of the radiation released in the forma 
tion of helium from hydrogen is much shorter than that of known y rays, 
and the radiation should be distinguished by greater penetrating power 
A very penetiatmg radiation is known to exist in our atmosphere ap 
parently entering it from outer space It has been suggested that this 
may originate from the transmutation of elements in the stars and 
nebulae 

The penetrating radiation can be detected in the following manner 
An ionisation chamber is surrounded by a shield of heavy metal sufficiently 
thick to protect it from all ordinary radiation outside, and the rate of 
production of the ions is measured Whilst there may be a constant pro 
duction of ions due to radio activity of the innei part of the walls any 
change in the rate must be attiibuted to radiation from outside which 
has succeeded in penetrating through the walls Experiments are made at 
different altitudes, in ice caverns and below the surface of mountain lakes 
and the change in the quantity of radiation penetrating the walls is 
measured It appears that the radiation travels downwards from the sky 
because the ionisation is reduced accordmg to the amount of atmosphere 
ice or water above the apparatus 

The absorption properly so called of this ladiation must be exceedmgly 
small and practically it can only be stopped by scattering Once scattered 
it IS done with smce it loses its penetrating power by the Compton effect 
Hence there is no backward scattered beam of penetrating radiation, and 
the intensity diminishes downwards accordmg to the usual exponential 
law of absorption 

Scattering depends only on the number of electrons in the material, 
which IS practically proportional to the mass It is convenient to keep in 
mind that the stopping power of the whole atmosphere is roughly equi 
valent to 10 metres of water or ice or to 1 metre of lead Such a screen is 
sufficient to reduce the intensity considerably, but not to exclude the 
radiation entirely 

In this piovisional discussion we follow the results of W Kohlhorster 
whose experiments were made on the Jungfrau It should be stated, 
however that R A Millil^an, who has experimented at high altitudes in 
the United States, has obtained somewhat different results and I under 
stand that he is not in agreement with Kohlhorster’s conclusions It is 
not for us to judge which is right, but smce our only reason for treating 
of this radiation is its supposed extra terrestrial origin we must tentatively 



318 


THE SOURCE OF STELLAR ENERGY 


follow the authority whose experiments appear to demonstrate extra 
terrestrial origm* 

Kohlhorster compared the ionisation when the apparatus was exposed 
in the open and m an ice cavern whose roof cut off the radiation from above 
He found that the intensity did not depend on the altitude of the sun 
Hence the sun is not the source of the radiation Maxima were found to 
occur when the Milky Way crosses the zenffh the greatest depth of the 
stellar system is then overhead 

It must be realised that there is no possibility of the radiation coming 
from matter at a high temperature — ^high m the astronomical sense All 
the matter of the universe at temperature much above 100,000° is securely 
tucked away behind screens of stoppmg power much greater than a metre 
of lead and none of its penetrating radiation can escape into the open 
Hence our choice is between the photosphenc layers of the stars, the bright 
and dark gaseous nebulae and the general unaggregated matter diffused 
through space As regards temperature there is not much to choose be 
tween these, the temperature of diffuse matter in space is probably above 
10,000° The chief theoretical objection to nebular origin is the low density 
which one might suppose, would hinder the collection of material for 
atomic combmation 

224 To examine further the question of nebular or stellar origin 
consider a column of 1 sq cm section extending to the limits of the stellar 
system Let a be the mass contamed in it with the proviso that only the 
first kilogram is to be counted since that would effectively screen any 
radiation emitted behind it The limit will operate if the column intersects 
a star, but in general not otherwise Divide the integral of o* with respect 
to solid angle into four portions correspondmg to (1) the sun, (2) the stars, 
(3) bright and dark nebulae, (4) apparently clear regions If all matter 
liberated the radiation equally the amount due to each of these sources 

would be proportional to their respective shares of j^crdco 

It IS not very certam in what order of importance the four sources 
would be placed by this criterion but I should be inclined to adopt the 
order (3) (1), (4), (2) There can be little doubt that (2) comes last The 
amount of matter diffused through space is likely to be comparable with 
the mass of the stars and it all counts in (4), whereas only a thin surface 
film of each star counts m (2) The sun occupies gQ— of the sky so that 
if the radius m a clear region meets more than 2^00 cm 

* [More recently Millikan has announced the results of a reinvestigation of the 
penetrating radiation by himself and H Cameron in the summer of 1925 He is 
convinced of its extra terrestrial origin The absorption (scattering) coefficient is 
found to be 0 18-0 3 per metre of water (Proc Nat Acad iSc^ 12 p 48 (1926)) ] 
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( 4 ) will be more important than ( 1 ) the density of mterstellar matter may 
be somewhere about this limit Dark and diffuse nebulae occupy large 
tracts of the sky and must be considerably denser than ordmary inter 
stellar matter so that (3) ranks above (4) and perhaps above ( 1 ) We 
take it that the empirical relation of the intensity of the penetrating 
radiation to the position of the Milky Way shows that it is unnecessary 
to consider sources outside our own galactic system 

Owing to the uncertainty in placing ( 1 ) we cannot say whether the 
absence of dependence on the altitude of the sun means that the sun is 
deficient as a source of penetrating radiation compared with the nebulae 
or whether it is accounted for by a smaller integral of odco The integral 
for the stars is to that for the sun roughly in the proportion of starlight 
to sunlight so that it is very unlikely that the stars contribute much It 
has been suggested that the younger stars are responsible for this radiation 
if so, their emission must be exceedingly fierce moreover, we should only 
receive the radiation from the surface layers which are at low density and 
temperature — conditions not so widely differing from the sun as to suggest 
greatly enhanced activity 

This then points to the nebulae as the source of the radiation assuming 
it to be extra terrestrial If further, we consider that its penetrating power 
proves that it is of a frequency too high to come from other than sub- 
atomic sources we must regard it as a sign of subatomic processes (evolu- 
tion of elements ^ ) occurring in the nebulae That is why we have considered 
the phenomenon here as possibly of astronomical significance All our 
preconceptions tend to regard the nebulae with their exceedingly low 
density and (relatively) low temperature as most unfavourable for sub 
atomic transformations of this intense kind But our preconceptions have 
certainly had little success in explaining stellar evolution and we are very 
ready to remodel our ideas if sufficient evidence is forthcoming If we 
admit that evolution of the elements occurs in diffuse matter it becomes 
easier to understand the occurrence of helium and some other elements 
m the diffuse nebulae, of calcium and sodium in interstellar space and 
of rather advanced elements in the reversing layers of the youngest 
stars 

A numerical calculation, whilst uncertain m its details, will give 
an idea of the cosmical magnitude of the phenomenon Divide the mass 
of the universe into two portions, viz ikfi which m%glit be the source of 
the radiation and which cannot be the source Approximately is 
the mass of the nebulae and diffuse matter and the mass of the stars , 
a thin shell from each star should be transferred from ilfg to ilfi but this 
can be neglected Let and eg the average rates of liberation of sub 
atomic energy in Afi and Then represents the total radiation of 
the stars We shall find (§ 256) that at an average point in space -¥ 3^2 
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gives a total flax of 7 7 x 3 10^^ = 023 ergs per sq cm per sec 
Hence the flax of penetratmg radiation derived from Mi is 

M f: 

023 ergs/cm ^ sec 

The qaantam for the formation of heliam is 4 8 10“® ergs, and in any 
case the penetrating power of the radiation shows that its qaantam is of 
this order of magmtade Hence the flux is 

M € 

500 qaanta/cm ^ sec 

in 2^2 

Since this flux is considerably reduced in passing through oar atmosphere, 
we take the reciprocal of the absorption coefficient to correspond to 
5 km of air Then the amount absorbed in 1 ca cm per sec is 

10“® quanta 

For such penetrating radiation the stoppage is not by true absorption 
hut by scattering Nearly all the energy is transferred to the scattering 
electron, which becomes a high speed j8 particle and creates a large number 
of ions before it is brought to rest The total number of ions resulting from 
one such scattering will be well over 100 000 

In the terrestrial experiments the ionisation observed is of the order 
3 or 4 ions per cu cm per sec I do not know whether it is fair to take 
the number produced m a small vessel as equal to the number in free air , 
if so this would indicate that Mi^i is of the order Since is 

not likely to exceed this indicates that is at least Accordingly 
the rate of liberation of subatomic energy in the nebulae though probably 
less than in an average star is not of greatly different order of magnitude 
We have here followed up (without necessarily endorsing) the theory 
that the ionisation chamber experiments reveal a penetrating radiation 
of frequency higher than any known y rays, coming to us from outer space 
It leads to astronomical conclusions of great interest, which in themselves 
seem to us entirely reasonable It seems to be established that (up to 
considerable altitudes) the radiation is coming downwards and therefore 
its source is either in the upper atmosphere or extra terrestrial If we felt 
certain that radiation of such extraordinary energy could only be produced 
by subatomic transformations we might, in discussing celestial veTsus 
terrestrial origin, prefer the hypothesis of celestial origin as the less 
sensational of the two But there is the Wilson effect (explained in § 210) 
to be reckoned with the high frequency radiation might be caused by 
runaway ’ electrons m the earth s atmosphere without involving unknown 
subatomic changes The decision as to origin depends on the more detailed 
experimental results— rate of change with altitude and relation to the 
altitude of the Milky Way It would be outside our provmce to ludge 
critically the trustworthmess of these results 
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THE OUTSIDE OE A STAR 

225 The fundamental equation (71 2) for the radiative flow of energy- 
fails -when the ladiation is not enclosed by matter at approximately uniform 
temperature , in particular the analysis breaks down at the photosphere 
where radiation is escaping freely into outer space 

The approximations used m the preoedmg Chapters relate to matter 
at a temperature of some millions of degrees In addition to a re examma 
tion of the fundamental equation, physical approximations of a different 
kmd will be needed m the treatment of the cool outer layers A 
standard of approximation is generally desirable, smce observational 
comparisons are more abundant and more direct There is so little m our 
previous work that can safely be apphed to the outside of a star that the 
simplest course is to begin de novo 

Take the axis of x upwards along the vertical, so that — a: is the depth 
below the surface We shall be concerned with depths small in comparison 
with the radius and therefore neglect the curvature of the surface Let 
J (d) dwj^TT be the flow per sq cm per sec of radiation travelhng m direc 
tions within an mfimtesimal solid angle dco at an mchnation 6 to the 
vertical Consider a cyhnder of umt cross section with its a.-yia in the 
direction 6, the element of length along the cyhnder bemg 

ds = dx sec 9 

Then the flow J (9) -will in the length ds lose by absorption 

{J (9) dcnjitn) hpds 

and gam by emission {j d(ol4:TT) p ds Here j is the emission per gm per sec , 
of which J dcoj4:Tr IS in directions within dco Hence we have 

= — TcpJ (9) +JP 

or cos 9 = — IcpJ (9) +jp (225 1) 

a formula equivalent to (74 1) 

Let T be the ‘ optical depth ” below the surface defined by 

fO 

T = hpdx (226 21), 

Jx 

so that dr = — kpdx (225 22) 

Then by (225 1) cos 9 ~ ~ | (226 3) 


21 
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Multiply this first by dw and integrate over a 

sphere, then by do) cos 9 

and integrate over a 

sphere , we obtam 



II 

1 

(226 41), 



(226 42), 

where 



S (9) cos Odo), 

Z = cos2 0dm 



(226 6) 

We are here considering how the net flow per sq cm J?, established by 
the liberation of energy through the whole mterior, makes its way out 
through the last few thousand kilometres, hence H is to be taken as 

constant Then by (225 41) j — JcJ 

(226 6) 

and by (225 42) 

K = Hr + const 

(226 7) 


The foregoing analysis is essentially the same as in § 74 


F%rst ApproximaUon 

226 Approximate treatments for the outer layers of a star have been 
developed by Schwarzschild, Jeans, Lindblad, Milne and others* The 
following approximation appears to be most natural from our point of 
view We set 


J (6) => a constant = for 0 < ^ 

Jt 

J (6) = another constant = for 0 > ^ 


(226 1) 


(The constancy is as regards d and bemg functions of t ) The 
approximation consists m ignormg direction except for the broad dis 
tmction of inwards and outwards 

Substitutmg for J (6) m (225 6) we havef 


= J ('^1 + J 2 ), H = J,), Z = (226 2) 

Hence by (225 42) — = 3^ 


so that J = 3Ht + const 

The constant is determined from the condition that at the boundary 

approsmations and formulae are usuaUy equivalent to those given by 
second approximation m § 230 is on different lines 
t The average value of cos d over a hemisphere is ± | and of cos® ^ is | 
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(r = 0) there is no inflowing radiation and hence Jg == 0 then by (226 2) 
J = m Aocordmgly J = ^ (2 + 3r) (226 3) 

The energy density is J /c and the effective temperature T of the 
radiation is therefore given by 

Jlo == aT^ (226 4), 

by the definition of effective temperature in § 29 Hence 

acT^ = H (2 + 3t) (226 5) 

The effective temperature Tq of the radiation at the boundary is then 
given by ^ (226 61) 

The effective temperature of the star is by (31 1) 

ocT/ = m (226 62) 

Hence T, = = 1 189To (226 7) 


Other approximations by Jeans and Milne give this factor as 1 278 
and 1 232 respectively Our second approximation in § 230 gives 1 230 
It IS important to have found that the whole outer atmosphere of a star 
IS at a temperature not greatly less than the photospheric temperature, 
so that the material is not exposed to radiation differing widely in quality 
from that which would be present in thermodynamical equilibrium For 
this reason a judicious application of the results of thermodynamical 
equilibrium is often permissible in dealmg with the outside of a star 

In particular, the material will take up approximately the same 
temperature T as the radiation and the results (226 4)-(226 7) will be 
taken to refer to the temperature of the material* and the effective 
temperature of the radiation indiscriminately 
By (225 6) and (226 3) 

^ = Li? (2 + 3 t) (226 8) 


227 Accepting the first approximation (226 8) as giving with sufficient 
accuracy the emission j at different depths we can calculate how the 
intensity of the emergent radiation varies with direction 

A ray travelling at an angle 9 to the vertical has to traverse an optical 
thickness r sec 9 before emergence and is reduced by absorption to the 
fraction e” of its original intensity Considering an oblique cylinder 
of unit cross section, a length ds{=dx sec 6) gives an emission within 
solid angle dco equal to p dx sec 9 j c2ai/47r which is reduced before emergence 

j^pdx sec e ^ sec 0 (2 + 3 t) dr (227 1), 

^ By temperature of material not in thermodynamic equilibrium I mean the 
temperature corresponding to the mean speed of its molecules 


21 2 
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by (226 8) Hence integrating, the total amount emergmg is 

J? ^ sec S [J (2 + 3t) e dr (227 15) 

= E^\ (2 + Sz cos d) 6 “® dz (z = T sec d) 

W iQ 

= if|^(l+|cose) (227 2) 

This is called the ' law of darkenmg” since it gives the variation of bright- 
ness over the apparent disc of the star As we approach the edge we view 
the surface by more and more obhque rays Between the centre [6 == 0) 

and the limb the brightness changes in the ratio | 1 or very 

nearly 1 magnitude This (approximate) theoretical formula is in close 
agreement with observations of the solar disc 

The total amount of radiation emerging from unit area of the star 
(not of the disc) is obtained by multiplying (227 2) by the factor cos d for 
foreshortening and integratmg over a hemisphere The result is H — as it 
should be* 

The effective temperature of a particular region on the disc is given by 
acT,^ = 2H (1 + I cos &) (227 3) 

This follows from (227 2) because for this point of the disc we see only the 
radiation emergmg m the direction 9, and compare it with a black body 
giving the same flow in all directions 

Hence at the centre of the disc acT^^ = 5H, so that the effective 
temperature at the centre is (|)i or 1 0674 times the effective temperature 
for the star as a whole, e g the effective temperature at the centre of the 
solar disc is 6070° agamst 6740° for the integrated radiation of the sun 
The effective temperature of the integrated disc is the same as that of 
a region where cos 0 = f 


come IS 


The Spectral Energy Curve 

228 The average depth from which the emergent radiation has 

,= t( 2+ 3T)e-^se°«dT- (2 + 3T)e- 

= cos 0 (1 + 3 cos 0) — (1 + 1 cos 6) 

By (226 5) the temperature at is given by 

acT^^ = 2H {1 + # cos ^ (1 + 3 cos 9)j{l + f cos 0)} 

+ (228 1) 


1 + 1 cos 9 

* The early approximations of Schworzsohild and Jeans do not satisfy this 
check See Milne, Monthly Notices 81 p 364 
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On the other hand, the intensity of the emergent radiation corresponds to 
an effective temperature given by (227 3) 

acT/ = 2J? (1 + I oos 6) (228 2) 

The ratio T^jT^ is 1 08 at the centre (cos 0=1) and falls to unity at 
the limb We might perhaps expect the quality of the hght (distribution 
in wave length) to correspond to the mean temperature of its origm In 
that case T^jT^ will be the ratio of the effective temperature judged by 
quality of the radiation to the effective temperature judged by quantity 
This, however is a lazy way of handlmg the problem and it is not sur 
prising that the result fails to accord with observation The proper course 
IS to find the spectral distribution of the emergent radiation by treatmg 
each wave length separately using its own proper value of j and h 

The chief published investigations of the theory of the spectral dis 
tribution of the emergent radiation are by E A Milne* and B Lindbladf 
Reference may be made to these to supplement the present account m 
matters of detail 

The observed spectral energy curve of the sun is shown by the broken 
line in Fig 6 (p 328) It is derived from Abbot’s measurements as combined 
by Lindblad The ordinate is proportional to the amount of energy emitted 
within a fixed range of wave length dX (In our previous theoretical work 
we have generally considered a fixed range of frequency dv ) When plotted 
m this way the maximum ordinate of the black body curve is given by 

(102 3) T = 0 288 cm deg (228 3) 

The dotted curve (constant absorption coefficient) on the figure although 
not precisely the black body curve, is barely distmgmshable from it on 
the scale of the diagram, so that the difference of the two curves is 
practically the deviation of the sun’s radiation from a black body 

Three causes may contribute to this deviation — 

(a) What we see is a superposition of radiation from layers at different 
temperatures, and the spread of temperature distorts the black body 
curve 

{b) Smce the absorption coefficient is different for different wave 
lengths we see farther mto the sun in some wave lengths than in others 
and so receive radiation from a hotter stratum 

(c) The conditions m the radiating layers are begmmng to deviate from 
thermodynamical eqmlibrium and deviations from Planck’s Law may 
arise at the source of the radiation 

* Monthly NoUcea 81 p 376 (1921) PMl Trans 223 a p 201 (1922) 

t UppaalaUmversttetsArsahnft 1920 No 1 Nova Acta Beg Soc Sgi UpsaUenaia 
Ser 4 Vol 6 No 1 (1923) 
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If j dv IS the emission (per gm per sec ) between frequencies v and 
V + dv, and h is the absorption coefficient for frequency v, then as m 
(227 1) the emergent radiation is 

I J sec 9e~ 

= — dv (^ jJc) dr sec de~ (228 4) 

where r = pdx 

'x 

The relation between absorption and emission coefficients is by (77 15) 

j = ch I (v, T) (228 5), 

where as usual I (v T) denotes Planck’s energy distribution Hence 
denoting the emergent radiation by H {v 6) dvdoil4,n, we have from (228 4) 

H {v, 6) = I {v, T) d (e- “os) (228 6) 

I 0 

The use of the equilibrium formula (228 6) is perhaps open to criticism 
considermg that m the problem of spectral energy distribution we have 
to aim at rather high accuracy The molecular velocities wiU correspond 
to temperature T but the state of ionisation and excitation of the material 
will be slightly different owing to its exposure to non equihbrium ladiation 
Thus the material may not have the normal absorbing and emitting power 
to which the equation (228 5) refers We reserve this pomt (cause (c) 
above) for later consideration 


229 We take the three causes of deviation in order — 


{a) Spread of Temperature 

As the effect of variation of Ic is not to be considered at present, we 
take k =k, r = r The formula (228 6) gives the following rule Divide 
the range of mto a large number of equal parts Calculate the 

temperatures T^ T^, at the middle of each part Take a cu cm of 
equihbnum radiation at each of these temperatures , the simple mean 
gives the constitution of the emergent radiation 

Table 43 has been calculated m this way The first part of it refers 
to d = 0, and ten equal ranges of e“’' are taken so that the temperatures 
correspond to c" = 0 95, 0 85, The temperatures are cal 
culated from (226 5) and (226 62) which give 


T* = Tf (^ + |r) 

the sun’s effective temperature bemg taken 
columns give 

for three different frequencies, this represents 
frequency v so far as it depends on T 


(229 1), 

as 5740° The next three 
(229 15), 

the intensity / (v, T) for 
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At the foot of the table the means of these intensities are taken By 
the above rule this gives the intensity of the emergent radiation The 
black body temperature corresponding to this emergent mtensity is 
deduced by the converse apphcation of (229 15) Besides the equivalent 
black body temperatures for the three wave lengths we give the equivalent 
black body temperature 6039° for the whole intensity This is deduced 
from the mean value of r by (229 1) It is not quite the same as the actual 
effective temperature of the centre of the sun’s disc (6068°) because we 
have, so to speak left out a little bit of the sun in replacing the mtegral 
by the sum of 10 terms, but it is evidently proper to use the exact result 
for the distribution under discussion rather than the actual value for the 
celestial ob] ect which it approximately represents* Finally, the intensities 
for a black body at 6039° are given m the last line of the table, so that a 
comparison with the mean intensities gives the deviation from the black 
body law arising from the spread of temperature It is seen that these 
deviations are quite small 

The second part of the Table gives similar results for a region near the 
sun s limb Since the spread of temperature is proportionately smaller, 
the deviations from black body radiation are smaller 


Table 43 


Effect of Spread of Temperature of EadiaUng Layers 


Centre of Disc 


Sec 0=3 




Int 

Int 

Int 

T 

Int 

Int 

err 

T 

T 

A 4167 

A 6236 

A 12470 

A 4157 

A 12470 

95 

0513 

4920 

00091 

0095 

107 

4860 

00083 

104 

85 

1625 

5100 

00116 

0111 

117 

4920 

00091 

107 

75 

2877 

6280 

00147 

0131 

128 

4990 

00101 

111 

65 

4308 

6470 

00185 

0153 

140 

5060 

00109 

116 

55 

5979 

5660 

00230 

0177 

162 

6150 

00125 

121 

45 

7985 

6880 

00285 

0205 

165 

6250 

00142 

125 

35 

1 0498 

6110 

00359 

0239 

180 

5360 

00163 

133 

25 

1 3863 

6390 

00459 

0283 

199 

5500 

00193 

142 

15 

1 8971 

6760 

00617 

0347 

224 

5700 

00239 

154 

05 

2 9958 

7390 

00954 

0467 

268 

6070 

00341 

177 

Mean 

9658 



00344 

0221 

168 

— 

00159 

129 

Eff temp 

6039 

— 

6070 

6987*^ 

6924° 

5326 

6342 

6290° 

B B int 

— 

— 

00334 

0228 

176 

— 

00156 

132 


* It will be noticed that most of the intensity comes from the deeper partitions 
and for exact calculation we should naturally sub divide these The purpose of the 
table however is to enable us to find our bearings with regard to the problem If 
the calculations are worth pursmng further recourse may be had to the analytical 
treatment of the integral (228 6) developed in Milne s researches {loc c%t ) 
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Tlie maximum ordinate of the spectral energy curve occurs near 5900 A 
Table 43 shows that the intensity is here rising faster than the black 
body curve as we go towards the violet, hence the maximum ordinate 
will be displaced in this direction Milne has calculated that the displace 
ment amounts to 4 3 per cent , so that the effective temperature calculated 
from (228 3) is 4 3 per cent higher than that calculated from the total 
mtensity of the radiation This is actually m good agreement with ob 
servation but reference to Fig 6 shows that the accordance is accidental 
the trivial shift m the position of the maximum ordinate (inappreciable 
on the scale of the diagram) achieves no real advance in explaining the 
sun’s deviation from a black body 

By (227 2) the contrast m brightness between the centre and the 
selected point near the limb (sec 0 = 3) is 0 6 for the integrated spectrum 
By Table 43 it is 

^11 = 0 46 for A4157, = 0 77 for A12470 

This IS mostly accounted for by the difference of effective temperatures 
5326® and 6039°, a decrease of temperature having more effect on the 
violet than on the red According to Milne the observed contrast in all 
wave lengths agrees very closely with that predicted by this theory He 
considers this agreement to be very unwelcome, it is premature because 
we have yet to take account of the variation of the absorption coefficient 
The close connection between centre limb contrast and variation of is 
shown by the occurrence of t sec d m (228 6) , to double h jk is equivalent 
to transferring to a new point on the disc where sec 6 is doubled When 



Observed intensity 

Theoretical curve for constant absorption coefficient 
Theoretical curve for constant emission coeffiloient 
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we introduce variations of the absorption coefiEicient in order to account 
for the difference between the broken curve and dotted curve in Fig 5, 
we shall necessarily alter the centre limb contrast and presumably make 
it less accordant with observation 

The predicted energy-curve allowing for the spread of temperature 
but not allowing for any variation of h with v is shown by the dotted curve 
m Fig 5 It IS based on Milne’s calculations 


(6) VariaUon of Jc 

By (228 5) if k is constant j varies with and vice versa There is 
no known physical hypothesis that suggests constancy of h , but ijjie 
hypothesis that j is independent of v is plausible 

On Kramers’ theory of absorption as developed for X rays in the 
interior of a star we found that^ was mdependent of v up to the guiUotme 
limit (§ 157) It IS a wide extrapolation to extend this to opticalfrequencies, 
but since the general principles of optical and X ray absorption are the 
same, we shall adopt the hypothesis tentatively We may say at once that 
it will not bring about the desired agreement with the observed energy 
curve of the sun but it is a proper first step to exhibit divergences from 
a curve which has a physical meaning rather than from a curve which 
corresponds to a purely mathematical abstraction with no physical 
mterpretation 

From the analysis in § 157 it follows that if j is independent of v 


^^ 105 ^ 1 

k 128 a 


(229 2), 


where x = hvjET, ^8=1 151 a=l 0823 The mean coefficient k in the 
present discussion is evidently the coefficient of opacity ifcg of § From 
(226 5) and (226 61) g T^dT 8 dx 


dr = 


where Xq = TivjBTQ Hence 

k 


3 2^0^ 


• = iCn' 


«5 > 




36 B 
16 a ‘ 


dr = Z(, 


'I ■ 

Xo 


dx 


(229 3) 


Having tabulated the integral of (e^ — l)lx^ we can calculate the values 
of X (and therefore T) for any optical depth r and then proceed as in 
Table 43 

The calculation would be long and it is doubtful if the labour of an 
accurate computation would be justified A short method will give 
sufficient accuracy for our purpose Although x vanes as we descend in the 
star we shall be content to calculate k jh for a mean value = hvjET^ 
and treat it as constant By (228 2) and (226 6) the effective temperature 
IS the temperature at an optical depth given by r sec 9=1 The effective 
temperature for a particular frequency v will also correspond very nearly 
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to the same depth provided that r = r (the small divergences being those 
exhibited in Table 43) , but if r is different the condition r sec 0 = 1 is 
evidently replaced by 

T sec 9=1 or r = cos 9 l/l^ 
so that the intensity corresponds to temperature T where 
acT^ = H {2 + 3 (k/Jc) cos 9) 


Since Fig 5 refers to the integrated light of the solar disc we must 
take cos 0 = | , and accordingly the equivalent temperature for frequency 

.wUl be given by T‘-Hl + klk)T‘ (229 4) 


We can now by Planck’s law calculate tbe change in intensity due to our 
seeing down to a layer of temperature T instead of T, and multiply the 
ordinates of the dotted curve in the ratio found The result is shown by 
the contmuous curve m Fig 5 


At first sight this curve for constant^ seems to deviate more from the 
observed spectral energy curve than the curve for constant k did But 
even if that is so we must emphasize that it is the deviation from this 


new curve that recjuires a physical explanation rather than the deviation 
from the first curve which was merely a mathematical auxihary The new 
curve has the advantage that it accounts better for the fallmg off of the 
solar curve at short wave lengths* The high peak of the observed curve 
IS still unaccounted for , assummg that this is due to less emission ■(■ in the 
wave lengths concerned the general opacity k wdl be reduced and hence 
T for other frequencies will be reduced accordmg to (229 4) Thus the 
deviation on the right hand side of the figure is likely to right itself 
automatically when the high peak is accounted for 

We have calculated the effect of changes of ifc on the energy curve 
By the converse process ve can calculate what variation of ih would be 
necessary to account for the observed curve Values of Jc obtained in this 
way by Milne are tabulated m the second column of Table 44 The values 
which correspond to constant j , obtained from (229 2) are given m the 
third column By division we obtam the values of 1 /j given in the fourth 
column (The unit in each column is arbitrary ) 

The last column indicates that the whole deviation of the observed 
curve IS accounted for by a regular decrease in the emission with decreasmg 


j Donwmon Observatory 2 p 242) considers that the 

dimimshed intensity at short wave lengths in Abbot s curve is due to the large 
n^ber of absorption hues and that the intensity between the hne agrees with the 
black bodi curve This conclusion was also reached by Fabry and Buisson lOommtes 
Bendus 175 p 156 (1922)) from measurements at five places free from absor^on 
lines in the region 2920-3940 A If this is correct we must emphasize that the agree 
ment is quit© unexpected and unexplained 

t Note that increased brightness indicates decreased emission 
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wave length This seems a very reasonable explanation We might expect 
some such modification of Kramers’ formula for emission when account 
IS taken of the finite size of the ions responsible for the radiation of optical 
frequencies It may be remarked that between wave lengths 3000 and 
12 000 the emission is due mainly to capture of electrons in excited orbits 
electron switches without capture would give longer waves and capture 
in normal orbits would give shorter waves The reduction of the emission 
cannot be attributed to the guillotine effect of occupied orbits it is, 
perhaps due to the fact that for these close approaches the atom with 
one or two electrons missmg cannot be treated as equivalent to a point 
charge 


Table 44 

Analysis of the Observed Solar Energy Curve 


A 

L (obs ) 

^ (calc ) 

1/7 

3230 

1 97 

4 89 

2 48 

3860 

1 09 

2 35 

2 16 

4330 

81 

1 65 

2 03 

4560 

69 

1 44 

2 08 

4810 

68 

1 27 

1 87 

5010 

70 

1 16 

1 66 

5340 

70 

1 03 1 

1 48 

6040 

71 

87 

1 22 

6700 

76 

78 

1 03 

6990 

77 

76 

98 

8660 

1 16 

70 

61 

10310 

1 36 

72 

53 

12250 

1 02 

79 

77 


Against this interpretation of the observed energy curve there is the 
objection raised by Milne that his values of k m Table 44 are not supported 
by the centre limb contrast which agrees much better with a nearly con 
stant k Milne concludes ‘'with considerable assurance that the departure 
of the sun s energy spectrum from that of a black body is not due to a 
varying general absorption in the layers contributing to the radiation ” 
It depends on how closely we can trust the observed values of the centre 
limb contrast If Milne is right we must turn to cause (c) 

(c) Deviation from equilibrium conditions 

There is the possibility that owing to its exposure to non equilibrium 
radiation the material may not have the normal absorbing and emitting 
power for its temperature and density so that^ jk is not given by (228 5) 
The radiation is richer in the high frequency constituents which are capable 
of ionising normal atoms , the ionisation may therefore be greater than the 
equilibrium value For the most part emission by capture can only be 
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performed by ionised atoms *, so that if the number of ions is increased 
10 per cent j is increased 10 per cent There will also be some further 
increase due to the greater abundance of free electrons At the same time 
h diminishes In fact the equilibrium ionisation attains just the value 
reqmred to brmg j and ch I {v, T) into agreement if greater lomsation 
occurs, then^ >ck I {v, T) 

The emergent intensity is seen from (228 4) to be directly propoitional 
to j jh We can therefore see at once the excess of j jk reqmred to give 
the observed curve If the excess ionisation is more or less the same at all 
depths the mtensities at the centre and limb are multiphed by the same 
factor, so that the contrast ratio is unaffected and Milne’s requirement is 
satisfied The non equihbrium conditions are too complicated to allow 
a prediction as to what part of the spectrum would be most affected by the 
excess ionisation but there is no reason to think that any difficulty arises 
on this pomt 

I should scarcely have expected the change of ionisation to be sufficiently 
great to explain the observed curve — at least 16 per cent seems to be 
required in order to represent the high peak 

At present we cannot decide on a definite conclusion The whole 
mvestigation leaves one with a sense not so much of puzzlement over the 
deviations of the sun from a black body as of surprise that it should 
approach a black body so nearly as it does 

It should be added that the observational data to which we have 
trusted are not entirely confirmed by recent investigators, and it is possible 
that we have been laymg too much stress on some of the features of Abbot’s 
curve 


Second Approximation to the Temperature Distribution 

230 The emergent radiation (227 2) is J (9) da>l4^ for the level t = 0, 
so that ’ 

J (6) = 2H (1 + f cos 6) for T = 0, 0 < ^ 

I'or 6> J{6) IS zero at this level Hence by (225 5) 




(230 1) 


This should now replace our ongmal boundary condition J = 2H which 
corresponds to the approximation in which J (6) is supposed to be 
constant over the hemisphere Hence in place of (226 61) and (226 62) 
we now have 

acTo* = |H, acT* = 4H, 

T, = To = 1 230 To (230 2) 

* Capture of electrons can be efiected by neutral atoms but their efficiency la 
likely to be much less The negatively charged atoms H_ C_ 0_ etc are well known 
m positive ray experiments 
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Note that the ratio TJTq depends solely on the law of darkening, so 
that for the sun it could be deduced at once from the observed law of 
darkening without reference to the theory of the temperature distribution 
in the mtenor 

By the same method we can find J {6) at any level ti Making the 
appropriate modifications of (227 15) we have 

J (6) sec ep {2 + 3t) e-( dr . 

J(e) = H sec 6' (2 + 3t) dr (o' = ir - 9 

Hence performing the integration 

J (0) = J? (2 + 3 cos 0 + 3 ti) (e < I) (230 31), 

/(0) = ir{(2-3cos0')(l-e--“e'=») + 3Tj (^'<^) (230 32) 

Substitiite these values in (226 5) so as to obtain the values of J, H and 
K We give separately the parts corresponding to the outward radiation 
{J+) and inward radiation (J-) The results are — 

J+ = lf(|+|T), J-. = H (l+%r- U^ir) +Ws{r)), 

J = H{2+Zr- U^ir)+^U,{r)), 

= fr), H_ = H{-iT + ir {U, (t) - U, (r))), 1 
H = H{l + :kr(UAr)-UAr))), H 

K+ = H{^ + Jt) K_ = H {— 'U^{'t) + fU'j (t)), 

K=^\H{2 + Zt-ZU^{t)+^U^{t)) 

where (r) = [ dy (230 6) 

J 1 y 


231 Consider now how these results are to be used for a second 
approximation to the temperature distribution Equation (225 42) is 
rigorous and H is constant, so that 

K==rH + const (231 1) 


Formerly we set K = \J the factor ^ commg from the mean value of cos* 9 
over a sphere We can now replace this by the ratio of to J given in 
(230 4), which is the mean value of cos® 9 properly weighted accordmg to 
the distribution of the radiation in regard to direction as determmed in 
(230 31) and (230 32) Hence 


where 


J = 3f {tH 4- const ), 

. _ 2 + St — (t) + (t) 

^ 2 + 3t — (t) + fJJs (t) 


(231 2) 


The constant has already been determined smce J = at the boundary, 


so that 


acT« = J=/J?(J^ + 3 t) 


(231 3), 
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Since the boundary value of / is found to be This replaces the first 
approximation aoT^ = J = jff (2 + 3t) 

It will be noticed that we do not use the ‘"revised’’ value of H from 
(230 4) that would be a retrograde step That H is constant and equal to 
a given boundary value is the essential condition of the problem The 
fact that calculating from the first approximation to the temperature 
distribution, we do not exactly reproduce a constant E indicates the 
failure of the first approximation to fulfil the conditions of the problem 
and if the ‘ revised value” is J? + AH is a measure of the error of the 
first approximation 

The functions U^. (r) are calculated by the reduction formula 
(r - 1) U, (t) = e-^ - rUr-i (r), 
and Ui (t) 18 a tabulated function 

In Table 45 the second column gives the value of / calculated from 
(231 2) the third column gives the ratio of the second approximation to 
jT* from (231 3) to the first approximation from (226 6) The fourth column 
gives AHJE as defined above 

Table 45 


Second Approximation to Temperature Distribution 


T 

f 


AHjE 

0 

8235 

875 

0000 


9188 

967 

+ 0176 

i 

9497 

993 

+ 0241 

i 

9755 

1 010 

+ 0263 

1 

9915 

1 016 

+ 0194 

00 

1 0000 

1 000 

0000 


The mam mterest of the investigation is that the second approximation 
makes so shght an amendment to the distribution given by the first 
approximation We could without much difficulty examine the effect of 
this amendment on the law of darkening (227 2) but it is evident that the 
correction would be trivial* 

The first approximation will be sufficiently accurate for most purposes, 
and we shall use it throughout the rest of this Chapter 

The Photosphere'^ 

232 The photosphere is the region in which the heat and hght directly 
reachmg us is emitted We shall take two levels ti and between which 

♦ The chief effect is a slight extra dimming near the limb where the radiation 
comes from small depth t and would m the limit be reduced to | of the intensity 
given by the first approximation 

t The investigation of conditions m the sun s photosphere is resumed in § 251 
and reference should be made to that section for the definitive conclusions 
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80 per cent of tlie heat is emitted 10 per cent bemg above and 10 per 
cent below Tg, and regard these conventionally as the upper and lower 
boundaries of the photosphere 

To find Tj and Tg we must insert these as limits in the integral in 
(227 15) 

sec 0 I (2 + 3t) cZt = (2 + 32: cos 6) 6"* dz 

= — (2 + 3 cos 6 + 3z cos 6) 

(232 1) 

It IS then easy to determine the values of s = r sec 6 between which 
(232 1) increases by any given fraction of its total increment from z = 0 
to 00 

Tor the centre of the disc — 

Setting cos 0 = 1 we find 

Ti = 0 25, t2 = 3 4 (232 2) 

By (226 5) the temperatures at these levels are 

Ti-OOlir,, (232 3), 

where is the effective temperature of the star or if is the effective 
temperature of the centre of the disc 

Ti = 0 867/ ^2 = 1 257/ 

For the integrated disc, or for a region of the disc where cos 0 = § — 
We find 


r2 = 2 21 


(232 4) 


n = 0 134, 
and the temperatures are 

= 0 8807,, 72 = 1 2127, (232 5) 

It will be seen that the range of temperature in the photosphere is 
determined without any knowledge of the law of variation of the absorp 
tion coefficient h 

233 The hydrostatic equation dP = — gpdx continues to be valid at 
the outside of a star so that 

d {po + Pb) = - gpdx 

But since the radiation pressure is not strictly isotropic is here the 
vertical component of the pressure The pressure of radiation in a vertical 
direction is E/c (cf the definition of pj^' in (74 2)) Hence by (225 42) 

dpj^ = dK/c — Hdrlc = — hpHdxjc 
hH 

dpR-^^{dpG + dpr) (233 1), 


so that 


<^g 


which is the same as (81 4) for the stellar interior 

Conformably with the first approximation we set pR=^\aT^ The 
exact value is \aT^lf, where / is given in Table 45 , but it would not be 
proper to introduce f without attendmg to the other modifications in 
volved in a second approximation 
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Let 

Then (233 1) becomes 




m 

eg 


(233 2) 


la^'dT^ = (I- ^)yid (pT/iM) (233 3) 

Suppose that (and therefore k) is constant Then by integration 


Ti-To*- 


a/xj8' 


■pT 


(233 4) 


This IS similar to (84 1) except that the constant of integration is no longer 
neghgible Of course will not have the same value as ^ in the stellar 
interior 

Owmg to the constant of mtegration (1 — j8')/j8' no longer represents 
the ratio of to Pq but it represents dp^jdpQ, which is what is com 
monly meant by the ratio of radiation pressure to gas pressure, i e the 
ratio of the forces exerted by these pressures on a given piece of material 
It has sometimes been thought that, since PrIpq tends to infinity at 
the boundary, radiation pressure becomes of enormous importance m the 
equihbnum of the extreme layers of the star this is a fallacy because the 
force depends on the gradient of the pressure and not on its absolute value 
By (226 5) and (226 61) 

= ZrH/ac (233 6) 

Hence by (233 4) = II (233 6) 

P^J- 2 ^^2 


Insertmg the values (232 4) and (232 6) for the Imiits of the photosphere 

(integrated disc) we find ^ „ 

P% — ^Pl 

By (233 4) and (233 5) 

UjS' 3 tJT 


3(1 -(3') ac 

_ H 
1 - j3' c 


(233 7) 


Accordmg to Milne (§ 248) the value of 1 - j8' for the outer part of the 
sun IS roughly 0 1 We have for the sun H jc = 2 OS Hence for the limits 
of the solar photosphere (232 4) 


{Pq)x = 2 50, (pq)^ = 41 3 dynes per sq cm , 

that IS to say the pressure in the solar photosphere is round about 10"® 
atmospheres 

Also = ^ = 

p l-iS' aixP' V(^33 4) 

_ 491 mT 


(233 8) 
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Hence integrating 

For ^ we guess the value 20 since the ionisation is low, g' = 2 74 10* on 
the sun, hence with the values of T in (232 5) 

iCj — iCj = 2 70 10® cm 

To sum up — at an average pomt on the sun’s disc (cos 0 = j) the 
thickness of the layer furmshmg 80 per cent of the whole radiation is 
27 kilometres In this zone the temperature increases from 6050° to 6950° 
and the density mcreases twelvefold The pressure mcreases sixteenfold, 
and m the middle its value is about 10“® atmos 

In a giant star the thickness of the photosphere will be greatly mcreased 
on account of the much smaller value of g (233 9) The pressure is only 
altered to a moderate extent accordmg to the value of ^'/(l — 

These prelimmary results will be revised m § 251, but then general 
character is not much altered 

AbsorpUon Lines 

234 Line absorption is caused by the excitation of an atom from one 
state to another In this process radiation of a definite frequency v to 
V + Sv IS absorbed and if the atom is free from disturbance the width 8v 
of the absorption Ime is small The explanation of the appearance of 
absorption lines in stellar spectra is not quite so obvious as we might 
thmk at first, because absorption is closely linked with emission 
Here are two rough (and contradictory) arguments — 

(а) Consider radiation proceeding outwards It excites atoms and is 
accordmgly absorbed but the excited atoms subsequently relapse and 
emit radiation of the same frequency The emission, however, occurs m 
all directions equally so that only half of it goes to remforce the outward 
beam Hence absorption followed by emission is equivalent to simple 
absorption with coefficient p, and the mtensity in the range v to + Sv 
falls off exponentially givmg a very dark Ime 

(б) In light of frequency v to v + 8v we can only see a very small depth 
into the star smce it is highly opaque to this radiation But the region we 
do see has a temperature not less than Tq the boundary temperature, so 
that the intensity of the radiation m the line should not be less than that 
corresponding to Since the surroundmg spectrum has an mtensity 
corresponding to T,, = 1 23To f'ffe contrast is very hmited 

The first argument is nearer the truth than the second hut we have 
the uncomfortable feeling that more attention should be paid to the 
subsequent adventures of the radiation emitted backwards I thmk it 
£ 
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IS a not uncommon idea that the Fraunhofer spectrum is caused by a 
cloud of cooler matter which cuts out the photospheric radiation at 
frequencies for which it is opaque and substitutes the less mtense radiation 
proper to its own temperature this is argument (6) It seems best to 
examme the whole question by an analytical mvestigation, tracing the 
formation of absorption lines — ^under ideahsed conditions it is true but 
not too unlike the actual conditions 

We assume the radiation to have the equilibrium constitution with the 
necessary exception at the absorption hne which is bemg studied* We 
set J' for the flow of radiation of frequency v to v + dvm. the absorption 

* There is no selj contradiction m assuming equilibrium constitution of the radia 
tion right up to the boundary of a star by making the emission coefficient^ a suitable 
function of v and T we can construct an ideal star conforming to this condition 
In actual stars however the region above the photosphere is traversed by radiation 
which IS beginning to deviate appreciably from equilibrium constitution and it 
may fairly be asked whether our assumption does not differ so much from the actual 
conditions as to make the results misleading I think it can be shown that our 
discussion represents fairly well the typical conditions of formation of actual absorp 
tion lines We may divide the assumption mto two parts in so far as it relates to 
(a) radiation contiguous to the absorption hne {h) more remote parts of the spectrum 
The latter part seems to be a fair approximation no more harmful in this connection 
than in §§ 241-243 it is employed in most standard investigations of the outer 
layers of a star But the part {a) is more risky in particular an incorrect assumption 
as to the density of the contiguous spectrum directly affects calculations of the 
contrast ratio or blackness of absorption Imes But this error is not systematic 
the actual radiation is richer m high frequencies and poorer m low frequencies than 
the equilibrium radiation substituted for it so that lines in the blue and in the red 
are affected in opposite ways There is in fact an intermediate region of the spectrum 
where the assumption is substantially correct its location can be found as follows 
According to observation the radiation at the boundary is approximately equilibrium 
radiation for temperature except that its density is reduced to J by lack of in 
fiowmg components thus the density is 

- 1) instead of Cv^j{e^ 1^^ - 1) 

where Tq = The constitution below the surface cannot be determined with 

out a detailed Imowledge of the emission laws but presumably it follows the same 
kmd of relation i e approximately 

dCv^Ke^ _ 1 ) instead of CvV(e^ „ i) 
where T — ^6 The condition that the two expressions become equal is found to 

be hvjBT^ = 3 6 to 3 9 for ^ = J to 1 For the sun the corresponding wave lengths 
are 6900 to 6400 A Our results should be fairly correct for absorption lines near 
this part of the spectrum This region can be shifted to any part of the observed 
spectrum by choosing a star of appropriate temperature 

Part (a) of the assumption is employed when we set the ordinary continuous 
emission equal to kJ pds (below) By (225 41) the more general expression is 
j = Ic (J - dHjdr) Although dHjdr vamshes for the whole radiation it does not in 
general vamsh when (as here) the symbols refer to radiation of a particular frequency 
There would thus be an additional term - hdHIdr on the right of (234 1) Unless 
this IS got rid of either by assuming equilibrium constitution or by choosing the 
region of the spectrum discreetly the analysis becomes intractable The assumption 
IS also invoked m calculating the emission due to excitation by inelastic colhsions 
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line and J for the flow in the same range at practically identical frequency 
]ust outside the line, similarly for the other symbols 

The radiation J' will suffer the ordmary continuous absorption hJ'p ds 
and in addition the absorption {h — k) J'pds of energy employed m 
exciting atoms Most of the latter will be re emitted with the same 
frequency but a certain fraction e will be transferred to translatory energy 
by superelastic colhsions and lost to that particular frequency* Additional 
emission will be given by atoms excited by inelastic colhsions the amount 
of this IS found from the condition that it balances the amount 

€ {¥ - k) J'pds 

lost by the converse process when J has its equilibrium value J Its 
amount is accordingly € {k — k) Jpds Further, there will be the ordmary 
continuous emission kJpds for the temperature The total emission is thus 

pds {(1 - €) {¥ -- k)J' €{k -1)J + kJ} 

Hence the equation corresponding to (225 1) is 

= - k'J' (6) + (1 - e) {h' - k)J' + € {h - k) J + IcJ (2341) 

Multiply by d(jjj4:7r and integrate also by doj cos ^/47r and integrate, we 
obtain ITT 

pdx 

By the usual first approximation we set K' = Let 



^2 = 3 {A: + €(/'-*)}/*' 
dr = — k'pdx 

(234 3), 

Then (234 2) Ibecomes 


(234 41), 


CO 

II 

(234 42), 

so that 

d^J' 2 f T' T\ 

-J) 

(234 5) 

Setting ¥ = k in (234 5) we have 



II 

CO 

1 

II 

o 

(234 6) 


* Transfers may also occur to or from other lines of the same spectrum hut we 
cannot very well follow this up By ignoring it we determine the intensity of the 
spectrum rather than of one particular hne in it since these interchanges will not 
alter the sum of the intensities in the lines 
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235 First suppose that c and h'jh are constant so that 
= const , dr' jdr = const 

Then by (234 6) d^Jjdr'^ = 0 so that (234 6) becomes 

d^ 


dr'^ 


The solution is 


J' = J + Ae-'^ 


(235 1) 
(235 21), 


the negative sign bemg taken because J" must approach the eq^uihbrium 
value J at great depths Differentiatmg we have 


or by (234 42) 


dr' 


dJ dr 
dr dr 


— pAe-^ , 


ZH' = 3H^,-pAe-^^ 


(235 22) 


FoUowmg the first approximation the boundary condition at t' = 0 is 

J = 2E, J = 2H' (235 3) 

Hence multiplymg (235 21) by | and subtractmg (236 22) 

0 = 3H (1 - kjk') + A{^ + p) 

This determines A and the results become 


P + i 


(235 4) 


with / = j? (2 + 3t) and H = const * 

The value of H'jH at t' = 0 measures the blackness of the absorption 
Ime that will be observed 


236 Next suppose that the atoms givmg the special absorption do not 
extend to the surface To illustrate this we suppose that h'jh is constant 
as before when r >ri, but h' = k for t < ti 

Then equations (235 21) and (236 22) hold for t > ti, and at r-^ we must 
fit on continuously a solution of the form 


J' = J — 2B ^cosh r^/Z smh T^/z'j 

= (smh cosh t Vs) J 


(r<Ti) (236 1), 


which satisfies (235 1) and the boundary conditions (235 3) In this outer 
region ^ t = r' 


^ It can be sliown from (234 6) that the equation J = H (2 + 3t) originally 
proved only for the integrated radiation is vahd for the present application (This 
IS however a consequence of the initial assumption of equilibrium constitution of 
the radiation and is not a general theorem 
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By the continuity at 

A&~'P 1 + 2B ^cosh Tl^/S sinh t^-v/S^ = Oj 

pAe-P 1 + 2v'3B ^smh r^y^S cosh tjVs) = 3i? (1 — k/lc') 

m (1 - hl¥) 


which gives 


B- 


(236 2) 


{p + 1) cosh ti'v/3 H - (kP + 1) smh tiV 3 
Also by (236 1) we have at the boundary 

H' =H-B (236 3) 


237 Thirdly let the absorbing material be near the surface and not 
extend below ti ' so that ¥ = Tc when t' > The appropriate solutions 
are 

j — %/ ^e“' I 


W = BL-A_Ae,-^^^ 
y 6 

J' = J — 2B coshjpr' + - (if (I — kl¥) — B) smh jpr' 

!P 

H' = H^^-^B sinh pr' + {H{1- k/¥) - B) cosh p^ 


The latter values satisfy J = 2J3’, J* = 2H', at t' = 0 

From the continuity at t' = r^' we have by eliminating A 


5 = 


“ f) + y smh^Ti' - l) 

(l +^) cosh^-T,' + (A 
At the boundary (237 2) gives 

H'^H-B 


(237 1) 

(t' < Ti ) 

(237 2) 

(237 3) 


238 Certain general conclusions can be drawn from the formulae in 
the last three sections Smce p is not less than y^{3JclJc'), when ^ is a small 
quantity of the first order will be a small quantity of the second order 

Thus to the first order the boundary value of H'/H in (235 4) is 

jS IH^^p (238 1) 

Hence by (234 3) (5 ) 

This requires that both and e shall be less than | {H'jHy 

To obtain a line of blackness 1 10 {JH'jH = we must have — 

Firstly, e< 1/133 Such a line can only be formed in gas at low 
pressure where superelastic collisions are infrequent and transform less 
than 1 per cent of the energy of excitation 
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Secondly, ¥jh >133 Very high absorption coefficients are required 
The element producing the Ime can scarcely be expected to constitute 
more than 1 or 2 per cent of the whole material h is probably of the order 
100 to 1000, so that the absorption coefficient of the pure element for the 
monochromatic radiation must he 10® or 10*^ 

If the material does not extend to the surface but stops say at tx = 0 2 
we find from (236 2) that for ^ = 0 

^ = 1 L = 0 32 (238 3), 

cosh ^ sinh 


so that however intense the absorption below tj = 0 2 the blackening is 
not more than 1 3 The fiUmg up of the line is caused by the photosphenc 
emission above = 0 2, but this emission is about double the emission 
from the same stratum in neighbourmg parts of the spectrum This is 
because the material of high opacity which backs it acts very much like 
a mirror It stops radiation of the frequency of the absorption line from 
going deeper into the star, so that it all has to come outwards 

FmaHy, consider a thm layer of material of great opacity near the 
boundary From (237 3) we find that when 0 


K- 

H ^ 



3t/ \ 
2 +'\/ 3 / 


■1 


(238 4) 


This holds only when is small and tj then is much smaller As 
increases, the value must tend to the limit (238 1) 

The main points which emerge are that very high absorption coefficients 
are required to give strong blackenmg of the lines and that the blackness 
mcreases as the square root of ¥ Also greater contrast than 1 3 cannot 

be produced by absorption below r = 0 2 however strong For this reason 
we think that the revers'ing layer, i e the region which is most effective 
in determining the darkness of the absorption lines, should not be placed 
much lower than r = 0 2 


Estimates of the blackness of observed absorption lines are at present 
rather contradictory Kohlschutter and Shapley obtain a contrast of 
1 3 or 4 m the strongest lines Schwarzschild about 1 10, H H Plaskett 
1 10 for faint Imes* 


It is clear that we must be able to detect lines with a contrast ratio of 
less than 1 2, otherwise the double spectra in spectroscopic binaries 
could never be observed The usual estimate is that a line just becomes 
observable when the mtensity in it is f of the intensity of the surroundmg 
spectrum 

The theoretical difficulties increase if very high contrast is insisted on, 
since that may mvojve impossibly high absorption coefficients The difficulty 

* C H Payne Stellar Atmospheres p 61 
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IS aggravated for subordinate lines ’ which are absorbed by only a small 
proportion of the atoms present On the other hand any degree of contrast 
can be admitted in the H and K hnes and a few other promment Imes 
which belong to the chromosphere rather than the reversing layer and are 
formed under conditions different from those laid down in § 234 

Emission Lines 

239 The spectra of certam stars contam bright lines superposed on 
the continuous spectrum The Balmer series of hydrogen and the enhanced 
hnes of iron are specially hable to this reversal, some of the hnes appearing 
bright mstead of dark in a spectrum which would otherwise be considered 
normal The phrase “star with peculiar spectrum” usually has reference 
to bright hnes In type 0 bright Imes are fairly common, the stars with 
this feature being called Wolf Rayet stars, but ermssion Imes occur also 
m other types We shall not here consider the bright hnes in long period 
variables where the phenomenon is evidently associated with the varying 
physical conditions and is not so mysterious as in an apparently static 
star , nor do we consider such phenomena as dark lines with bright centres 
where the brightness is not compared with the regular photospheric 
background 

It IS very difficult to account for a bright Ime m a static star We 
can scarcely attribute it to special abundance of the atom or ion concerned 
smce that is aheady invoked to explam strong absorption hues 

To contribute to an emission line of frequency v an atom must emit 
without having previously absorbed this frequency The double process of 
absorption followed by emission adds nothing to the amount of radiation 
of frequency v present , it merely helps to equalise the flow in all directions, 
so that the outward flow is at any rate not strengthened by it There are 
only three ways m which emission can occur without previous absorption 
of the same frequency — 

(1) The atom may be brought by a oolhsion mto the state necessary 
to emit 

(2) It may be brought to the required state by absorption or emission 
of other lines of its spectrum 

(3) It may capture an electron in an excited orbit 

As regards (1), smce the emittmg material must clearly be m front of 
the photosphere the speeds of the electrons correspond to a temperature 
near Tq or at any rate less than By collision they excite normal atoms 
and de excite excited atoms, and would by themselves ]ust mamtain the 
number of excited atoms oorrespondmg to equihbnum at their temperature 
To give a hue showmg bright agamst the photosphere there must be many 
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more excited atoms present Excitation and de excitation no longer 
balance because the latter is mcreased proportionately to the greater 
number of atoms ready to be de excited Consequently the electron 
collisions on balance reduce the excited atoms without letting them emit 
their energy as radiation and tend to wash out the emission line 

If the motion of the electrons is purely a temperature motion they 
cannot assist the formation of emission lines , but if they have extraneous 
velocities greater than the random temperature velocities (about 500 km per 
sec ) then they may be able to perform more excitation than de excitation 
Currents in the stellar atmosphere could scarcely have sufficient speed 
But a disturbed (cyclonic) state of the atmosphere might establish local 
and temporary electric fields — thunderstorms — ^under which the electrons 
would acquire high speeds, the free path at the low density being fairly 
long If there is no other way out we may have to suppose that bright 
line spectra in the stars are produced by electric discharges similar to 
those producmg bright line spectra m a vacuum tube and depend entirely 
on disturbed conditions m the atmospheres of the stars which show them* 

Explanation (2) seems to postulate a much wider deviation from 
thermodynamical equilibrium than we can admit in the stars It requires 
that a bright line at v shall be accompanied by a dark line at vj , the latter 
representing the absorption which raises the emitting atom to, or above, 
the required state But since no such effect occurs in thermodynamical 
equilibrium there is only the difference m strength of the radiation at 
temperature and respectively available for this extra excitation 
Similar considerations apply to explanation (3) the dark line at being 
replaced by contmuous absorption beyond the head of the principal series 

Again, since the process of absorbing in certain lines and emitting in 
other lines does not alter the total energy in the lines, a bright line which 
has say, 6 times the intensity of the continuous spectrum would (roughly 
speaking) have to be compensated by 6 wholly black lines — or more, if 
the dark lines are relegated to the unobservable part of the spectrum where 
the intensity is weak 

* Another possible source of high speed electrons is radio active disintegration 
In order to account for magnetic storms it seems necessary to postulate streams of 
negative and positive ohaiges issuing from the sun It is usually supposed that 
these are a and particles emitted with high velocity from uramum etc though 
it IS difficult to beheve that the heavy radio active substances rise sufficiently high 
in the photosphere to give free exit to the emitted particles The cause of the emission 
may perhaps be radiation pressure (§ 254) or C T R Wilson s phenomenon (§ 210) 
The difficulty is to account for the escape of positively charged particles imless 
charges of both signs are leaving the escape is immediately stopped by an electro 
static field 

High speed electrons will also be produced by the penetrating radiation (§ 223) 
which whatever its origin must be supposed to occur in steUar atmospheres as it 
does in our own atmosphere 



THE OUTSIDE OF A STAR 


345 


These arguments are not affected by postulating an extended chrome 
sphere — ^within reasonable limits If the extension is comparable with or 
greater than the radius of the star the appendage is more naturally 
described as a nebulosity surroundmg the star An emission spectrum is 
then more intelligible F or example, the integrated spectrum of a planetary 
nebula with its central star would show bright Imes, this must still be 
explamed by the process (2), but the process is afforded more scope by the 
great deviation from thermodynamical equilibrium in the more distant 
part of the nebula 

We conclude provisionally that bright lines in the spectrum of a static 
star indicate that either (a) the star is greatly disturbed by ‘Hhunder 
storms,” or (b) it is a nebulous star 

Spectra and Temperature 

240 After the first use of spectroscopy for identifying the elements 
present in a star, the most important advance was the discrimination of 
enhanced” lines, i e lines which are strengthened in the spark spectrum 
compared with the arc spectrum This leads naturally to the use of spectra 
as a clue to the physical conditions (as well as the chemical conditions) 
in the outside of a star without gomg further than the empirical relations 
we can decide that in certain stars the conditions are akin to those pre 
vailing in the electric arc, in others to the spark This progress was mamly 
due to Sir Norman Lockyer and A Fowler 

It is now known that the arc lines are usually due to un ionised atoms 
and the spark lines to ionised atoms The spectra not only of singly ionised 
but of doubly and trebly ionised atoms can now be disentangled For 
example, the well known H and K Imes of calcium are due not to neutral 
Ca but to the singly ionised atom Ca^. Calcium is divalent, that is to say, 
it has only two moderately loose electrons hence the next stage Ca+^ is 
a very compact ion difficult to disturb But for the quadrivalent element 
silicon Fowler has identified the spectra of doubly and trebly ionised atoms 
in the stars’** 

A very fertile line of investigation was mitiated when M N Sahaf 
first brought together the observational indications of the state of lomsa 
tion in the outside of the stars and the modern thermodynamical theory of 
ionisation By Saha’s theory all the details of stellar spectra become 
quantitatively connected with the temperature and pressure in the revers 
ing layer From the historical point of view it is to be remarked that the 
thermodynamical theory of ionisation was at that time regarded as a bold 
and tentative generalisation admitting of no terrestrial test It is due to 

* Free Boy 8oc 103 A p 413 

t Fh%l Mag 40 pp 472 809 (1920) Free Boy Soc 99 a p 135 (1921) 
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the tests applied by Eggert m the uiterioi of a star and especially by Saha 
in the exterior that it has gained credence As shown in Chapter iii the 
theory appears to be logically inevitable but it is easier to perceive the 
inevitability of a conclusion when one is already persuaded by experiment 
of its truth 

The ionisation depends mainly on the temperature but also to some 
extent on the pressure or strictly the electron pressure , and the conclusions 
depend on the pressure adopted for the layer where the spectral absorption 
takes place But Saha showed in a general way that the spectrum varies 
with the photospheric temperature in the manner correspondmg to the 
theoretical degree of ionisation For example it is calculated that calcium 
will not be ionised m the coolest stars , these show mainly the lines of the 
neutral atom At somewhat higher temperature ionisation begins, and as 
soon as a reasonable proportion of ionised atoms is present the spectrum 
of Ca+ appears In the sun both kmds of atoms should be plentiful, and 
in fact both spectra are prominent At still higher temperature ionisation 
IS nearly complete the Ca spectrum disappears, leaving only Ca^. At 
very high temperatures Ca^. disappears, the atoms bemg now all reduced 
to Ca+ 4 . 

241 There is an important difference of behaviour of principal and 
subordinate Imes of a spectrum The former are absorbed by the atom or 
ion in its normal state the latter in an excited state The conditions for 
obtaining abundance of ions m an excited state are rather critical On 
the one hand the fraction excited is increasing with temperature according 
to Boltzmann’s formula on the other hand the atoms capable of 

this excitation are disappearmg owing to the increasing ionisation The 
atom in fact has to juggle with its electron without dropping it and the 
increasmg stimulation of temperature ultimately defeats itself because 
so many of the electrons are dropped 

If we arrange the stars m temperature seq[uence and trace along the 
sequence the changes in intensity of the spectral lines a subordinate line 
rises to a fairly sharp maximum and drops again A principal line on the 
other hand has a very flat maximum, and persists with nearly the same 
mtensity for a long range of temperature, since it requires a considerable 
change of condition before one stage of ionisation gives way to the next 

At the maximum of a subordmate line the number of atoms in the 
required excited state is found to be of the order to 10“® of the whole 
number of atoms of the element* At the maximum of a principal line 
practically all the atoms are in the appropriate absorbing condition, i e 
unexcited atoms in the proper stage of ionisation The material for pro 
duction of a principal line is thus about 10,000 times as abundant as the 

* Fowler and Milne Monthly Notices 84 p 510 
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material for a subordinate line By (238 2) to produce a blackening of 
1 5, k jk must be at least 33 For a subordmate line this absorption is 

due to say 10“^ of the whole number of atoms of the element, which in 
turn will constitute say of the whole mass present Hence material 
constituted wholly of the excited atoms should have ¥ equal to if 
the subordmate lines are of the above blackness If following Milne we 
take k = 10^ we are led to values of ¥ of the order 10^® for Ime absorption 
Monochromatic absorption coefficients are certainly very high, but it is 
doubtful whether they can be quite so high as this Perhaps however 
the subordinate lines do not attain so deep a blackness I think also that 
Milne’s value of k should be reduced 

A comparison of principal and subordmate lines should take account 
of the linkage in the formation of the lines Consider a principal line formed 
by an atom going from state 1 to state 3, and a subordinate line formed 
by the atom going from state 2 to state 3 We should expect the principal 
line to darken the more rapidly, because of the much greater amount of 
absorbing material m state 1 than m state 2 But the emission in either 
Ime depends only on the number of atoms m state 3 , and so long as there 
is energy in the subordinate line raising atoms to state 3 these will emit 
in both lines indiscriminately so that the principal hne cannot become 
fully dark There appears to be a tendency to equalise the two lines owing 
to this linkage of emission But I am not sure whether that is really so 
Suppose that not merely this one line but all the principal lines became 
entirely black then there would be no radiation capable of exciting normal 
atoms, and hence no atoms in state 2 except a few produced by collision 
The subordmate absorption line could not be formed at all owing to lack 
of material The question seems to be too complex to be decided here 

242 Saha’s theory has dominated all recent progress in the observa 
tion and interpretation of stellar spectra This is a highly specialised subject 
involving not only the collation of a great amount of astronomical and 
terrestrial spectroscopic data but the theory of series in optical spectra 
which, starting from principles similar to those involved in X ray spectra 
has been elaborated in great detail To pursue this subject would lead us 
far from our main purposes, and we shall here only touch on the fringe of 
these researches 

The most precise mathematical development of Saha’s theory is due 
toR H Fowler and E A Milne* Instead of determining the temperature 
at which a line should just appear or disappear (which involves estimates 
of the abundance of atoms or ions required to produce detectable absorp 
tion) they calculated the conditions for which the line should reach 
maximum intensity 

* ]\dofithly ISfotiCQS 83 p 403 84 p 499 85 p 970 
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The number of atoms in a state to absorb a given line varies with 
temperature and density Fowler and Milne take as their two variables 
the temperature T and the electron pressure the latter is presumably 
about half the total gas pressure smce we may expect about 1 free electron 
per atom in photospheric conditions’*' Keeping P^ fixed we can trace how 
the proportion of atoms in the required state changes with T and deter 
mme the temperature for which it is a maximum If P^ is rightly chosen 
this should be the temperature at which the line reaches maximum in 
tensity, and the spectral class of observed maximum intensity can thus 
be correlated with temperature Conversely if we know the temperatures 
of the different spectral classes we can determine the value of P^ for the 
reversmg layer 

The formulae for determinmg the number of atoms in a given state of 
ionisation when the electron density is given have been developed in § 47 
the proportion of these in any given excited state is also known by Boltz 
mann s formula By differentiatmg with respect to T the temperature of 
maximum abundance of the given state can be found We do not give the 
formulae here explicitly, smce for practical computation simplifications 
appropriate to the particular conditions considered are introduced and 
we are not here concerned with the technique of practical computationf 

The following examples are taken from Fowler and Milne’s calculations — 

(1) H Balmer Series Maximum m type^ 0 = 10,600® on temperature 
scale usually adopted Temperatures of maximum abundance of hydrogen 
atoms in a state to absorb the Balmer series are — 

Pg = 1 3 10“^ atmos , P = 10 000®, 

P, = 7 2 P = 11 000, 

P, = 3 1 10-3, P = 12,000 

(2) Mg+ A4481 Maximum m type J. 0 = 10,500® — 

Pe - 0 8 10-^ P - 10 000 

P, = 52 10-^, P = 11,000, 

Pe = 1 1 10-3, T - 12,000 

(3) Mg A5711, 5528 4703, 4352 Maximum ^ between sun and sun 
spot ’ = 5500®— 

Pe = 2 4 10-6 P == 5 000, 

Pe = 1 6 10-^, P = 5,500 

P. = 7 8 10-^ P = 6 000 

(4) Ca+ H and K hues Maximum m type K 0 = 4300° — 

P, = 9 9 10-7, P = 5,000, 

P, - 5 0 10-6, P = 6 000 

* Some elements will not be lomsed others may be doiibly lomsed 

t Reference may be made to Fowler and Milne Monthly Notices 83 pp 408-410 
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(6) He+ A4:686 Still increasing m the hottest type 0 — 

P,= 5 1 10-«, P = 30,000, 

P, = 1 1 10-^, T = 36,000 

(6) He A5876, 4471, 4026 Maximum in type P 2 — 

P, = 6 9 10-«, T = 14,000, 

P, = 1 2 10-*, T = 16,000, 

P, = 4 0 10-*, T = 17,000 

In types If to J. where the temperature scale is fairly well known the 
results are used to determine P« m the reversmg layer Havmg discovered 
m this way the general order of magnitude of P* , we can use the results 
of examples (5) and (6) to extend the temperature scale to types B and 0 

243 Many other examples will be found m the papers quoted and the 
general body of evidence is that ordinarily P^ is about 10“* atmospheres 
This then may be taken to be the average pressure m the leversmg layer 
(Of course, the pressure cannot be just the same through the whole series 
of stars but as mentioned in § 233 the range is moderately small ) But 
certain Imes give much lower pressures (e g Ca+ m example (4)) and are 
evidently formed at high levels where the pressure is of the order 10-’ to 
10-® atmospheres 

Fowler and Milne remark that it is the prmcipal Imes of the elements 
that give the exceptionally low pressures Their view is that smce atoms 
m a state to absorb a prmcipal Ime are about 10* times as abundant as 
those absorbmg subordmate Imes a comparatively thm layer suffices to 
produce full absorption hence m the wave length of the principal line 
we can see only a little way into the star, and the high level and low 
pressure are accounted for We do not thmk this explanation can be correct 
If the material is considered to be so superabundant that it prevents us 
seemg down to the ordmary reversmg layer abundance ceases to be a 
matter of primary concern So long as we have enough to form a practically 
opaque screen m front of the region from which nearly all the photospheric 
radiation comes, i e m front of the reversmg layer, variations of abundance 
will scarcely affect the appearance of the line Further, if Fowler and 
Milne’s view were true the spectral types at which the hne just appears 
and disappears would still be determmed by the reversmg layer conditions, 
and not by the high level pressure which determines the maximum 

It seems more likely that the clue to this deviation is given by Mihie’s 
work on the chromosphere (§ 252) The elements which show the deviation 
are subject to strong selective radiation pressure — ^which is associated 
with the occurrence of strong prmcipal Imes m the intense part of the 
general spectrum 



360 


THE OUTSIDE OF A STAB 


The radiation pressure supports the atoms above the photosphere m 
the chromosphere, elements not subject to the strong radiation pressure 
do not rise to this level Thus the difference of pressure is accounted for 
Whilst this explanation also lays stress on the fact that the elements with 
strong principal Imes show the deviation (since it is the absorption by these 
hues which makes them ascend to the chromosphere), it does not assume 
complete opacity above the photosphere — ^which was the objection to 
Towler and Milne’s explanation 

It IS rather doubtful at present what the observed ‘ mtensity” of a 
hne should be taken to signify In the foregomg it has been supposed to 
be a measure of the blackness Actually our information depends almost 
wholly on eye estimates of mtensity, which presumably combme blackness 
and breadth Now breadth depends on entirely different considerations 
from blackness It would seem that photometric measurements of black 
ness at the centres of the lines are essential for a proper apphcation of the 
theory, and the present use of eye estimates is a very uncertam make 
shift 

What IS the temperature referred to m these investigations ^ The 
absorbmg material is m front of the photosphere and presumably nearer 
to the boundary temperature Tq than to the effective temperature The 

molecular speeds and the dms%ty of the radiation wiU correspond to a 
temperature near to , but the quality of the radiation corresponds to 
or mdeed to a temperature rather higher The lomsmg power of the radia 
tion depends on its mtensity for high frequencies, and this will be more 
nearly represented by T, than by Probably T m the foregoing results 
may be considered to correspond fairly nearly to 


Molecular Spectra 

244 In the reversing layers of cooler stars chemical compounds can 
exist and the molecules give rise to band spectra For diatomic molecules 
such as cyanogen, ON, the structure of the bands has been unravelled, and 
a satisfactory theory of the distribution of intensity m the bands has been 
developed So far as we are aware the only attempt to use the band spectra 
as a clue to the physical conditions m the reversmg layer is contamed in a 
paper by R T Birge* 

The cyanogen band observed m the solar spectrum near 3883 A is 
composed of five overlappmg senes Each series starts from a missing 
hne labelled m = 0 and runs in both directions the positive (‘ P”) branch 
runs towards the red the successive hues being denoted by m = + 1 
+ 2, , the negative ( ‘iJ ’) branch runs towards the violet and is denoted 


* Astrophys Journ 55 p 273 
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by m = — 1, — 2 The lines are not equally spaced, the separation 
m the positive branch (in CN) diminishes continually becomes zero, and 
finally negative so that a head of the band is formed where the senes 
doubles back on itself In other compounds it may be the negative branch 
that inverts 

The state of the molecule is characterised by two or more quantum 
numbers of which one, m, corresponds to angular momentum (equivalent 
to n' m §§ 42, 61) We shall call the remainmg quantum number or 
numbers n The band as a whole is due to a transition between two states 
% and -Ua, and the mdividual fines correspond to different values of m 
In accordance with Bohr’s selection prmciple the only possible transitions 
are those m which m changes by + 1 or — 1 , a change + 1 on emission 
gives the positive branch and — 1 gives the negative branch The number 
mg of the fines will be best understood by reference to the converse 
absorption absorption with change from m to m — 1 units of angular 
momentum gives the Ime numbered 4- m and with change from m to m + 1 
umts gives the Ime — m It should be understood that the mam change 
of energy is determmed by the transition from % to Wa which has nothmg 
to do with angular momentum and can be visualised as a difference in 
closeness of bindmg of the two atoms but smce by the selection prmciple 
this transition cannot occur without a consequential jump of m, there is 
a small additional gam or loss of energy which vanes with the starting 
value of m and gives rise to the fine structure of the band It is found that 
the two branches have similar mtensity curves this shows that the two 
possible transitions Am = ± 1 are equally probable 

It can probably be assumed that the molecular absorption coefficient 
IS mdependent of m that is to say, the rotation of the molecule will not 
appreciably affect its chance of absorbing a quantum from the radiation 
around it The whole band occupies only a small length of spectrum and 
were it not that frequency is observable with extremely high accuracy we 
should scarcely have thought of distmguishing molecules with different 
velocities of rotation In that case the absorption m the fines ± m will 
be simply proportional to the number of molecules m the state (m, %) 
In equilibrium this number depends on the temperature, smce by 
Boltzmann’s formula it is proportional to exp (— Xm n 1^^) would 
seem that measures of relative mtensity m a band spectrum — especially 
the value of m for which the mtensity is a maximum — are remarkably 
favourable for determining the temperature Isolated atomic fines can 
only be compared from one star to another and their mtensity depends 
on density as well as temperature But m band spectra the evidence is 
obtained by differential comparisons of the successive fines in the band, 
density affects the absolute mtensity (by dissociation of molecules) but 
not the relative mtensity 
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245 By the usual quantum condition, viz 

Jpdgr = mh, 

we have for quantisation of angular momentum 

Jco 27r = mh (245 1 ), 

where J is the moment of mertia of the molecule 
The rotational energy is 27 ; 2 

Accor dmgly if and are the moments of inertia of the molecule in the 

states and the frequency of the hne + m is given by 

= const + ^-3 -^ - - ^ (245 31), 

and of the line — m by 

T , , (m+l)^A^ 

nti — nrir\oT* J ' ' f A 0 0\ 


(245 31), 


and of the Ime 


const + 


8tt^J 2 Sir^J j 


(245 32) 


These formulae give a parabolic spacmg of the lines {v = A + Bm + Gm^) 
which agrees weU with observation We can determme J i from observation 
smce by (245 31) , , 

^ ■' H — ^*'+2 = 4^^877 Jj , 


or Av = A/ 477 V 1 (245 4 ), 

where Av is the spacmg between consecutive hnes at m = + 1 

Considermg molecules m a state tIj (1 e ready to absorb) the number 
with angular momentum corresponding to m will be proportional to 

q^e-»nlBT (245 5 ), 

where by (245 2), Xm = and is the weight of states corre 

spondmg to m For a diatomic molecule the vector of angular momentum 
IS restricted to the plane perpendicular to the Ime jommg the two atoms 
so that for reasonably large values of m the weight is proportional to 
m* (Compare § 42, where each value of n' represents n' I orbits corre 
spondmg to the possible values of n' ) 

Smce then mcc Xm^i the number of molecules in state m is pro 
portional to , 

which IS a maximum when Xml^T = |, or 

= (245 6 ) 

Hence by (245 4) (245 7 ) 


* Bepresentmg the angular momentiun by a point in the plan© the classical 
weight of a rang© of values is proportional to the area (since the components of 
momentum are Hamiltonian coordinates § 48) In the (quantum theory the weight 
of the annulus between (m ± J) hj27r is appropriated to the quantised circle mhl 27 r 
and its area is nearly proportional to m 
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For the ON band which is most easily observable Av/c = 3 704 Hence 

TYbxxxOi'Si ^ ^ 4t^4k'\/T 

At the centre of the sun’s disc we should expect the temperature of the 
reversmg layer to be about 5200° {T^ in (232 3)) , at any rate it cannot be 
lower than Tq = 4660° The corresponding values of m are 

^max ~ 31 2 and 29 6 

Birge was not able to observe directly the maximum mtensity in the 
solar spectrum but by an indirect procedure (which is not very fully 
explamed) he arrived at a much lower temperature 4000°* The difference 
seems mexphcable even grantmg that the region in the sun has no defimte 
temperature (the radiation correspondmg m quahty to 5740° and m 
density to 4660°) it is difficult to see how any criterion could give a tempera 
ture lower than both Further investigation seems to be required 

W%dt7h of Absorptton Ijines 

246 WMst some Imes m stellar spectra are extremely sharp, others 
may be of considerable width In some stars the lines of the Balmer senes 
of hydrogen extend over 30 Angstrom umts on each side of the centre of 
the line In the solar spectrum the H and K Imes of Ca+ extend 10 A on 
each sidef 

Broadenmg of the hnes can be produced by the disturbmg effects of 
neighbourmg atoms on the absorbing atom these mterfere with its perfect 
periodicity so that its quantum states are not entirely sharp Broademng 
from this cause is usually referred to as pressure broademng though the 
name is now scarcely adequate It is closely associated with the Stark 
effect of electric fields since the disturbmg causes are electrical 

Other conceivable causes of broadening are {a) Doppler effect of atomic 
velocities due to temperature (6 ) Doppler effect of ascendmg and descendmg 
currents, (c) Doppler effect of rotation of the star, {d) Stark effect of regular 
electric fields, (e) Compton scattermg by free electrons with different 
velocities, (/) Rayleigh scattermg by atoms and ions {g) great depth of 
the absorbing layer enhancing the importance of slight broadening due 
to other causes Most of these have at one time or another been advocated 
as the mam cause of width m stellar hnes, but we do not think the argu 
ments will stand scrutmy It is doubtful if they would have been proposed 
had not the operation of “pressure broademng” m stellar conditions been 
deemed inadequate 

* Birge s clue was that in a certain part of the band the relative intensities of 
the lines corresponded to that of a 4 ampere arc and was at any rate intermediate 
between the furnace spectrum and the 13 ampere arc The temperatures of these 
terrestrial sources of comparison were deduced from the observation of mmax 
t C H Payne Stellar Atmospheres p 61 
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It has sometimes been urged against pressure broadening that we do not 
get anythmg like so much broademng m a vacuum tube when the pressure 
IS equal to that now assigned to the reversing layer of a star For example, 
the Balmer series is quite sharp m a vacuum tube at a pressure of 10~^ 
atmospheres But this comparison overlooks the great dijSerence due to 
the ionisation of stellar material The ion or electron is the centre of a 
disturbing field of far wider extent than the neutral atom’s field which 
can scarcely come into play except at collision, and the broadening effect 
IS of a much higher order of magnitude Although ions and free electrons 
are produced in a vacuum tube, their abundance is insignificant compared 
with photospheric conditions 

As an example we consider the line of hydrogen which corresponds 
to a transition between a 4 quantum and a 2 quantum orbit In the 
4 quantum orbit the period is 0 97 10“^^ sec The average duration of the 
4 quantum state is about 10~® sec or 10® periods Hence we should expect 
the quantisation m this state to be sharp to about 1 part m a million 
Roughly speakmg the purity of the line emitted or absorbed by un 
disturbed atoms should correspond to the purity of the spectrum from a 
gratmg with a milhon Imes This can be modified by the disturbance of 
other atoms or electrons in two ways (1) the average duration of the 
excited state may be shortened by frequent collisions (2) general irregular 
disturbance may shorten the stretches over which the phase of the 
periodicity is approximately preserved — ^just as the resolving power of 
the grating is impaired (1) by reducing the number of lines, (2) by ir 
regularity of ruling Numerical calculation seems to indicate that in 
photospheric conditions the process (2) is the more important The problem 
has been discussed by Russell and Stewart* 

Let or be the total number of electrons and (singly charged) ions per 
cu cm and let be a length such that fTroTo® = 1 Then if we draw a 
sphere of radius round a given atom this sphere will on the average 
contain one disturbing charge The more distant charges will by thoir 
imperfect symmetry also produce disturbing fields, but the order of 
magnitude of the resultant field will be not very different from that due 
to the nearest charge 

For singly ionised material at 10 000° and 10“^ atmospheres pressure, 


we have 


a = 7 4 10^^, ro == 1 48 10-® cm 


The field due to a charge e at distance ro is 


2 18 electrostatic units 


Since the nearest charge is within r^ the average disturbing field will be 
larger Russell and Stewart calculate the average to be 2 7 times larger 


* Astrophys Jowrn 59 p 197 (1924) 
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or about 6 electrostatic units The Stark efifect of a steady field of 6 units 
resolves into components extending over OTA The observed width 
of the line should be greater — say 2 to 3 A — since the Stark components 
will be shifting about over a wider range owing to the fluctuations of the 
field The actual width of in stars correspondmg to the assumed con 
ditions IS about 15 A 

I do not think that the fluctuatmg Stark effect is in itself suflScient 
to account for the great widths often observed It seems hkely that 
another point is involved In the foregomg conditions the average speed 
of the electrons is 6 2 10^ cm per sec so that the electron traverses a 
distance in 2 4 10“^^ secs or 24 periods of the 4 quantum orbit Some 
electrons will approach much closer and some will have greater speeds so 
that there will be a considerable amount of disturbance which changes 
completely in the course of 3 or 4 periods Now the Stark effect represents 
the disturbance by a steady field, which during one half revolution 
counteracts to a large extent the change of phase produced by it in the 
other half revolution the theory of the effect is based on the ^adiabatic 
hypothesis ’ that the field is estabhshed slowly in comparison with the 
time of revolution The quickly fluctuating field should give much larger 
effects, and it seems possible that the great width of the lines is produced 
in this way 


Continuous Absorption 


247 Although the general flow of heat through the photosphere is to 
some extent dammed back by line absorption and emission, the main 
obstruction is likely to be continuous absorption and emission just as in 
the deep interior 

Our formula for the continuous absorption coefficient at temperatures 
of some million degrees was (158 2) 

lihT^{l+S) Z^_ 

p n^auQ A 


(247 1) 


The theory of continuous optical absorption at photosphenc temperatures 
must be fundamentally the same as that of continuous X ray absorption 
at high interior temperatures, but we should scarcely expect the formulae 
derived under the simplifications permissible at high temperature to apply 
to the photosphere Milne*, however, has found reason to believe that, 
whether by coincidence or by actual appropriateness, this extreme extra 
polation of (247 1) gives results not far from the truth 
We apply (247 1) to a typical photosphenc region with 


T — 6000° po = 200 dynes/cm ^ 


** Monthly Notices 85 p 768 


23 2 
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The material is taken to be calcium which is found to be singly ionised in 
these conditions so that 


2-20 A = 40 ^ - 20, / = 1 

The result is h = 2 00 10^ (247 15) 

Milne gives jfc = 7 8 10^ the difference bemg due to his neglect of Rosse 
land’s correction We might feel mclmed to adopt a value 10 times larger 
than (247 15) since the theoretical result is only of the observed value 
in the deep interior As Milne’s value corresponds to a convenient com 
promise we shall adopt it in this section, so that 


= 7800 (247 IG) 

Tcq denotmg the value of h for the standard temperature and pressure 
defined above 


Smce 

the absorption law h 


JpQ ^ 3gl p 

cr pjiiT^ can be written 


(247 2), 


At 6000°, ^2, = 3 SO 
(247 16) 


koc^T-^ (247 3) 

PR ^ ’ 

dynes/cm ^ Hence determining the constant from 


129 ^ 

UoooJ 


(247 4) 


248 To determine the value of m the outer part of the sun Milne 
adopts a procedure equivalent to the following The fundamental equation 
(233 1) gives 

dpa=[j^-'^)^R (248 1) 


Integratmg this on the assumption that Tc can he treated as constant and 
negleotmg the constant of integration, we have 

= (248 15) 


Hence by (247 4) 



(248 2) 


Settmg for the sun T = 6000°, cgjH = 1 319 10* we have 

Ic _ 13190 
129 ~ k 

whence k = 1241 


For approximate calculation the term 

so that , 

129c5r/ T y* 

H Uoooj 


1 m (248 2) is unimpoitant 
(248 3), 


and k gc Hence the result is consistent with the original assumption 
that k can be treated as constant for a considerable range of temperature 
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The ratio of radiation force to total force is determined hy 


eg 


1241 

13190 


= 0 094 


This IS the source of the value 0 1 used in § 233 and the general reason 
ableness of the results there found is considered as evidence that our 
extrapolation of the law for h has given a value of the right order of 
magnitude 

The value of 1 — ^ in the deep interior of the sun is 05 so that ap 
parently radiation pressure becomes more important at the photosphere 
But this conclusion lays too much stress on the accuracy of the extra 
polated value of h and the only legitimate conclusion is that 1 — and 
1 — are of the same order of magmtude 


249 We may inquire a little further mto the reason for the slowness of 
the variation of h The absorption law (247 3) may be written 

h = Cpe/p# (249 1), 

where (7 is a constant Imagine that we are integrating equation (248 1) 
startmg from the outside Having reached a certain point let ns contmue 
the solution assuming that h remams constant Call this solution A 
Now take Pq and ps. from solution A determine Tc from (249 1), and make 
anew solution B from (248 1) with this value of & If Z; is decr€as%ng (as 
usually happens) dpal<ipR is increased so that Pq/Pr gradually becomes 
larger than in solution A The new value of k found by inserting solution 
B values in (249 1) is accordingly ^'ncreased, and the next solution C will 
move back towards A, and so on 

For example m § 233 on the assumption of k constant we found 
(solution A) at the limits of the photosphere 

T^jT^ = 1 38, pjp^ = 12 0, 
whence k^jk^ = 39 

In solution B we should accordingly suppose that k mcreases between 
the two levels in the ratio 3 9 1 , but this gives great over correction 

and the next solution moves back towards solution A Probably a qmte 
sm al l change of k in this range would give the necessary adjustment 

The absorption coefficient has a natural tendency to steady its own 
value Physically the explanation is that if as we go inwards we find 
material that is specially absorbent, the mcreased outward force of radia- 
tion pressure will support more of its weight and so check the natural 
mcrease of density downwards and (through the dependence of k on p) 
k falls again towards its normal value This effect is well illustrated by 
Milne’s formula (248 3) where k vanes as T'^, or if anything less rapidly, 
instead of the anticipated vanation as 
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250 If the method of § 248 is applied to the conditions in the reversing 
layer the neglect of the constant of integration will introduce inaccuracy 
which seems likely to he serious Near the bottom of the photosphere 
this ‘‘end correction’’ will have practically disappeared, and h and 1 — j8 
will have settled down to Milne’s values but we are chiefly interested in 
regions where they can scarcely have begun to recover from the boundary 
disturbance 

The following method should give a good approximation for the outer 
layers down to about ti = 0 25, which we have taken as the top of the 
photosphere for the centre of the disc (§232)* In this region T lies 
between 0 842^^ and 0 91?^ so that we shall treat it as an isothermal 
region so far as h and are concerned 
Introduce a quantity v defined by 


eg V 


(250 1) 


Smee in the isothermal region h andp^y are both proportional to />, we have 
V constant Then (248 1) becomes 


^^• 0 = 

or ^ = (250 2) 

Integrating we obtain 


- V log (1 - pg/v) - Pa 


: SpE = ia {T^ - To^) 

= Erjc (250 3) 

by (226 5) In most cases PqJv is small and the equation can be written 

Hr 

= — (250 4 ) 


I ..«> "1“ 


2 V ^ 


In Table 46 the first column gives an assumed gas pressure at the 
conventional upper hmit of the photosphere r = 0 25 The second column 
gives V deduced from (250 3) The third column gives the value of k at 
this point deduced from (250 1) The last column gives the correspondmg 


Table 46 


Absorption Coefficient for Sun^s Reversing Layer 


p& 

V 

h 

^0 

1 

1 69 

7820 

840000 

10 

102 5 

1286 

13810 

100 

9700 

135 9 

146 0 

1000 

963000 

13 7 

147 


* An alternative treatment is given by Milne he cit § 9 
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value oi Jcq, le h for the standard conditions T = 6000°, 200 for 

comparison with (247 16) 

It will be seen that a very rough knowledge of Jcq would suffice to give 
a reasonably close value of pq for the level considered but since estimates 
of Iq depend on risky theoretical speculation, we prefer to proceed in the 
converse way The discussion of the intensities of spectral lines by Fowler 
and Milne (§ 242) indicated that they are usually produced where the 
pressure is rather above 100 dynes per sq cm or 10”*^ atmospheres Their 
location cannot be much below the level r = 0 25, because even at the 
centre of the disc tTT of the photosphenc radiation comes from above this 
level and for the disc as a whole nearly ^ is above this level We judge 
therefore that the results for pq = 100 dynes/cm ® should be accepted 
This gives m round numbers 

ko = 150, 

as compared with 7800 adopted by Milne and the value 2000 derived m 
(247 16) 

There is no theoretical objection to be urged agamst this lower value 
Extrapolation of a theoretical formula is not the same thing as extra 
polation of a theory and so far as we can judge the value 160 really 
corresponds better with Kramers’ theory 

In deriving the value 2000 we assumed Z = 20, but unless the electron 
penetrates inside the ion durmg its encounter the actual charge mfluencmg 
it wiU be 2 = 1 or 2 since few atoms m the reversing layer are more than 
doubly ionised Taking Z =2 A:, is thereby divided by 100 AUowmg for 
various mmor adjustments the value Ajo = 150 is about as likely a prediction 
from Kxamers’ theory as we can make 

We verify as follows that the electron does not enter the ion deeply 
Settmg A = 5000 k, T = 5740°, Z = 2* m (166 2), we find y = 1 5 for 
cr = 1 00 10-'' cm Now the mam part of the emission comes from electrons 
for which y IS m the neighbourhood of 1 6 and these are aimed to pass at 
the above distance a from the centre Erom (153 7) we find that the 
eccentricity of these orbits is 1 09 and the closest approach to the centre 
IS then calculated to be 2 1 10“® cm This will not quite clear the ion which 
has a radius 2 3 10-« cm but the penetration is too slight to have much 
effect 

251 Adopting the third line of Table 46 for t = 0 26, we have 
= 146 0, fa = 100, V = 9700, A: = 135 9 
If we were to solve (260 3) with this value of v and with t = 3 4, so as to 
find the conditions at the bottom of the photosphere, we should obtam 

* This 18 intended to apply to singly or doubly ionised calcium equally because 
in the former caso the approaching electron penetrates within the orbit of the 
valency electron 
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fQ. = 365, h = 497 But it is clear that the approximation has broken 
down because the increase of A in the ratio 1 3 65 will be more than 

compensated by a decrease in the ratio 1 5 38 due to the temperature 

factor ignored m the approximation Accordingly for the stretch 
T = 0 25 to 3 4 it will be much better to pass over to Milne’s approximation 
h = const Eecomputmg Ic by the method of § 248 with the value i:# = 146 
now adopted we find at 6000° 

h = 177 (251 1) 

It will be seen that t = 0 25 is a very suitable place to ]om the two ap 
proximations smoe they give roughly the same value of h at the junction 
We shall now revise the calculations of § 233 as to the solar photo 
sphere* Using & = 177 we have 

1 - ^ = hHjcg = 0134 (251 2) 

so that (contrary to Milne’s conclusion) radiation pressure is relatively less 
important m the photosphere than m the deep mterior (1 — = 05) It 

should be understood however that the accuracy of oui determination of 
h IS not sufficient to justify any great confidence m this amendment As 
already explained, radiation pressure, although it becomes larger in actual 
amount than gas pressure near the boundary of the star, is less important 
as a sustaining force If any material is supported by radiation pressure 
it must be through selective Ime absorption and not through continuous 
absorption 

By mtegratmg (248 1 ) between the hmits r = 0 25 to 3 4 
(i’o)2 - (.Pa)i = ~ = i&j' 7 ~ 


so that at the two hunts of the photosphere 

{Pg\ = 100, = 583 (251 41) 

By (232 3) y, = 1 45Ti (251 42) 

By (251 41) and (251 42) Pa = 4 02 pi (251 43 ) 

Hence by the absorption law 

l 10*1 (251 44), 

showing that the assumed constancy of * is a good approximation for this 
range 

Equation (251 3) can be written m the form 

B H 

Pq = YZrf 7 ('^ + ^ ^03) (251 5), 

the constant being determined from the value of {pq)i (If we had not 


The calciolations in this section refer to the photosphere at the centre of the 
disc whereas those in § 233 refer to the integrated disc so they are not quite com 
para,ble I have here chosen the central photosphere for the reason that it falls 
wholly in the region covered by one approximation 
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allowed for the diminishing value of h between r = 25 and 0 the constant 
would have been zero ) By (226 5 ) 

iaT‘ = |(r + §) 

Hence pct = 3 ^ {T^ - T^'^) (251 6 ), 

where = 0 3962^0* 

Since (251 6 ) is the same as (233 4) with T^' replacmg jPq deduce 
as m (233 9) 

9 ?y„' ( T T — T T "t 

i* 37 + ‘“S- r +37 - ' 37} ’> 

This gives for the thickness of the sun’s photosphere 

“■ ^2 = 17 0 km , 

or about half the thickness given by the former discussion 

No doubt the actual photosphere will be more extended owing to its 
non homogeneous composition The different elements may sort themselves 
out to some extent according to their atomic weights and to the force of 
radiation pressure on them 

Consider next a giant star with the same effective temperature as the 
sun but with a smaller value of g Comparing the stars at corresponding 
levels of T, we have hoc pq since the temperatures are the same Hence 
by (250 1 ) IS proportional to g So long as pq is small compared with v, 
(250 4) gives ^ Vi^Hrv/c) (251 8 ), 

SO that at the reversing layer (r = 0 25) 

Pqcc^/voc ^/g 

For example, if g has of its value on the sun v = 97 and, by Table 
46, Pq at the reversing layer is slightly under 10 

The result pq a \/g for stars of the same effective temperature was 
originally given by Milne as the result of the theory of § 248 By (248 3) 
approximately h oc and for the same temperature hoc Pq 

We can now compare the effective temperatures of giant and dwarf 
stars of the same spectral type* The result must depend on the criteria 
actually used in fixing the spectral types of stars Followmg Milne we 
take this to correspond on the average to the state of ionisation with 
regard to ionisation potentials of the order 8 volts, or */r — 1 27 10”i^ergs 
Then by (174 2 ) the same spectra will appear if 


~ ' (251 91) 

{Pg)i (PG)i 

where the suffixes 1 and 2 now refer to the reversing layers of two different 
stars 


* E A Milne Monthly NoUces 85, p 782 
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Since H (X and h oc pajT^ 

vcc gT^ 

by (250 1) Hence at the reversing layer by (251 8) 

Pqo: giT^ 

so that (251 91) becomes 

Ig^i == jg^ (251 92), 

or approximately (i + ||j) S (log T) = S (log g) (261 93) 

Usmg the values of g for the sun and Capella this gives T^jT^ = 1 106 
The effective temperatures are m the same ratio as the reversing layer 
temperatures, hence they are respectively Sun 5740°, Capella 6200° 

It IS generally considered that the observed difference of temperature 
is of about this amount In fact the temperature 6200° for Capella used 
throughout this book was an estimate from the observations, there being 
no theory available when the choice was made 

The Chromosphere 

252 We have seen that the thickness of the photosphere of the sun 
may be estimated at 16 km above this the density contmues to dimmifil. 
rapidly but there is no definite outer boundary to the distribution In 
this region the conditions are practically isothermal, and the density 
therefore falls oS exponentially with the height accordmg to the well known 
law for an isothermal atmosphere The density decreases fourfold in the 
15 km of photosphere, and it wiU continue to decrease at about this rate 
so that 150 km higher it should be inappreciable 

Now the fiash spectrum observed at many eclipses shows that sufficient 
material to produce bnght Imes extends far above this limit Accordmg 
to Evershed the H and K hues of calcium reach to a height of 8000 km , 
Mitchell has traced them even to 14 000 km Some of the hydrogen lines 
extend to 8500 km above the limb How is this material supported ^ 

It seems impossible that there can be any steady electric field, other 
than the weak field described m § 191 which prevents the electrons from 
diffusing apart from their ions And indeed an electric field could not well 
support a material atmosphere which must necessarily contam almost 
identical numbers of positive and negative charges The only possible 
explanation seems to be that this material is supported by radiation 
pressure It consists of atoms on which the radiation pressure is exception 
ally strong, so that they are driven out from the photosphere and kept 
balanced at high level The theory here described is due to E A Milne* 
Why are certam elements selected to form this chromosphere 

* Mmihlg Notices, a p 354 85 p 111 
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rather than others For intense radiation pressure the atom or ion must 
have a principal line in the region of the spectrum in which the stellar 
radiation is strong, it can then absorb the radiation strongly A sub 
ordinate line is no use because very few atoms are in a state to absorb it 
at any one moment Further the principal hne must be a long way from 
the head of its series , that is to say the stellar radiation must be able to 
excite the atom but not to ionise it For at the low densities concerned 
an atom which once lost its electron would have small chance of re 
capturing one, and as it would meanwhile be unable to absorb it would 
fall back into the photosphere These conditions are well fulfilled by the 
H and K lines of Ca^. which correspond to excitation of the odd electron 
from its normal 4^ orbit to two 4:^ orbits (which differ only slightly from 
one another and need not here be discriminated) 


253 In the highest part of the chromosphere only the H and K Imes 
have been observed so that it is a fair approximation to take the material 
as constituted wholly of Ca^. with the necessary complement of free 
electrons , it is also assumed that the only processes are the transitions from 
to 42 orbits and back again* Let be the number of atoms at any 
moment in the normal state and % the number in the excited state, then 
the ratio is given by Einstem’s equation (36 3) 

^12*^1-^ (^ 12 ) ~ ^21 *^2 “b ^21^2-^ (^ 12 ) (253 1) 

There is no thermodynamical equihbrium, and this equating of direct 
and reverse transitions is only permissible because of the special postulates 
above which exclude any other transitions 

Now I (V 12 ) IS not the black body intensity for temperature , it is 
modified m two ways Consider for simphcity atoms at the top of the 
chromosphere The radiation travelling m directions in the inward hemi 
sphere is missing, hence the intensity is reduced to | the full intensity 
Further, vja heing in the midst of an absorption line, we must multiply 
by the ratio r between the intensity in the line and the intensity just 
outside the line It will be possible to determine r by photometric measure 
ments of the intensity in the H and K Imes in the observed spectrum The 
equation aocordmgly is 

(^12> ™ ^21^2 "b ^21^2 (^12 j ^e) (253 2) 


Using the values of the atomic constants found in (38 25) and (38 4), we 
obtain 


\ 9.2 \ 


n- 

^2 9.2 

92 


14- 






gA It/122’ 


¥ 


-) 


(253 3) 


* Aotuallycertainotlier transitions are bound to occur The necessary modification 
of the theory is discussed by Milne in Monthly Notices 86 p 8 
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We wnte q^jq^ = q There are two 4^ orbits and six orbits (four belonging 
to the K line and two to H ) , hence g = 3 

It IS found that e* is large so that we have with suiB&cient accuracy 

^ 2 /% = iqre'-^ 

In this form the result is easily seen to be the appropriate modification of 
Boltzmann’s formula If the 712 atoms were excited by full radiation at 
temperature we should have ^ 2 /% = qe'~^ , but 7 I 2 is reduced pro 

portionately to the dimmished intensity of the radiation, so long as 
small compared with 

Let be the average duration of a normal state to of an excited state 
Then 


second 


(253 4) 
and absorb 


= %/%== /ier 

The atom wiU be excited times per 

^'^12 (^1 + ^ 2 )“^ ergs per second F or each erg absorbed 1 Jc units of momentum 
will be absorbed this momentum is in all directions over the outward 
hemisphere and the average component m the radial direction will be 
l/2c (Allowing for the law of darkenmg the result should strictly be 
4/7c ) For equihbrium this outward momentum must balance the 
momentum communicated by gravity viz Ang, A being the atomic weight 
of calcium Hence 


Asg = - 


or 


^ + 1^2 =s 


2c (fi + ^ 2 ) ’ 

hv^2 


’ 2cAHg 

By (253 4) and (253 5) to our order of approximation 

, _ qrjiv:^2 


^ccAug 


g ~ A lijRT 


(253 6) 


(253 6) 


Inserting numerical values for tlie sun the results are 


hik = r X 3 54 10-®, 

«i + <2 = 46 10-5, 

so that t 2 = ryi 16 2 10-8 

Since T IS necessarily less than unity an upper limit to the duration 
of the excited state giving the E and K emission is 16 2 10-8 seconds (If 
this limit were exceeded there could he no calcium chromosphere on the 
sun ) By accurate measurement of the residual intensity at the centre of 
the E and K hnes we could determine defimtely this physical constant 
of the calcium atom Provisionally r is beheved to be about 0 1 so that 


^2 = 1 6 10-8 secs 

Values of have been determmed in the laboratory by experiments 
on canal rays for some elements (but not for Ca+) and these give results 
of the order 10-8 secs , so that the astronomical determination is probably 
near the truth 
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254 We now consider what happens as we descend in the chromo 
sphere still assuming that Ca+ is the only material present The mvestiga 
tion of § 226 IS immediately apphcable and we have 

H' = const ■) 

J' = 2E' (1 + |t')J 

where E', J , r refer to monochromatic radiation of frequency The 
law of darkening towards the limb (for the residual radiation at the centre 
of the absorption line) can be worked out as before and the same result 
(227 2) IS obtamed as for the photospheric radiation as a whole* This is 
believed to be confirmed by observation 

The resultant outward force of radiation pressure is proportional to 
jff'% and the weight to be supported is proportional to % + Hence, 
since H is constant, the ratio of radiation force to gravity varies with 
depth as ^l/(9^l + A correction however is requiied on account of the 
momentum of the stimulated emission Whilst the spontaneous emis 
Sion IS symmetrical in aU directions, the stimulated emission is in the 
direction of the stimulating radiation the radiation pressure is accordingly 
reduced in corresponding proportion It will be seen from (253 2) and 
(253 3) that the stimulated is to the spontaneous emission in the pro 
portion (e^ ~ l)/|r 1 or approximately n^jqn-y Hence the radiation 

pressure is reduced approximately in the ratio % -■ n^jq % Writing 
then 


radiation force 
gravity 


= (1 + a) 


- njq 



g + 1 
q nj 


approx 


(254 1), 


the constant a is determined by the condition that this ratio must be 
unity at the top of the chromosphere where the gas pressure vanishes 
Since g = 3 and ^ 2 /% chromosphere is 3 54 this 

a = 472 10-V 


Now 712 /% so long as it is small is proportional, not to but to J' 
and therefore to 1 + fr' Hence 


{q + 1) = cr (1 + I r') (254 2) 

By (254 1) and (254 2) 


radiation force 
gravity 


1 -f- O' 

1 + O' + f t'o 


|t'o approximately 


* Not the law of darkemng for the neighbouring portion of the continuous 
spectrum which introduces other considerations (§ 229) Hence the contrast or 
blackemng will not be strictly constant over the disc 



the outside of a stab 

The deficit must be made up by gas pressure, hence 

dpQ 3 , 

dpa 


(254 3), 


or 




where h' is the monochromatic coefficient of absorption 

due toThe equation we can neglect the slight variation of I' 

Clue to tne mert ions present Hence 

Pq — \ogr”^l'k’, 

^ mkT 


(254 4) 


Then 




Since T n practicaUy oonstanf we hawe by integration 

49iy 

3fj.ag (x + Xo) 

where is a constant of mtegration Hence by (254 4) 

mT 

Sfxk'ag {X + *0)2 

e value of x,, can be found roughly By (226 2) 


(254 51), 


(254 52) 


i W - J,') 


I 2H' (1 + |r'). 

so that J ' = 4»-' o ^ 3 /\ V T- j 

By the defimtion of r, W = rE hence r ' xmii in i r 

T„' given by hence will be equal to at a depth 

'•(l + iro)=l, 

SO that _r a/, 

^0 = f (1 — r)/r /254 03^ 

ontSrs :aZSrrtx“tarrotT 

than the surroundmg spectrum VLe ' ^ 

the optical tineknee.* rtbe^„,,®X«VtTbe 

what of an eittrapokt.onBmce mZ tower ’““'"r 

ions besides Can. Will be present an H til ^ i ®^^oj“osphere other 
+ win oe present and the simple conditions wdl no longer 

the scattering of tS freefLcteonr^e^w^le radiation is by 

and the chromosphere takes uf the 

be some conversion of the radf^tlon.^tomSn^'“^^» ^here may however 

wiU increase according to the mSV^f v «P®®d3 

hotter towards its base of and the chromosphere wiU be slightly 
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be valid However, taking tq' to give the base of the chromosphere and 
measuring x from the base, we have by (254 51) and (254 63) 

X ===: (254 7) 

l^ag (1 - r) 

Inserting afr = 00472, /x = 20, 1 - r = 0 9, T == 5740^1 23, ^ = 2 74 10^ 

1650 km 


All the constants required in this calculation are very well determined 
and the only uncertainty is that above mentioned as to the conditions 
where the chromosphere merges into the photosphere By (254 52) 


pcc (x + Xo)-"", 

so that at a height of 8200 kilometres the density is the density at the 
base The density of the emitUng atoms {pn^ln^) is proportional to p (1 4- |t'), 
which up to 8000 km is nearly proportional to {x + Thus in the 
same range the emission per unit volume m the chromosphere is reduced 
to yJu The problem of how the brightness of the chromosphere as seen at 
the limb of the sun will vary with the density is very comphcated, and the 
solution does not seem to have been attempted It is therefore impossible 
to say how nearly the decrease in density agrees with the observed decrease 
of brightness 

As Milne has pointed out the comparatively slow decrease of density 
in the chromosphere is evidence that radiation pressure supports nearly 
the whole mass If gas pressure played more than the very subordinate 
role assigned to it in the above discussion the law of decrease of density 
would be exponential and p would become insignificant at a small height 
above the photosphere It is easy to see how the balance is attained In 
the final state of the chromosphere no more atoms can be supported at 
the top, because the screen of calcium atoms below has reduced the H 
and K radiation to an intensity too weak to give support, no more can 
be added at the bottom, the pressure of the radiation sent back from the 
chromosphere towards the interior presses them down Until the back 
pressure attains the equilibrium amount atoms will be driven from the 
photosphere into the chromosphere by the forward pressure of the radia 
tion of H and K frequency m the photosphere 

The monochromatic absorption coefficient for Ca^. can be obtamed 
from the value of (the life of an excited ion) found in (253 6) , but an 
assumption must be made as to the width of the H and K lines We 
adopt as a rough guess a combined width AA = 1 A It is remarkable that 
all previous results are independent of AA Let rii and be the numbers 
of ions m the two states in a cubic centimetre in equilibrium at a low 
temperature By taking a low temperature we can set 1) 

* Since h and ^2 si-re atomic constants we find the relation (254 83) between them 
by a purely thermodynamical argument without reference to the chromospheiic 
conditions 
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equal to 1^^ and neglect stunulated emission Then the emission per cu 
cm per sec IS 

-Kv= (254 81 ), 

and this will also he equal to the absorption The radiation of H and K 
frequency traversing the cubic centimetre per second is 
cl (v T) Av = ^hv^Ave-J' 

Hence by division, the absorption coefficient per cu cm is 


and the coefficient per gram is 

h 




(254 82), 
(254 83) 


SirAHtj^Av 

Tor A = 3950 A, AA == 1 1, we find Av = 1 92 IQii, and hence 

*' = 90 108 

The mass Jlf of a column of 1 sq cm section extending from the base 
to the top of the chromosphere is 


if = I pdx = r'fk' (254 0) 

Takmg the base to be given by (254 63) 

tq = 4 (1 — r}/3r = 12, 
so that if = 1 33 10“8 gm /cm ^ 

The same result can also be found (without previously calculatmg Jc ) by 
equatmg the weight of the column to the difference of radiation pressure 
at its extremities due to radiation m the range AA 

The density is of order lO-i’ gm per cu cm and the free path must 
be very great Mihie, treatmg the particles as neutral, finds a free path of 
6000 km , m that case the gas pressure can scarcely be said to “support ” 
the matter of the chromosphere, but it replaces the faUing particles by 
projectmg fresh ones mto the region Probably, however, when account 
is taken of the charges of the particles the free path is not so formidable 
The equihbnum of a calcium atom at the top of the chromosphere is 
^stable Although the value of g and the mtensity of the radiation both 
fall off accordmg to the mverse square law as the distance increases the 
radiation force dimmishes less rapidly than gravity This is because the 
absorbing power of a given mass of material is proportional to the number 
of une^%ted atoms present the proportion of excited atoms is always small 
but there IS a shght loss of efficiency because of them With increasing 
distance from the star the efficiency increases towards unity, so that 
radiation force gams shghtly m comparison with gravity Presumably 
there is some escape of atoms from the top of the chromosphere but it 
IS doubtful whether they can travel far Ultimately the calcium atom will 
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be doubly lomsed (by starlight if not by sunhght) it will then drop back 
since it has small chance of picking up another electron when outside 
the chromosphere 

Milne has also pointed out that a calcium atom receding from the sun 
under radiation pressure experiences a rapidly increasmg acceleration 
Owing to the Doppler effect of its growing velocity its individual absorp 
tion shifts farther and farther from the centre of the solar H and K hnes 
At first it IS, so to speak, balanced on the summit of the dark hnes but 
It topples off into a clear region and experiences the full force of undimmed 
solar radiation 

Abundance of the Elements 

255 In Saha’s early researches the spectral types at which a Ime first 
appears and finally disappears were connected with the physical conditions 
at which the proportion of atoms in the right stage of ionisation becomes 
appreciable Owmg to the difficulty of assigmng numerical significance 
to the word appreciable ” Fowler and Milne preferred to work with 
maximum intensity rather than marginal appearance But ]ust because 
the marginal appearance involves extraneous factors and is unsmtable 
for the main purpose it may yield interesting information as to these 
factors In particular it mvolves the abundance of the element smce ceterts 
paribus if the atoms are ten times more abundant the required proportion 
in the proper state of ionisation is ten times smaller 

Although the reservation ceteru paribus covers a multitude of mdividual 
peculiarities of the elements and their spectra a first clue to the relative 
abundance may be obtained on the hypothesis that the number of atoms 
required to give a spectrum at the hmit of visibility is the same for aU 
kmds of atoms 

This hypothesis is not so wild as we might suppose at first Observation 
IS limited to a rather narrow range of spectrum so that the energy constants 
are roughly the same for all the hnes studied The absorption coefficient 
IS mainly determmed by the time taken to relapse from an excited state, 
this in turn is supposed to be connected with the classical radiation m the 
excited orbit which cannot be greatly different for the different orbits 
produemg optical spectra The series of Imes in the spectra of the same 
element are of widely different intensities, and in comparing the abundance 
of elements by this method care must be taken to choose comparable hnes 
of comparable importance as representative of the spectrum If the 
element is represented only by weak hnes m the visual region we might 
be misled 

This method of calculatmg abundance of the elements is due to 0 H 
Payne and the results m Table 47 are taken from her book* They corre 

* Stellar Atmospheres p 187 
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spond to the simple theory that if 1/w. is the fraction of atoms m the 
appropriate absorbing condition when the line just becomes visible then 
the abundance of the element is proportional to n 

Table 47 


Stellar Abundunce of the Elements 


z 

Element 

Abundance 

Z 

Element 

Abundance 

14 

Si 

57 

22 

Ti 

43 

11 

Na 

57 

25 

Mn 

36 

12 

Mg 

42 

24 

Cr 

29 

13 

A1 

36 

19 

K 

11 

6 

C 

36 

23 

V 

05 

20 

Ca 

29 

38 

Sr 

002 

26 

Fe 

25 

54 

Ba 

005 

30 

Zn 

0 57 

3 

Li 

0000 


Other elements which are probably abundant are 0 S, N Ni, but quantita 
tive determination is not yet possible Information is not obtainable as 
to P 01, P, Zr which are terrestrially abundant Miss Payne considers 
that there is a fairly close parallelism shown between stellar abundance 
and terrestrial abundance 

A study of this table does not suggest any need for amending the view 
expressed in § 173 that the mean molecular weight should be taken to 
correspond to a predommance of elements in the neighbourhood of Pe 
with some admixture of lighter elements But this evidence is not to be 
stressed very much The abundance here determined depends on the ability 
of the element to rise to the upper part of the photosphere and may not 
be typical even of the photosphere itself The heavy elements are likely 
to be badly handicapped in showing themselves 
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DIFFUSE MATTER IN SPACE 

The Tem'perature of Space 

256 The total light received by us from the stars is estimated to be 
equivalent to about 1000 stars of the first magnitude Allowing an average 
correction to reduce visual to bolometnc magnitude for stars of types 
other than F and Q the heat received from the stars may be taken to 
correspond to 2000 stars of apparent bolometnc magnitude 1 0 We shall 
first calculate the energy density of this radiation 

A star of absolute bolometnc magnitude 1 0 radiates 36 3 times as 
much energy as the sun or 1 37 lO^^ g^^ pj^^LS gives 1 15 10-® ergs 

per sq cm per sec over a sphere of 10 parsecs (3 08 10^* cm ) radius The 
corresponding energy density is obtained by dividing by the velocity of 
propagation and amounts to 3 83 10”^® ergs per cu cm At 10 parsecs 
distance the apparent magnitude is equal to the absolute magnitude 
hence the energy density 3 83 10“^® corresponds to apparent bolometnc 
magnitude 1 0 

Accordingly the total radiation of the stars has an energy density 

2000 X 3 83 10“i« = 7 67 lO-^^ ergs/cm ^ 

By the formula E = aT^ the effective temperature corresponding to this 
density is 

3° 18 absolute 

In a region of space not in the neighbourhood of any star this 
constitutes the whole field of radiation and a black body, e g a black 
bulb thermometer, will there take up a temperature of 3° 18 so that its 
emission may balance the radiation falling on it and absorbed by it This 
IS sometimes called the ^ temperature of interstellar space ” 

It IS possible, however, for matter which has strong selective absorption 
to rise to very much higher temperature Attention was called to the 
possible astrophysical importance of this effect by C Fabry* Radiation 
in interstellar space is about as far from thermodynamical equilibrium as 
it IS possible to imagine and although its density corresponds to 3° 18 it 
IS much richer m high frequency constituents than equilibrium radiation 
of that temperature It is convenient to exhibit this by stating for each 
wave length A an equivalent temperature T^^ such that the actual density 


* Astrophys Journ 45 p 269 
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for wave length A is equal to that of eqmhbrmm radiation at temperature 
The f ollowmg results are found — 

Table 48 

Equivalent Temperatures of Radiation m Space 


A 

Tx 

600 1 

4707° 

2000 

1750 

4000 

967 

6000 

690 


The source of the radiation was taken to be as follows — 5 per cent irom 
stars at 18,000", 10 per cent 12,000", 20 per cent 9,000", 40 per cent 
6 000" 25 per cent 3 000" The total density was taken at the round figure 

10-12 0J.gg -pQJ. 0^ 

Suppose for example, that we are dealing with material capable of 
absorbing and emitting only m wave length 600 It is unaffected by the 
presence or absence of radiation of other wave lengths It therefore 
behaves as though it weie in a field of equilibrium radiation of temperature 

— 4707" and takes up this temperature This is an idealised illustration, 
and in actual matter no one process of energy transfer could be isolated 
so completely mdeed the notion of temperature is scarcely applicable 
unless a more general exchange is occurring In natural material there 
will be a number of absorption and emission processes each striving to 
bring the temperature to the T^ corresponding to the wave length of the 
radiation concerned in it and it is not possible to predict the result of the 
conflict without careful inquiry 

257 Apart from direct astronomical evidence it is unlikely on general 
grounds that interstellar space is entnely void Matter may escape from 
stars by radio active emission, by radiation pressure or by the ordmary 
loss of high speed molecules Terrestrial magnetic storms are usually 
ascribed to some kmd of corpuscular emission from the sun At the same 
time space is continually being swept by the passage of stars which will 
pick up the atoms lying in or near their tracks but it appears that the 
spring cleanmg of space takes at least years so that it is unlikely that 
a steady balance of gain and loss has yet been reached 

To fix ideas we shall consider a density of 1 atom per cubic centimetre 
This density is probably about the maximum admissible, but it is more 
instructive to discuss an upper rather than a lower limit We take a mean 
atomic weight 10 since perhaps hght elements are likely to preponderate 
The mass in a sphere of 5 parsecs radius is then 128 x O This volume 
would contain about 50 luminous stars most of them of mass less than JO 
Thus the assumed density gives a greater proportion of diffuse matter 
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t,>ifl.Ti aggregated stellar matter D 3 maimcal studies of stellar motions lead 
to the conclusion that the mass of mvisihle matter cannot exceed in any 
large ratio the mass of the lummous stars, it has m fact generally been 
concluded that it is not greater 

For a density of 1 atom per cu cm and atomic radius 10“® cm , the 
mean free path is 6 6 10* km 

We have yet to decide whether this matter takes up a high or a low 
temperature hut provisionally we shall assume a temperature of 10,000° 
The mean speed for atomic weight 10 is then 4 6 km per sec , hence the 
duration of the free path is 40 years But we shall find later that the inter- 
stellar gas IS lomsed so that the attractions and repulsions of the electric 
charges will modify the free path We assume single ionisation, and regard 
a deflection of 90° or more as constitutmg an encounter the results are 
then 

Free path of atoms — Length 7 10® km Duration 5 years 
Free path of electrons — ^Length 18 10® km Duration days 

The collisions are sufficiently frequent to ensure that the material is 
a genuine gas with atomic velocities distributed accordmg to Maxwell’s 
law The term temperature can be apphed with its ordmary significance 
as a measure of the energy of the random motions* 

Energy is transferred from stellar radiation to this diffuse matter m 
four ways — 

(а) Line absorption by the atoms 

(б) Ionisation of the atoms 

(c) Scattermg by free electrons 

(d) Switches of electron orbits at encounter with atoms 

Energy is radiated from the matter by the four converse processes The 
processes (a) and (6) mvolve high frequency radiation and therefore tend 
to raise the temperature to a high value of The process (c) is mdepend 
ent of wave length and tends to reduce the temperature to 3° 18 The 
fourth process requires closer examination 

(a) Line absorption has practically no effect on the temperature of 
the material An atom absorbs a quantum and is thereby raised to an 
excited state, but there is no mechamsm for converting the energy so 
acquired mto translatory energy all the atom can do is to retam it for 
about 10“® sec and then by re emission restore it to the field of radiation 
Dense material can be heated by Ime absorption through the mechanism 
of superelasUc colUsims An excited atom oolhdes with an electron (or 
perhaps another atom) and the energy of excitation is released so as to 
cause an explosive rebound Thus the energy passes from radiation via 

* We prefer not to use the term temperature of matter except m this sense 
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excitation into kinetic energy of translation The transfer continues until 
the temperature is raised to the equihhrium value at which it is balanced 
by the converse transfer by inelasUc collisions But when the free path 
lasts for several days conversion by this method is so slow as to bo 
negligible compared with other processes 

(6) The hght of the stars expels electrons from the metals used m 
photoelectric cells in observatories and it must have a similar effect on 


matter in space* The electrons are expelled with a velocity given by the 


quantum law 


= Av — hvi, 


where hv-^ is the energy of ionisation The elements affected will be chiefly 
those with low ionisation potential round about 5 volts such as Na, K, Rb, 
Ca, Ba, A1 etc For 5 volts Aj (— cjv^) is 2468 A The mean velocity of 
expulsion of electrons should correspond to a temperature somewhat higher 
than say 2000°, since all radiation between 0 and A^ is concerned in 
the ionisation This is an example of a high effective temperature of the 
radiation in space for a particular purpose , evidently the absence of the 
proper proportion of radiation with wave length greater than A^ is quite 
immaterial^ 


It IS possible that the actual conditions are even more extreme A 
small proportion of the stellar radiation is capable of removing a second 
electron from the above mentioned elements — at any rate from the 
divalent and trivalent elements Recovery of an electron must be very 
slow and the dissociation may be rapid enough to keep the element as a 
rule doubly ionised In that case the first ionisation potential of 6 volts 
will not be concerned and the transfer by ionisation will be operated by 
the still higher frequencies above the second ionisation potential — leading 
to higher values of 

We have thus a continually renewed supply of free electrons with 
speeds appropriate to a temperature of some thousands of degrees These 
will mix with the atoms and by encounters tend to bring them to t heir 
own temperature But the electron will suffer some loss of energy m its 
life time and it is important to discover whether its initial energy of 
expulsion is at all comparable with its average energy Ultimately the 
atoms will reach the average not the initial temperature of the electrons 
Within reasonable limits it does not matter how slow is the transfer from 
the electrons to the atoms because we know of no process by which the 
atoms can waste the energy handed over to them Note that the electrons 
take the lead in this adjustment because the electron is continually going 


* It should however be realised that the circumstances are not precisely tho 
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back to fetch more energy whilst the atom is passive The shorter the life 
of the electron the more favourable is the chance of high temperature, since 
there is less opportunity for loss of initial energy and all loss is wiped out 
when the next life begins 

(c) One source of loss of energy of the free electrons is scattering Let 
us (very liberally) estimate the life of a free electron at 10 years In that 
time the energy flowing through a square centimetre amounts to 9 10® ergs 
(for energy density lO"^^) To scatter this radiation completely it would 
be necessary to place the electrons contained m 5 gm of matter as a screen 
(the coefficient of electron scattering being ^ by (53 5)) The screen con 
tains 1 5 10^^ electrons, so that each electron scatters 6 10“^® ergs of 
stellar radiation or 2 10“^® units of momentum in 10 years Even if the 
whole of this momentum were in a direction opposed to the motion of the 
electron its speed would be retarded less than 1 cm per sec The process 
(c) IS evidently negligible 

(d) Between expulsion and final capture an electron makes many 
encounters with atoms and is liable to undergo the switches described in 
§ 169 Switches involving loss of energy will occur in any case, switches 
involving gain of energy will be dependent on the presence of radiation 
available for absorption The radiation concerned in switches is of lower 
frequency than the radiation which first expels the electrons from the 
atoms and determines their initial temperature and interstellar radiation 
IS relatively less rich m such frequency Hence the gams of energy of the 
electron will by no means balance its losses and in fact we cannot expect 
any appreciable part of the losses to be recovered 

In § 159 we divided the spectrum emitted by electrons of given speed 
into two parts (a) due to switches, and (j8) due to capture The former 
represents the loss of energy during the lives of the electrons , from the 
latter we can compute the amount retained and given up on capture As 
usual let Avo = imF^ and let us consider the spectrum jS' formed by 
multiplying the intensities in spectrum jS by v^jv Since spectrum P 
represents the whole energy emitted on capture spectrum jS' represents 
the kinetic energy given up on capture because the electron has only the 
kinetic energy hv^ to lose although it radiates hv by falling to an orbit of 
negative energy By Kramers’ theory the intensity Q is constant up to 
the guillotine limit, hence the total mtensities of the spectra are 

(a) Qvq, 

in Q \ = 

J 0 ^ 

where vj is the guillotine limit Hence 

kinetic energy lost by electron _ 1 

kmetic energy retamed until capture log {vJvq) 
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Por temperatures of two or three thousand degrees and atoms ionised 
down to 5-10 volts, log vi/vj, is about 2-3 (The precise value is not of much 
importance it is clear that m any case it is of order unity ) Hence the 
electrons preserve more than half their initial energy and their average 
temperature is not much less than their initial temperature which we have 
already estimated at 2000° at least 

To sum up — the processes (a) and (c) have negligible effect on the 
temperature The process (b) contmuaUy furnishes electrons at high tern 
perature and although this is appreciably toned down by process (d) the 
order of magnitude is still roughly that of process (b) Diffuse matter in 
space will accordmgly rise to a temperature of the order 2000° It is 
scarcely necessary to add that this conclusion is entirely provisional as 
there may be important gaps m our present knowledge 

Recently I have come to the conclusion that 2000° may bo an under 
estimate The following is an attempt to calculate more specifically the 
imtial temperature ” of the electrons expelled from the atoms To 
simphfy the conditions we suppose that the stars are all black bodies with 
the same effective temperature T, so that the energy density of interstellar 
radiation between v and v + di' is propoitional to 


v^dv 

fh IRT _ 1 


(257 1) 


We are thus deahng vith evenly diluted radiation Suppose also that 
aU the atoms have the same lomsation potential vq (in frequency units) 
Let the absorption coefficient foUow the law 

(i'>v„) (267 2) 

On Kramers’ theory 5 = 0, but we retam 5 as a precaution By (267 1) 
and (257 2) the amount of radiation absorbed between v &nd v + dv can 
be set equal to 

yS jMT ’ 

and the number of quanta absorbed is 


Cdv 

(e^ /•K2’ _ 1) 

Hence the average quantum absorbed is 


^ K r® (eM-KT" — 1) I y«+i (g/i Ini' _ (257 3) 

In our apphoations hv^jltT will be large so that we can replace 1) 

by e* Hence (257 3) becomes 


hv 


x-^e-«dx — 


x-‘-H-»dx 


(257 4), 
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where o^o = hv^jET If E is the average initial energy of an electron after 
expulsion and Tq the corresponding initial temperature, we have 

^ETq = E — hv — Jivq 

Hence by (257 4) we find 


rp ^ 1 + 1) ^ 3 (g + 1) (^ + 2; — 

■^0 3 ^ 1 ~ (5 + l)Xo-^ + (5 + 1 ) {S^2)Xo-^ - 


(257 5) 


For large values of Xq the initial temperature approximates to f jP the 
next approximation being 


Afterwards the mean temperature tends to rise above this imtial value 
because the slowest electrons are weeded out most quickly by capture 
If this cause operated alone the average temperature would become equal 
to T But we have seen that some fraction of the initial energy ( J to J) is 
gradually lost by the process (d) The conclusion is that the temperature 
of interstellar matter will be between and T 

In considering a suitable average value to adopt for T it must be 
remembered that we are only concerned with radiation of short wave 
length capable of ionising the atoms, and therefore the hottest stars must 
be given most weight I therefore suggest a temperature about 10 000° 
for interstellar matter The interesting point is that when ionisation alone 
IS operating the enfeeblement of the radiation makes no difference to the 
temperature assumed by diffuse matter, Tq depends on the relative in 
tensities for different frequencies and not on the absolute intensity For 
example, diffuse matter round about the orbit of Neptune should be cooler 
than the average, the sun by liberating large numbers of slow moving 
electrons cools the interstellar material in its neighbourhood 

The weak point of the investigation is that we have assumed the 
radiation of the stars to follow the black body law at very short wave 
lengths — an assumption which has httle theoretical or observational 
justification (§ 229) Numerical results must therefore be uncertain I do 
not think there is any thermodynamical principle that forbids interstellar 
material attaining a temperature higher than the effective temperatures 
of the stars if there happened to be absorption bands in stellar spectra so 
placed as to cut down the number of expulsions with small energy 


Fixed Calcium Lines 

258 In certain spectroscopic binaries the absorption lines H and E 
of calcium are found not to partake of the orbital motion shown by the 
other spectral lines Evidently these lines do not arise in the atmosphere 
of either component they are formed either m an envelope surrounding 
the whole system or during the passage of the light through interstellar 
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space to the observer The material at a considerable distance from either 
component must be of very low density, and the exceptionally sharp and 
narrow appearance of the fixed calcium Imes ’ is in keeping with this 
The detection of fixed calcium lines in binary stars may be compared 
with the detection of telluric Imes in the solar spectrum certain lines are 
found not to partake of the sun’s rotation and these have been imprinted 
on the spectrum durmg the journey of the light to us viz in our own 
atmosphere 

The phenomenon is shown only by the very hottest ‘'early type” 
stars VIZ those of types 0 to 3 It might, however exist undetected 
in cooler stars the fixed lines bemg masked by stronger and wider ab 
sorption lines in the atmospheres of the components 

The question whether the calcium cloud producing this absorption is 
attached to the star or is a free cloud in space can be settled by measuring 
the radial velocity The test is not an easy one because the early type stars 
have usually low mdividual velocities but an mvestigation by J S 
Plaskett appears to be conclusive*^ He measured the calcium velocity 
and the ordinary stellar velocity (determined from the lines of normal 
behaviour) of 40 stars earlier than B 3, the mvestigation not being re 
stricted to spectroscopic bmaries In a number of cases considerable 
differences rangmg up to 50 km per sec were found, indicating that the 
cloud could not be attached to the star Moreover after correcting the 
calcium velocities for solar motion it was found usually that the cloud had 
little if any velocity referred to the standard of reference of stellar 
velocities — the so called “mean of the stars ” This uniformity of motion 
(or rest) of the calcium cloud mdicates that it is a continuous cloud 
extending through all parts of the stellar universe explored in the in 
vestigation Presumably it is of the nature of the diffuse matter in space 
imagmed in the last two sections inequalities of motion have been 
smoothed out in the course of time by diffusion and colhsion of the atoms 
The D lines of sodium also appear fixed m these early type stars and 
must therefore be produced m the cloud No doubt other elements may 
be present but are not in a condition to produce prominent lines in the 
visible region of the spectrum It is evident that only lines of a principal 
series are likely to be seen smee m the weak field of radiation the pro 
portion of atoms excited at any one moment must be exceedingly small 
It is noteworthy that the H and K Imes are produced by singly ionised 
calcium and the spectrum of the un ionised element does not appear 
although It has strong prmcipal fines that might have been observed We 
deduce therefore that practically all the calcium is ionised On the other 
hand the D Imes are absorbed by sodium atoms which are un ionised and 
unexcited Some difficulty has been felt with regard to the absence of 
* Piib Dorn Ohs V^ct 2 p 287 
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un ionised calcium and presence of un lomsed sodium since the lonisa 
tion potential for sodium is lower than for calcium and we should naturally 
expect the sodium to become ionised first in accordance with (174 2) But 
the expectation applies only when no second stage lomsation of either 
element is occurring, and owing to the low second potential for calcium 
the reversal might even have been anticipated The following explanation 
has been given by R H Fowler 

The valency electrons of an element are detached by fairly low lonisa 
tion potentials after they have been removed there is a sharp rise to the 
next ionisation potential required to detach an electron of the compact 
inner group We may suppose that the stellar radiation traversing space 
contains constituents of sufficiently high frequency (emanatmg chiefly 
from the B and 0 stars) to ionise the valency electrons but practically 
no constituents of the much higher frequency required to break into the 
next group At the low density electron captures are rare consequently 
the atoms are usually in the state of havmg lost all their valency electrons 
but with their inner groups complete These compact ions give no absorp 
tion in the visible region since their prmcipal lines are far in the ultra 
violet From time to time one of them will capture an electron and hold 
it for some considerable time* since the ionising radiation is very weak 
thus the next most common state is that of an ion with one valency electron 
Since calcium is divalent and sodium monovalent, this places singly 
ionised calcium and neutral sodium on the same footing as regards chance 
of absorbing Neutral calcium would only occur through the improbable 
coincidence of two electron captures in quick succession so that its spectrum 
IS not to be expected 

259 The question now arises whether granting that there is a cloud 
extending through interstellar space the fixed lines are produced um 
formly during the transit of the light from the star to the earth or only 
in the neighbourhood of the star 

The reason for wishing to restrict the production of the lines to the 
neighbourhood of the star is that if the star is absolved from all com 
plicity, the phenomenon should be the same for all types of stars, the 
intensity of the fixed lines depending only on the distance traversed by 
the light Since the phenomenon is detected only in the hottest stars of 
types 0 to B 3 the idea has been put forward that the presence of an 
intensely hot star stimulates the part of the cloud in its neighbourhood 
to perform the absorption This would explain admirably the fixed calcium 
lines, the calcium being ionised by the high frequency radiation and so 
brought to a condition to absorb the H and K lines But the fixed sodium 

* I e time enough for it to be excited a number of times since many quanta 
of excitation frequency will come along before a quantum of the ionisation frequency 
arrives 
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lines cannot l)e explained in this way because they are absorbed by neutral 
unexcited atoms which require no preparatory stimulation This is a fatal 
objection to the theory Moreover, we see no reason why the lines of un 
ionised calcium should not be imprinted on the light as it traverses the 
regions where the atoms are supposed to be unstimulated 

Another possibihty is that calcium and sodium do not exist in great 
quantity in the general cloud but only in the neighbourhood of the hottest 
stars which eject them by selective radiation pressure or otherwise After 
ejection the atoms are caught up in the cloud so that they have the 
motion of the cloud and not of the star This view presents great difficulties 
when we attempt to consider it quantitatively Remembering that the 
star is moving through the cloud it cannot very well prepare a screen 
ahead of it At any rate the fixed lines should be stronger in receding 
stars than in approaching stars and if the suggestion were seriously enter 
tamed this correlation should be looked for 

It appears then that we must turn to the alternative theory that the 
fixed lines are produced uniformly by absorption in interstellar space They 
must accordingly be present m every tjrpe of star which is sufficiently 
distant although it may be impracticable to detect them Plausible 
reasons can be given why they have hitherto failed to appear Below 
-B 3 it IS presumed that H and K begin to be prominent in the spectrum 
of the star proper and the fixed Imes could only be distinguished if the 
star had large velocity Prom JS 3 to jB 8 the velocities are generally very 
small Stars of lower types are generally not sufficiently remote to give 
the general space absorption a fair chance and the increasing multitude 
of lines m the spectrum makes the detection difficult in the lowest types 
Stars with the necessary requirement of very great distance and large 
velocity can perhaps be found, and it may be that they will give decisive 

evidence for or against the theory, we do not know of any test of this kind 
yet tried*** 

It would seem that a valuable test could be obtamed if an attempt 
were made to correlate the intensity of the fixed Imes with the distances 
of the stars of types 0-5 3 If these stars were grouped accordmg to 
estimated distance a distmct relation should be found, and it is even 
possible that if the test proved satisfactory it would furmsh a method of 
eterminmg large stellar distances Exceptions must however be expected, 


able to t -B 9 raag 5 2 afiords evidence distinctly nnfavonr 

Slcn^^ W fonT t? t b^ary with both spectra visiHe and the 

amo^s to LS ™ i components 

amounts to 220 Ion per sec so that there would be plenty of room for fixed hues to 

“^served (Prost and Struve Aslrophys 
u ° ^ suggest that its distance estimated at 160 pamecs 
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because if the star’s hght traverses a diffuse nebula (with density perhaps 
10,000 times that of the interstellar cloud) the calculation is altogether 
upset 

In some bmaries the calcium hnes show a radial velocity variable in 
the same period as the other Imes but with smaller amplitude It seems 
obvious that this is the result of a blend of the fixed calcium hues with the 
calcium hnes of the star itself Some writers, however, have attributed 
it to motion of a calcium envelope, supposed to surround the whole 
system, which follows with reduced amphtude the motion of the bigger 
component towards and away from us The suggestion disregards alto 
gether the dynamics of the problem obviously the motion of the principal 
star could not communicate displacement to a distant rare medium without 
great lag of phase 

A word may be added as to the method of production of the hnes 
We have already seen that the atoms which have performed the hne 
absorption cannot get nd of their energy except by radiatmg it agam 
But the absorbed radiation is taken out of the ray traveUing from the star 
to the earth and the emitted radiation is sent out mdiscnmmately in all 
directions , if any of it meets the eye of the observer it is not coming from 
the direction of the star but is part of the general light of the sky As 
there is no thermodynamic equilibrium it is not necessary that the emission 
should be qualitatively the exact inverse of the absorption — the atom 
may be excited in one step and return to its normal state by several 
mtermediate steps In fact the emission will usually be m lower frequencies 
than the absorption owmg to the relative deficiency of the field of radiation 
m low frequencies 

260 According to Milne’s theory of the chromosphere (254 83) the 
monochromatic absorption coefficient for H and K hght is of the order 
10*, so that moderately dark hnes will be produced by 10-* gm or 1 6 IQi* 
atoms of 0a+ per sq cm Assuming that fixed hnes of this mtensity occur 
in stars distant 500 parsecs (1 5 lO*’- cm ) there must be 1 atom of Ca+ 
in 10* cu cm The un lomsed atoms are presumably much rarer since their 
pnncipal lines do not appear, but there may be any number of doubly 
lomsed atoms Judging by terrestrial abundance calcium might be ex- 
pected to form rather more than 1 per cent of the whole material 

The fixed calcium lines may thus be considered to give a lower hmit 
of about 10-« atoms per cu cm for the density of interstellar matter 
There is rather a wide gap between this and the upper hmit of 1 atom per 
cu cm fixed by dynamical considerations but this will be closed up if 
most of the calcium is doubly lomsed Another clue to the density is 
obtained by considering the general scale of the local condensations oc 
curring in it — the diffuse and dark nebulae Since the investigation of the 
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temperature of diffuse matter applies also to the nebulae, we take the 
conditions to be isothermal with T = 10,000° Then by (63 4) with /x, = 10, 
i3 = 1 

r = 314 10%-^z, 

or if r IS measured in parsecs 

r = ( 10 ®Vo )'^2 (260 1) 


Take, for example the unit of z to be 1 parsec , the density then dimimshes 
from po at the centre of the nebula to Jpo at 5 parsecs from the centre and 
:jLjPo at 10 parsecs distance (Table 7) I suppose that this corresponds very 
well to the size of typical nebular aggregations Accordingly by (260 1) 

Po = lO-**" 

Even if the scale of the nebula is 3 times larger or smaller po is only changed 
by a factor 9 so that the central density of the nebulae is rather well 
determined if this theory is vahd At 150 parsecs distance from any one 
nebula we probably reach the general average conditions of interstellar 
space undisturbed by exceptional attractmg masses By Table 7 the 
density has there fallen to 10"% This then indicates a density 10-“* or 
about of the upper hnut which we have been adopting This last result 
happens to be nearly independent of the determination of po, and it seems 
impossible to strain the data so as to give a result near the lower limit 
of 10“* atoms per cu cm 

We judge therefore that the mterstellar medium is much denser than 
would be necessary to give the fixed calcium hues if all the calcium were 
in the state of Ca+ It is probable therefore that most of the calcium is 
doubly lomsed — a conclusion favourable to Eowler s argument (§ 258) 

A rough determination of the state of ionisation of the diffuse matter 
can be made in the following way Assume as in § 257 that all the stars 


have the same effective temperature T — approximately the same as the 
temperature of the interstellar matter Then the radiation in space is 
evenly diluted eqmhbrium radiation that is to say the density for 


frequency v to v + cZv is 


I (v, T) dvJS 


where I {v T) is the equihbnum intensity and 8 is a constant “factor of 
dilution The degree of lomsation is determined by equating the number 
of captures to the number of expulsions The former number is propor 
tional to the density of the electrons and the latter to the density of the 
radiation If the radiation density and the electron density are both 
multiphed by the same factor 8 the balance wiU be unaltered This multi 
phcation bnngs the radiation up to its equihbnum density hence we have 
the rule — 


The. conditions of ionisation in interstellar material are the same as in 
material of density p8 in thermodynamical equilibrium at temperature T 
Equfiibrium radiation at 10,000° has a density 76 ergs per cu cm , 
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hence the density of interstellar radiation being 7 7 we have S = 10^* 

With p = 10“^^ we have p8 = 10~“ and the problem reduces to finding 
the ionisation m eqmlibrium conditions for density 10“^® and temperature 
10,000° By (174 2) we find 

i/ro/i?r = 19 8, ^0 = 17 volts 

The second lomsation potential of calcium is 11 8 volts The proportion 
of calcium remaining m the Ca+ state is then 

^ 0025, 

the rest being doubly ionised 

The second lomsation potential for sodium is 30-35 volts so that there 
IS practically no double lomsation The first lomsation potential is 5 1 volts 
hence we find that 1 atom of sodium in 1,000,000 is neutral If the 
abundance and the absorption coefiicients for sodium are the same as for 
calcium this is barely sufficient to produce the fixed D fines* Calcium s 
first lomsation potential is 1 volt higher and the corresponding divisor 
is 300 000 We can now readily understand why neutral calcium is less 
abundant than neutral sodium (as the observations mdicate) our results 

Ca 1 Ca+ 1 Na 1 

Ca^“ 300 000’ Ca++ 400 Na+ 1,000 000’ 

so that there is an extra divisor of 400 due to the second stage lomsation 
occurnng in calcium but not in sodium 

An y minor numerical discrepancies wiU probably disappear when we 
take account of the spread of effective temperatures of the stars This 
makes the radiation richer in high frequencies and poorer inlow frequencies, 
so that the second stage ionisation is more intense and the first stage less 
intense than in the foregoing results This may well reduce the proportion 
of Ca+ atoms to ^ and increase the proportion of Na atoms to 10 times 
the above figures AH the results then become satisfactorily consistent 


Absorption of Light in Space 

261 Distances of celestial objects up to about 50 parsecs can be 
determmed by the trigonometrical method By the use of mean parallactic 
motions and mean cross motions the determination of average distances 
of groups of objects can be extended to perhaps 400 parsecs Beyond this 
we are almost entirely dependent on an optical method if the absolute 
magnitude of a star is supposed to be known independently then it is 
a simple calculation to find at what distance it must be situated m order to 
give the observed apparent magnitude 

* Terrestrially sodmm atoms are about 4 times as abundant as calcium atoms 
moreover the fixed D lines are weaker than H and K Allowing for this we stiU 
require a rather higher absorption coefficient — ^which is perhaps not unhkely 
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This optical method of finding distances assumes that there is no 
appreciable loss of hght by absorption or scattermg durmg the journey 
across space The direct evidence for this assumption is very limited 
Some check is afforded by the general agreement of spectroscopic and 
trigonometrical parallaxes, but this gives an upper hunt to the ab 
sorption too high to be of much service The evidence which is usually 
quoted as indioatmg an almost perfect transparency of mterstellar space 
IS H Shapley’s demonstration that the hght from the stars m globular 
clusters (at a distance of the order 10 000 parsecs) shows no appreciable 
reddemng it is assumed that absorption without reddenmg is unlikely 

Accordmg to modem ideas Shapley’s result does not reaUy carry us 
much farther We shall presently show that the reddenmg by diffuse 
matter is small m proportion to the absorption so that the absence of 
detectable reddening is no proof of absence of diTmvnng 

The weakness of the position is apparent when we consider the possible 
causes of dimming of a distant object These are — 

1 Obstruction by particles large compared with the wave length of 
light (meteoric matter) 

2 "Rayleigh scattermg” by atoms, ions or particles comparable with 
the wave length of light 

3 Scattermg by free electrons 

4 Contmuous absorption by gaseous material 

Lme absorption, discussed m §§ 258 259 has msignificant effect on 
the general brightness of the star and cannot occur without betrayme 
itself in the spectrum ^ 

Of these only the Rayleigh scattermg definitely causes reddenmg It 
IS proportional to the inverse fourth power of the wave length, so that 
blue hght IS ehmmated from the transmitted beam faster than red But 
we might almost have rejected Rayleigh scattermg without observational 
test for reddenmg, to produce appreciable effect a vast quantity of mter 
steUar material is required which would be irreconcilable with dynamical 
studies of stellar velocities 

The causes (1) and (3) act independently of wave length and would not 
produce reddenmg No (4) is likely to be selective but whether it would 
make the hght redder or bluer cannot be foretold 

We have seen reason to beheve that most elements lose their valency 
electrons m mterstellar space and m any case the fixed calcium Imes 
constitute observational evidence that calcium is lomsed Hence the 
material contains free electrons We shall consider whether the electron 
scattermg can produce appreciable dimming of the stars If there were 
500 free electrons per cu cm a column of 1 sq cm section and length 
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1000 parsecs would contain 1 5 lO^^ electrons — the number contained in 
5 gm of matter Light traversing this column would be reduced m in 
tensity in the ratio or roughly 1 magmtude An absorption of per 
1000 parsecs is ]ust large enough to be of serious importance in stellar 
investigations m the galactic system There is no reason to suppose that 
the diffuse cloud extends much beyond the galactic system — ^its motion 
determined by Plaskett shows that it is associated with our local system 
in particular — so that we must not assume that the absorption extends 
equally to the globular clusters but anythmg seen outside our system 
would be dimmed at least one magnitude and this would give important 
corrections to the deduced distances of globular clusters and spiral 
nebulae 

But a density of 500 free electrons per cu cm is much greater than 
we can admit We have seen that 1 atom per cubic centimetre is about 
the maximum possible and since it would not be more than doubly or 
triply ionised there cannot be more than 2 or 3 electrons per cu cm We 
can probably conclude safely that electron scattermg m interstellar space 
IS too small to cause appreciable dimming of even the most distant objects 
There is perhaps a small risk m neglectmg it in the determination of the 
distance of the Andromeda nebula (300 000 parsecs) but even if the matter 
were supposed to continue with undnnimshed density through inter 
galactic space, the required correction would not alter the order of mag 
nitude of the distance of the nebula 

If dimming by electron scattermg is of cosmical importance at all it 
must be in local regions of the sky, where the interstellar matter is more 
condensed 

When a gas is ionised the electron scattering (which does not redden) 
IS very much larger than the Rayleigh scattermg (which reddens) so that 
the combined result is absorption without appreciable reddening We 
have above us a column of air containing about 1000 gm per sq cm If 
this were fully ionised, the electron scattermg would reduce the light of 
a star overhead by 1000/5 == 200 magnitudes, if singly ionised the re 
duction would be 28 magnitudes The Rayleigh scattermg which is not 
appreciably different for ionised air and the actual atmosphere is, of 
course, trifling m comparison 

We might tentatively use observations of reddening as a test whether 
nebulous material is ionised or not If there is absorption with reddening 
the number of free electrons must be small, if there is no detectable 
reddening the material must be considerably ionised The only difficulty 
is that we cannot be sure that the absorption is not produced m some 
quite different way, e g by meteoric matter Measurements of reddening 
by obscuring patches and gaseous nebulae have been attempted, but it is 
too early yet to state any Arm conclusions 



386 


DIFFUSE MATTER IN SPACE 


262 Continuous absorption (as distinct from scattering) is produced 
by the two causes studied in connection with the interior of a star 

(a) Ionisation of atoms 

(b) Switches of electron orbits at encounter with atoms 

To these we may possibly have to add a third cause not operative in the 
steUar interior 

(c) Dissociation of molecules into atoms 

(a) Absorption by lomsation affects only radiation of frequency above 
that corresponding to the ionisation potential For absorption of yellow 
light which contributes most to visual brightness the ionisation potential 
would have to be as low as 2 2 volts This is below any known ionisation 
potential An excited atom can be ionised by light of lower frequency but 
the proportion of excited atoms must be extremely small 

(b) This must be extremely small ownng to the rareness of encounters 

(c) It IS unlikely that combmation of atoms into molecules occurs m 
interstellar space because the atoms are ionised and their positive charges 
tend to keep them apart when they meet, their chemical attraction is 
given no chance We may, however, provisionally examine what happens 
if the combination is possible The energy density in space (10“^^) corre 
spends to about 1 visual quantum m 3 cu cm or roughly 1 quantum 
per molecule (or potential molecule) for our estimate of maximum 
material density By a synchronised effort the molecules could just 
extmguish aU the starlight lying about after this they could do nothing 
for 40 years — the time until the atoms suffered their next encounter and 
had a chance of recombmmg Extinction once in 40 years spread over 
a light track means that a star distant 13 parsecs (40 light years) would 
be dimmed m the ratio 1/e or 1 magmtude This is a quite serious absorption 
But we have been deahng with extreme upper limits and cannot really 
expect anythmg like so high an efficiency It is fairly safe to conclude 
that molecular absorption, if it occurs, is not great enough to produce 
appreciable effects 

As regards obstruction by meteoric matter we have no evidence to 
guide us The meteoric matter encountered by the earth is generally 
supposed to have originated in the solar system and there is no reason to 
thmk that anything of the kmd exists in interstellar space We have the 
impression (perhaps not too weU founded) that the primordial state of 
matter is gaseous and that meteors or meteor dust must be the debris 
of some former aggregation of matter Obstruction by meteor dust is 
rather more economical of mass than other forms of absorption or scatter 
mg — a consideration often of importance and although we do not favour 
the hypothesis of absorption from this cause it is not to be set aside alto 
gether 
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Returning to the question whether the usual assumption of perfect 
transparency of space (apart from specially obscured regions) is justified, 
we must answer that we think it is , the only serious risk in this conclusion 
IS that it neglects the possibility of absorption by meteor dust 


Dark Nebulae and Diffuse Nebulae 

263 We now consider diffuse nebulae such as the Orion Nebula which 
show bright line emission spectra, and dark nebulae which appear as 
obscuring patches in the sky hiding the hght of the stars behmd Whilst 
it may not always be possible to discrimmate correctly between an 
obscuring patch and an actual lacuna in the distribution of the stars, 
there are many cases where the existence of dark nebulosity is undoubted 
Dark and diffuse nebulae are closely connected and grade into one another 
insensibly, sometimes a diffuse nebula is contmued as an obscurmg patch 
sometimes part of a dark nebula is faintly luminous where the proximity 
of bright stars gives the necessary stimulation 

It IS now generally agreed that the lummosity of a diffuse nebula is 
stimulated by the radiation of the stars contamed in it it is often described 
as a fluorescence The dependence of the nebular light on the stellar radia 
tion IS well shown by Hubble’s Variable Nebula, where the stimulatmg 
star IS a variable and accordingly the nebula itself is variable The idea is 
that the atoms in the nebula are excited by absorbmg the radiation coming 
from the stimulatmg star or stars, and emit their characteristic bright line 
spectrum as they relapse 

Consider for example the lines of the Balmer series etc ) 

which appear in the diffuse nebulae The wave length of the radiation 
required to rai^e the normal hydrogen atom to the required state is 
1025 5 A for ranging up to 911 5 A for the highest members of the 
series As this is far in the ultra violet the hot stars will be much more rich 
in the required radiation than cool stars Accordingly luminous nebulae 
showing the hydrogen lines are generally found surrounding groups of 
B type stars The dark nebulae may be considered to be precisely similar 
intrinsically, but lacking stars hot enough to stimulate them It may be 
remarked, however, that it is possible for opacity to be stimulated by 
radiation — ^the radiation, for example, liberating more free electrons and 
thus providing absorbing mechanism I do not suppose that the opacity 
of ordinary dark nebulae is a stimulated opacity, but an examination of 
the photographs of Hubble’s Variable Nebula strongly suggests that the 
dark patches of obscuration which appear and disappear m certain regions 
of it are governed by a varying stimulus from the associated star 

Since the state of the nebula is far removed from thermodynamic 
equilibrium, the emission is not generally in the same wave lengths as 


25 
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the absorption The energy of emission of the Balmer series is in fact 
derived from absorption in the principal series of hydrogen Dark lines 
of the latter series will cross the spectrum of the stimulating stars but they 
are in the far ultra violet beyond the region which can be observed* 
Probably the Orion Nebula is nearly transparent to Balmer radiation in 
spite of the fact that it is emitting it, so that the brightness is a direct 
measure of the gross emission — a very unusual simplification (This may 
be contrasted with the chromosphere where the brightness is by no means 
a measure of the number of emittmg atoms since there is high internal 
absorption ) Probably a great deal of interesting information as to the 
density of the hydrogen distribution and the probabilities of transition 
between the different quantised states of the atom, etc could be obtained 
from absolute measures of the emission of the Orion Nebula 

We naturally assume that the diffuse and dark nebulae are local 
condensations of the general cloud of interstellar matter revealed by the 
fixed calcium Imes It is however, by no means easy to account quantita 
tively for the great opacity of the dark nebulae Most theories lead to an 
extravagantly high mass as has been pomted out by A Pannekoek We 
may take as typical the dark nebula m Taurus studied by Pannekoekt 
He found an obscurmg patch of area 140 square parsecs, which in general 
reduced the light of the stars behind it by 2 magnitudes Interpreting the 
darkenmg as Rayleigh scattermg he found a mass of at least 4 10^ X O 
Adoptmg electron scattermg the required mass is less, but the difficulty 
IS not wholly removed To reduce by 2”^ we require 10 gm per sq cm of 
fully ionised material or say 200 gm per sq cm of smgly ionised material 
The whole mass IS then 140 x 200 x (3 10^®)^ = 25 10^^ gm = 120milhon 
suns If the depth is taken as 12 parsecs (correspondmg to the transverse 
dimensions) the density is 5 10““^® gm per cu cm or 500 times our 
estimate of po § 260 A star approaching this nebula would, under its 
gravitational attraction acquire a velocity of 300 km per sec at the 
boundary and 350 km per sec on reachmg the centre The mass is clearly 
too high To avoid abnormal stellar velocities the mass should be 
divided by 100 Accepting reduction by a factor the density is 
about 1000 times our assumed density of ordinary interstellar matter, 
and the mass is 2 gm per sq cm It is doubtful if 2 gm per sq cm can 
give the observed opacity m any other way than by solid obstruction, 
e g by particles like sand The problem of the masses of the dark nebulae 
IS fraught with difiS-culty, and we do not venture to suggest any conclusion 

* Our upper atmosphere is practically opaque to radiation of wave length less 
than 2850 A and even the solar spectrum cannot be observed beyond this limit 

t Proc Ahad van Wetenschappen Amsterdam 23 p 720 (1920) 
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Planetary Nebulae 

264 Planetary nebulae are similar to diffuse nebulae in many respects, 
but they are of more regular shape, they surround a single star, and they 
are of much smaller absolute dimensions They give bright hne spectra 
accompanied by a certain amount of contmuous spectrum There is not 
much difference between the spectra of diffuse and planetary nebulae, 
the latter differing among themselves qmte as much as they differ from 
the diffuse nebulae 

The central star is always faint, a great deal of its light bemg doubtless 
lost through the continuous absorption of the nebula The spectrum is 
very rich m ultra violet light, and the stars capable of supportmg this 
nebulous appendage are probably limited to type 0 

The annular nebulae are a characteristic and interestmg type of 
planetary nebulae 

Spectroscopic measurements of radial velocity have demonstrated the 
rotation of several planetary nebulae includmg the Ring Nebula m Lyra 
It IS not a rigid body rotation but diminishes outwards as orbital revolu 
tion would do It may be assumed that rotation plays an essential part 
m the phenomenon It looks as though the nebulous matter cannot have 
been expelled from the central star (by radiation pressure or otherwise) 
since this would not possess enough angular momentum But on the other 
hand, in the Novae we observe matter, which certainly seems to be ex 
polled from a star, acquirmg rotation or at any rate large transverse 
velocity The fact is that rotation of celestial objects is altogether mys 
tenous, and we really know no adequate cause for the almost umversal 
prevalence of rapid rotation* 

The observed spectrum points to a high degree of lomsation The 
elements detected are H, He, He+ and probably 0+++ in addition, there 
are numerous unidentified lines mcludmg the prominent doublet of 
nebulium Ca+ is not shown so that presumably calcium is triply ionised 
On the other hand, the occurrence of the He spectrum shows that helium 
IS not doubly ionised As the second ionisation potential of hehum is 

* [The view that the nebula consists of matter left behind in the course of stellar 
condensation seems to be madmissible because a tenuous structure of this kind 
could not be propelled through the interstellar cloud at 100 km per sec without 
suffermg rapid change and dissipation We feel bound therefore to admit replenish 
ment both of the material and of the angular momentum by emission from the 
central star Failing any other explanation we may perhaps invoke the magnetic 
field of the star If ionised material is streammg out m the equatorial plane the ions 
will acquire angular momentum of one sign and the electrons angular momentum 
of the opposite sign about the magnetic axis of the star A weak field of the same 
order as the sun s general magnetic field is quite sufficient to produce the required 
transverse velocity This explanation might apply also to the transverse velocities 
observed in Novae It is difficult to develop a detailed explanation on these hnes 
and the idea is at present a vague conjecture 1 
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54 volts we consider that the elements in general are ionised down to a 
level of 40-50 volts Bearing in mind the high temperature of the central 
star, this is about the value predicted by the method of § 260 

The inferences in the last paragraph are based on the argument (§ 258) 
that in highly diffuse material not only will the spectrum of the ion 
ordinarily present appear but also that of the next lower ionisation For 
example the ion He+ will after excitation emit its proper spectrum But 
it IS also able to capture an electron the captured electron does not 
necessarily occupy the lowest orbit in the first instance but it will soon 
come down to the lowest orbit in one or more steps and emit the spectrum 
of neutral He in so doing 

The fact that so large a proportion of the nebular lines are unidentified 
IS evidence that the conditions of ionisation are more extreme than those 
generally attamed in a vacuum tube 

It IS a natural suggestion that the nebula should be regarded as an 
extended chromosphere There is, however, little real resemblance 
Whether radiation pressure is concerned in the phenomenon or not, it 
can scarcely be the mam support of the nebula as it is of the chromosphere 
The hydrogen is mainly lomsed m the nebula and the solitary hydrogen 
nuclei are unabsorbent, so that they could not be supported It seems 
evident that the chief support of the nebula must be rotation 

265 Two possible lines of explanation of the annular form of many of 
these nebulae are open It may be that the limits of the annulus mark 
the places where the conditions for emission of the light concerned cease 
to exist , or it may be that the annulus represents an actual condensation 
of the element concerned In either case an observational result of great 
interest is the variation of size of the annulus as studied in different kmds 
of monochromatic light When viewed through a prism a number of 
monochromatic images of the nebula are seen — one for each of the chief 
emission Imes in the spectrum These images are rings of different sizes, 
the nebuhum rings bemg noticeably large and He+ noticeably small 

It may well happen that as we go away from the star the ionisation 
rises to a maximum and then declines At small distances the density 
is too great and at large distances the high frequency radiation is reduced 
by absorption in the nebula It is however difficult to explain the hydrogen 
annulus m this way smce ionisation of the hydrogen would seem to be 
wholly disadvantageous 

With regard to the other explanation Milne’s investigation showed that 
a chromosphere must necessarily stand on a base and cannot float above 
the star detached from it (§ 254) But the nebula differs from the chromo 
sphere m two essential respects firstly, it has the additional support of 
rotation secondly, it is transparent to much of its own radiation 
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In the calcmm chromosphere the back thrust of the radiation from the 
higher part on the atoms of the lower part was of great importance , the 
net flow of radiation outwards was the same at all heights so that the force 
of radiation pressure was practically constant m all parts In the nebula 
the radiation absorbed is re emitted mostly in wave lengths to which the 
nebula is transparent and there is less back thrust Consequently the 
force of radiation pressure decreases along the radius according to the 
ordinary absorption law This seems to permit a stable annular distribution 
a particle falling from the midst of the nebula would be sent back again 
by the mcreased radiation pressure a particle movmg towards the out- 
side would fall back under the reduced radiation pressure 

I doubt however, whether these considerations to the behaviour 
of radiation pressure are of much importance because, as already stated, 
the hydrogen which is conspicuous in planetary nebulae is not likely to be 
much influenced by it 


Accretion of Stellar Mass 

266 A star travelling through the diffuse matter m interstellar space 
must sweep up the atoms in and near its track and thereby gam mass 
If we neglect the encounters of the atoms with one another the problem 
IS very similar to that of the capture of an electron by hitting the nucleus 
Let V be the relative velocity of the star and the cloud and B the radius 
of the star we have first to find the radius a of the apparent target corre 
spending to a true target B Conservation of angular momentum and of 
energy gives ^ jiy ^ 


7'2 _ 72 2 GMIB , 

7' being the velocity of the atom as it grazes the star 

20M 
^ + J2F2 


Eliminating F', 
(266 1) 


In practical cases 2GMfRV is large so that with sufficient accuracy 

= 20MIRV^ 

Hence the amount of matter swept up per second is 

dMjdt = TTo^V p = 2‘7rOJ\![RpjV (266 2), 

p bemg the density of the diffuse cloud 

As m § 257 we adopt a density of 1 66 lO-^s corresponding to 1 atom 
per cu cm of atomic weight 10 For the sun F = 2 10«, so that 
dM/dt = 48 10® gm per sec 


The loss of mass hy radiation is 

i/c® = 4 2 10^® gm per sec 



392 


DIFFUSE MATTEE IN SPACE 


We add for comparison the corresponding results for Y Puppis and 
Krueger 60 adopting 7=8 and 7 == 50 km per sec respectively, which 
are about the average velocities for stars of their class 


Star 

dMIdi 

L/c^ 

Ratio 

V Puppis 

1 8 1011 

2 9 1016 

166000 

Sun 

4 8 108 

4 2 10^2 

8800 

Krueger 60 

1 9 10’ 

4 7 1016 

2500 


Probably R ought to have been taken greater than the photospheric 
radius of the star I suppose that if an atom from space encountered the 
solar corona it would be tangled up with it sufficiently to be captured by 
the sun But allowmg for all uncertainties it seems clear that the loss of 
mass by radiation cannot be compensated by accretion in any ordinary 
type of star 

267 Loss of mass by escape of atoms has been considered by a number 
of writers According to E A Milne* the loss from a star by reason of 
thermal velocities is quite negligible for all elements There seems to be 
some possibility of escape of the chromospheric atoms acted upon by 
mtense radiation pressure, but calculations are not as yet very definite*]* 

But in any case it is difficult to believe that the loss by escaping atoms 
can be at all comparable with the loss of mass by radiation The radiation 
of the sun carries away a mass of 6 lO-i^ gm per sq cm per sec We have 
found (§ 254) that the average density of the calcium chromosphere is of 
order 10 gin per cu cm , so that the whole chromosphere would have 
to move steadily outwards at 60 km per sec in order to carry away as 
much mass as the radiation does ^ 

The radiation of mass of the sun is equivalent to the escape of a billion 
calcium atoms per second from each square centimetre of its surface 

It seems then that change of mass of a star by radiation far outweighs 
any material accretion or loss If that is so, the calculation of the duration 
of stages of evolution m Table 41 must be accepted as definitive As 
already ezplamed grave difficulties then arise as to the coexistence of 
giants and dwarfs m the same cluster it seems almost necessary to throw 
over the idea of any important advance in evolution in the life time of the 
clusters and it then becomes a question whether there is any point in 
retainmg the idea for stars in general Somewhere m the present tangle 
of evolution and sources of energy I have been misled and my guidance 
of the reader must terminate with the admission that I have lost my way 

* Trans Comb Phil Soe 26 p 483 (1923) 

t The problem 18 discussed ly H C Johni^on Monthly Nohces 85 p 813 (1926) 




DIFFUSE MATTER IFT SPACE 


393 


To recall Kelvin’s classic phrase, there are two clouds obscuring the 
theory of the structure and mechanism of the stars One is the persistent 
discrepancy in absolute amount between the astronomical opacity and 
the results of calculations based either on theoretical or experimental 
physics The other is the failure of our efforts to reduce the behaviour of 
subatomic energy to anything approachmg a consistent scheme Whether 
these clouds will be dissipated without a fundamental revision of some 
of the beliefs and conclusions which we have here regarded as securely 
estabhshed, cannot be foreseen The history of scientific progress teaches 
us to keep an open mind I do not think we need feel greatly concerned 
as to whether these rude attempts to explore the interior of a star have 
brought us to anything like the final truth We have learned somethmg 
of the varied interests involved We have seen how closely the mamfesta 
tions of the greatest bodies in the universe are linked to those of the smallest 
The partial results already obtained encourage us to think that we are 
not far from the right track Especially do we reahse that the transcend 
ently high temperature in the interior of a star is not an obstacle to 
investigation but rather tends to smooth away difficulties At terrestrial 
temperatures matter has complex properties which are likely to prove most 
difficult to unravel , but it is reasonable to hope that in a not too distant 
future we shall be competent to understand so simple a thing as a star 
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PHYSICAL AND ASTRONOMICAL CONSTANTS 

Physical Constants 


R 

Mass of hydrogen atom 

Number 
1662 10-2^ 

Logarithm 

M2206 

m 

Mass of electron = ir/1845 

9 01 10-8 

^9546 

e 

Charge of electron in electrostatic units 

4 77 10-1“ 

10 6789 

b 

X radius of electron = e^jmc^ 

2 81 10-18 

13 4494 

Uq 

Arithmetic mean speed of electron at 1° abs 

6 23 10“ 

5 7944 

c 

Velocity of light 

3 00 101“ 

10 4769 

R 

Boltzmann s constant = 

1372 10-1“ 

16 1374 


Gas constant = RIr 

8 26 101 

7 9168 

a 

Coefficient of Stefan s law = 

7 64 10-15 

15 8832 

h 

Planck s constant 

6 55 10-81 

27 8161 

G 

Constant of gravitation 

6 66 10-8 

8 8235 


Loschmidt s number (molecules per cu cm 
at 273° 1 and 10® dynes) 

2 67 1018 

19 4263 


Rydberg s constant = ^TrH^mRlch^ (r + m) 

109678 3 

5 0401 


Astronomical Constants 



Number 

Logarithm 

The Sun Mass (gm ) 

1 985 1033 

33 2978 

Radius (cm ) 

6 951 lO^o 

10 8421 

Mean density (gm /cm 

14109 

01495 

Gravity at surface (cm /sec 

2 736 10^ 

4 4371 

Total radiation (ergs/sec ) 

3 780 1033 

33 5775 

Hjc at surface (ergs/cm 

2 08 

0 3171 

Effective temperature (deg abs ) 

5741 

3 7590 

Absolute bolometric magnitude 

4 85 

— 

Astronomical unit (cm ) 

1 494 10^3 

13 1744 

Parsec (cm ) 

3 08 1013 

18 4888 

Sidereal year (sec ) 

3 156 10’ 

7 4991 

Light ratio for 1 magnitude 

2 512 

0 4000 


Miscellaneous Factors 


hcle^ 

Number 

861 

Logarithm 

2 9352 

hclR 

1431 

0 1556 

4:7TC0 

25100 

4 3996 

|7r 

Napierian base 

4 189 

0 6221 

2 7183 

0 4343 
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If electee potential (X), wave length (A), temperature {T) and electron 
velocity (F) and energy (IF) are connected by 

eX = Ac/A = fXT = imV^ = IF 

we have the relations 

6 volts = 2468 Angstroms = 38,660 degrees = 1 329 lO^ cm per see 
= 7 95 10-1^* ergs 

1293 volts = 9 54 Angstroms = 10,000,000 degrees = 2 138 10® cm per sec 
= 2 058 10-9 ergs 
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The two lines of investigation which are brought together in the present theory 
of the eqnihbrium of a star originate in two classical papers — 

1 J Homer Lane On the Theoretical Temperature of the Sim Armr J ourn of 
Sa and Arts Senes 2 Vol 4 p 57 (1870) 

2 K SoHWARZSOHiLD Ueber das Gleichgewicht der Sonnenatmosphare Gottingen 
Nachnchten 1906 p 41 

The latter paper develops the theory of radiative equihbnum m a form appro 
pnate to the outer layers of a star 

Investigations up to the year 1907 are brought together m 

3 R Emdbk Gaskugeln Anwendungen der Mechamschen Warmetheorie 
(B G Teubner Leipzig and Berlin 1907 ) 

which contains important developments by Emden himself The most relevant 
portions are here summarised m §§ 54-63 Schwarzschild s work which had 
newly appeared, is described by Emden p 330 but the book is in the mam a 
study of convective equilibrium 

Two further references of histone interest may be added — 

4 R A Sampson On the Rotation and Mechamcal State of the Sun Memoirs 
BAS B1 ^ 123 (1894) 

6 I Bialobjbsky Sur ifiquilibre Thermodynaimque dune Sphere Gazeuse 
Libre Bull Acad Sci Cracovie May 1913 
The first defimtely postulates radiative equihbnum rather than convective 
equihbnum in the sun s intenor The second takes account of radiation pressure 
and demonstrates its importance m investigations of the internal equihbnum 
of a star 

For other early papers the references in Emden s Oashugeln should be con 
suited 

My own investigations originated in an attempt to discuss a problem of 
Cepheid vanation The line of thought is indicated in an article (pubhshed a 
year later) 

6 A S EnniNGTON The Pulsation Theory of Cepheid Variables Observatory 40 
p 290 (1917) 

The problem was to find if possible some cause maintaimng the mechamcal 
energy of pulsation against loss by dissipative forces — some method by which 
mechanical energy could be automatically extracted from the abundant supplies 
of heat at different temperatures in the star without violating the second law 
of thermodynamics This might happen if the material of the star acted as the 
workmg substance of a simple thermodynamic engine (§ 137) or if the radiation 
pressure varied in the manner necessary to perform mechamcal work 

The equations developed for this study naturally laid stress on the opacity 
(which must serve as the valves of the engme) the transport of heat by radiation, 
and on radiation pressure None of these were treated in the mvestigations of 
the stellar intenor then customary so that before discussing the small oscillations 
the conditions of the steady state had to be investigated anew The Cepheid 
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problem was laid aside for a time and attention paid to the eqmhbrium problem 
The sequence of papers which have followed is — 

7 On the Radiative Eq-ailibniim of the Stars Monthly NoUces 77 p 16 (1916) 

8 Further Notes on the Radiative Equilibrium of the Stars Monthly Notices 77 
p 596 (1917) 

9 On the Radiative Eqmhbrium of the Stars A Correction Monthly Notices 
79 p 22 (1918) 

10 On the Conditions in the Interior of a Star Astrophysical Journ 48 p 205 
(1918) 

11 On the Pulsations of a Gaseous Star and the Problem of the Cepheid Variables 
Parts I and II Monthly Notices 79 pp 2 177(1918-19) 

12 Das Strahlungsgleichgewicht der Sterne Zeitschriftjur Physik 1 p 351 (1921) 

13 On the Absorption of Radiation inside a Star Monthly Notices 83 p 32 (1922) 

14 Applications of the Theory of the Stellar Absorption Coefficient Monthly 
Notices 83 p 98 (1922) 

15 The Problem of Electron Capture in the Stars Monthly Notices 83 p 431 
(1923) 

16 The Absorption of Radiation inside a Star Second Paper Monthly Notices 
84 p 104 (1924) 

17 On the Relation between the Masses and Luminosities of the Stars Monthly 
Notices 84 p 308 (1924) 

18 A Limiting Case m the Theory of Radiative Equilibrium Monthly Notices 85 
p 408 (1925) 

19 Electrostatic Forces in a Star and the Deviations from a Perfect Gas Monthly 
Notices 86 p 2 (1925) 

Answers to various criticisms by J H Jeans are given in Monthly Notices 78 
p 113 85 p 403 Minor ref erences are — Scientia 23 p 9(1918) Bnt Assoc Report 
1920 p 34 Proc Royal Institution Feb 23 1923 Festschrift fur H von Seeliger 
p 25 (1924) The following relate to side problems — 

20 Cepheid Variables and the Age of the Stars Observatory 41 p 379 (1918) 

21 The Sources of Stellar Energy Observatory 42 p 371(1919) 

22 Circulating Currents in Rotating Stars Observatory 48 p 73 (1925) 

As a guide to papers 7-19 it is to be noted that the absorption coefficient 
was supposed to be independent of density up to 1921 the modern view of the 
absorption process being adumbrated (but not generally employed) in No 12 
This IS the most important modification that the theory has undergone since 
ionisation was introduced in No 8 Nos 10 and 12 were intended to summarise 
results up to date the former in elementary form and the latter fairly exhaus 
tively No 9 gives a rather important numerical correction to the formulae of 
Nos 7 and 8 and the error is set right in all succeeding papers Nos 13-15 
adopt the theory of nuclear capture of electrons but much of the woik is apphc 
able also to Kramers theory of capture adopted afterwards Rosseland’s cor 
rection to the opacity (§ 77) appeared subsequently to No 17 so that the 
present book is my first opportumty of presenting the theory with attention to 
this important point The conclusion that dwarf stars are in the state of a perfect 
No 17 The theory of Cepheids in Chapter viii is mamly 
contained in No 11 but all numerical results have been revised in accordance 
with the later theory of the absorption coefficient The chief additions are in 
§§131 135-138 

Investigations hitherto unpubhshed are contained m §§64-66 90 122, 157 
160 192 193 196, 229, 230, 231, 234-238 together with most of Chapters xi 

and XIII 
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Molecular We%glit 

The numerical results are very sensitive to changes m the adopted molecular 
weight In No 7 this was taken to he 54 In consequence of arguments for 
strong ionisation urged convincingly by Jeans it was reduced to 2 (or having 
regard to correction No 9 to 2 8) in No 8 At first it was only intended that 
Nos 7 and 8 should indicate the two hmits between which the results must he 
but gradually the latter came to be regarded as approximately correct The 
first thermodynamical study of ionisation in the stellar interior is 

23 John Eggert Ueber den Dissoziationszustand der Fixsterngase Physikahsche 
Zeitschnft 20 p 570 (1919) 

This appeared to indicate a molecular weight 3 3 or perhaps higher and in some 
of the author s subsequent papers values of 3 5 4 4 5 have been used tentatively 
It was shown by 

24 E A Milne Statistical Equilibrium in relation to the Photoelectric Effect 
and its Application to the Determination of Absorption Coefficients Phil Mag 
47 p 209 (1924) 

that more refined calculation indicated much stronger ionisation the same con 
elusion being reached by the author a few weeks later (No 16) There has con 
sequently been a reaction to low values ^ = 2 1 or 2 2 The latest calculations 
are given in 

25 K H Powlbe and E A Guggenheim Applications of Statistical Mechanics 
to determine the Properties of Matter in Stellar Interiors Monthly N otices, 85 
p 939 (1925) 

but I understand that Mr Fowler is not yet satisfied and believes that in the 
smaller stars /x is to be increased appreciably 

Absorption Coefficients 

The following additional references are of fundamental importance — 

26 H A Kramers On the Theory of X Kay Absorption and on the Continuous 
X Kay Spectrum PMl Mag 46 p 836 (1923) 

27 S Kosseland Note on the Absorption of Kadiation within a Star Monthly 
Notices 84 p 525 (1924) 

The first contains the physical theory of absorption here accepted as most 
satisfactory the second points out the distinction between absorption and 
opacity which we have called Kosseland s correction Other papers are 

28 S Kosseland The Theory of the Stellar Absorption Coefficient Astrophys 
Journ 61 p 424 (1925) 

29 J WoLTJEB Jumo 7 Line Absorption and Absorption Coefficients inside a 
Star Bull Astr Inst Netherlands No 82 (1925) 

30 E A Milne The Stellar Absorption Coefficient Monthly Notices 85 p 750 

(1925) 

Connected with the same subject is 

31 K H Fowler On Statistical Equilibrium and the Mechanism of Ionisation 
by Electronic Impacts Phil Mag 47 p 257 (1924) 

I may here acknowledge indebtedness to Dr C D Ellis who guided me among 
the literature and helped me to a working knowledge of X ray absorption etc 
when the astronomical lesearches led in that direction 
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Electrical Forces and Diffusion tn the Interior 
The S"ub3ect is treated by 

32 S Chapman Convection and Diffusion within Giant Stars Monthly Notices 

77 p 641 (1917) 

33 S Chapman Diffusion and Viscosity in Giant Stars Monthly Notices 82 
p 292 (1922) 

34 S Kosseland Electrical State of a Star Monthly Notices 84 p 720 (1924) 

35 E A Milne Dissociative Equilibrium in an External Pield of Force Proc 
Camh Phil Soc 22 p 493 (1925) 

36 S Kosseland On the Distribution of Hydrogen in a Star Monthly Notices 
85 p 541 (1920) 

The section of the book dealing with this subject (§§ 191-196) was written 
before the last three papers appeared they were available for the final revision 
Circulating currents are suggested in No 22 and in 

37 H Vogt Zutn Strahlungsgleichgewicht der Stern© Astronomische Nachrichten 
No 5342 (1925) 

The theorem leading to this inference is contained in 

38 H VON Zeipel Zum Strahlungsgleichgewicht der Sterne Festschrift fur H 
von Seehger p 144 (1924) 

A criticism by Jeans is answered by von Zeipel in Monthly Notices 85 p 678 

Rotating Stars 

Detailed investigations are given by 

39 E A Milne The Equilibrium of a Potating Star Monthly Notices 83 p 118 
(1923) 

40 H VON Zeipel The Radiative Equihbrium of a Rotating System of Gaseous 
Masses Monthly Notices 84 pp 665 684 702 (1924) 

The Outside of a Star 

The classical papers are (in addition to reference No 2) 

41 A ScHiJSTEE Radiation through a Foggy Atmosphere A atrophy s Journ 21 
p 1 (1905) 

42 M N Saha On a Physical Theory of Stellar Spectra Proc Boy Soc 99 a 
p 136 (1921) 

Chapter xii is based in large measure on E A Milne s researches We divide 
our selected references under the headings {a) Photosphere, (6) Chromosphere 
(c) Reversing Layer 

(a) Photosphere 

43 K SoHWAEZSCHiLD XJeber Diffusion und Absorption m der Sonnenatmosphar© 
Berlin Sitzungsberichte 1914 p 1183 

44 J H Jeans The Equations of Radiative Transfer of Energy Monthly Notices 

78 p 28 (1917) 

45 E A Milne Radiative Equihbrium in the Outer Layers of a Star Monthly 
Notices 81 p 361 (1921) 

46 E A Milne Radiative Equilibrium and Spectral Distribution Monthly 
Notices 81 p 375 (1921) 

47 E A Milne The Effect of a strong Absorption Line Monthly Notices 81 
p 510 (1921) 
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48 E A Milne The Relation between the Spectral Energy Curve and the Law of 
Darkening of the Disc towards the Limb Royal Soc Phil Trans 223 a p 201 
(1922) 

49 R Lunbblad The Radiation and Temperature of the External Photospheric 
Layers Astrophys Journ 58 p 113 (1923) 

60 B Lindblad Radiative Equilibrium and Solar Temperature Nova Acta 
Upsahensis Ser 4 6 No 1 (1923) 

61 E A Milne Absorption Coefficients and the Pressure of Radiation in the 
Photospheric Layers of a Star Monthly NoUces 85 p 768 (1926) 

(6) Chromosphere 

62 E A Milne An Astrophysical Determination of the Average Life of an 
Excited Calcium Atom Monthly NoUces 84 p 364 (1924) 

63 E A Milne The Eqmhbrium of the Calcium Chromosphere Monthly NoUces 
85 p 111 (1924) 86 p 8 (1926) 

(c) Reversing Layer 

64 A Pannekoek lomsation in Stellar Atmospheres Bull Ast Inst Netherlands 
No 19 (1922) 

66 R T Birge The Quantum Theory of Band Spectra and its Application to the 
Determination of Temperature Astrophys Journ 55 p 273 (1922) 

66 R H Fowler and E A Milne The Intensities of Absorption Lines in Stellar 
Spectra and the Temperatures and Pressures in the Reversing Layers of Stars 
Monthly Notices 83 p 403 (1923) 

67 R H Fowler and E A Milne The Maxima of Absorption Lines in Stellar 
Spectra Monthly Notices 84 p 499 (1924) 

58 H N Russell and J Q Stewart Pressures at the Sun s Surface Astrophys 
Journ 59 p 197 (1924) 

59 PAM Dirac The Effect of Compton Scattering by Free Electrons m a Stellar 
Atmosphere Monthly Notices 85 p 825 ( 1925) 

60 R H Fowler Notes on the Theory of Absorption Lines in Stellar Spectra 
Monthly Notices 85 p 970 (1926) 

61 C H Payne Stellar Atmospheres Harvard Observatory Monographs No 1 
(1925) 

The last mentioned monograph contains in addition to Miss Payne’s own 
researches a full survey and discussion of existing knowledge of reversing layer 
problems We have avoided entering on this part of the subject beyond the 
elementary principles Any detailed study requires a knowledge of the series 
relations in optical spectra for which reference should be made to 

62 A Fowler Report on Senes in Line Spectra Physical Society 1922 

Nebulous Matter 

Chapter xiii does not for the most part follow any published theory The 
general ideas originated in private discussions with S Rosseland to whom I 
am considerably indebted Existence of interstellar matter was at that time 
hypothetical but a month later observational evidence of a diffuse cloud in 
space was announced by 

63 J S Plaskett The H and K Lines of Calcium in 0 type Stars Monthly 
Notices 84 p 80 (1923) 

Use has been made of 

64 A Pannekoek Further Remarks on the Dark Nebula in Taurus Proc Ron 
Akad Amsterdam 23 p 720 (1920) 
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Theories of planetary nebulae are discussed in 

65 J H Jeans The Mechanism and Structure of Planetary Nebulae Monthly 
Notices 83 p 482 (1923) 

66 BP Gerasimovio On the Radiative and Mechanical Equilibrium of Spherical 
Planetary Nebulae Astr Nach No 6382 (1925) 

Lick Observatory Publications Vol 13(1918) is the mam source of observational 
data for the nebulae 

Subatomic Energy 

On the astrononaical side of the problem we have found most helpful 

67 H N RxjssEiiL On the Sources of Stellar Energy Pub Astr Soc Pac 31 
p 205 (1919) 

68 H N Russell The Problem of Stellar Evolution Nature 116 p 209 (1926) 
Miscellaneous 

The long series of papers by J H Jeans in the Monthly Notices from 1917 
onwards can only be dealt with here by a general reference Some of the 
criticisms brought by Jeans agamst the theory as developed in this book would 
if justified be of a very vital character and opposition develops at the very 
beginmng 

We shall not enumerate papers pnmanly concerned with observations or 
statistical discussions of observational data These and other researches 
auxihary to the theory are referred to m footnotes to the pages of the text to 
which they are relevant A few not quoted in the text are added here — 

69 F W Seares The Masses and Densities of the Stars Astrophys Journ 65 
p 165 

70 A Brill Der Physikahsohe Zustand der Sterne Zeits fur Physih 31 p 717 
(1926) 

71 W Rabe Die absolute Helhgkeit der Zwergsteme als Funktion der Temperatur 
und Masse Astr Nach No 6389-90 (1925) 

A monograph dealing with the theory generally but with special reference 
to ionisation opacity and the electrical state of the stars has been received 
during proof reading — 

72 S Rosseland On the Internal Constitution of the Stars Norsks Videnskaps 
Akademi Oslo 1925 No 1 

Another late paper carrying a little farther the investigations of Chapter 
XIII IS 

73 AS Eddington Diffuse Matter in Interstellar Space (Bakerian Lecture) 
Proc Boy Soc 111 a, p 424 
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